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Abstract—We analyze crosstalk-free widesense nonblocking
multicast multi-log networks. Widesense nonblocking strikes a
balance between strictly nonblocking and rearrangeably non-
blocking both in terms of cost-effectiveness and route establish-
ment efficiency. The problem is important as cost-effective and
efficient crosstalk-free multicast photonic switching networks are
likely to play an important role at the optical Internet core in
the future.

Particularly, for the first time in the literature we derive
conditions for the d-ary multi-log network to be crosstalk-free
multicast widesense nonblocking under the window algorithm for
any given window size. Several interesting by-products follow
from our approach and result. Firstly, our result allows for
computing the best window size minimizing the fabric cost,
showing that the multi-log network is a very good candidate
for crosstalk-free multicast switching architectures. Secondly, our
analytical approach — partly based on applying the celebrated
Konig-Egevary theorem — also gives a much simpler proof of the
known case when the network is not required to be crosstalk-free.
Thirdly, for window sizes of 1 and d", we re-discovered known
results for the multi-log multicast networks under the so-called
fanout constraints.
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I. INTRODUCTION

To meet the ever-increasing bandwidth demands, an all-
optical Internet backbone is inevitable [1], and has been
demonstrated to be a very real possibility in the near fu-
ture [2], [3]. Many applications require multicast as the
fundamental communication primitive. Thus, cost-effective
and route establishment-efficient multicast-capable photonic
switching fabrics are crucial in realizing all-optical networks.
Researchers in recent years have spent a lot of effort on
analyzing and designing photonic switching architectures at
all levels of granularities: space, wavelength, down to the
optical-burst/packet level [4]-[11]. Whichever the switching-
granularity is, space-switching architectures remain the core
component. (For example, at the wavelength-level, expensive
wavelength converters are placed at appropriate places in a
space-domain switch.) Consequently, designing cost-effective
multicast-capable photonic switching networks (or optical
cross-connects) in the space domain is an important research
problem.

AN

§1
I N
ML=\ =X

10101

Fig. 2. The log5(27,0,2) network

One of the major choices for designing multicast photonic
switching networks is the multi-log networks, because they
have small depth (O(log N)), absolute signal loss uniformity,
and good fault tolerance [6], [12]-[17]. Hereafter, we use
log,;(N,0,m) to denote a d-ary multi-log network with m
vertically stacked inverse Banyan planes (BY ~(n)), as illus-
trated in Figures 1 and 2.
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The switching elements (SE) of multi-log networks can nat-
urally be constructed with perhaps the most widely studied and
commercially available optical components: the directional
couplers [18]-[20] (for the d = 2 case). However, directional
couplers and many other optical switching elements suffer
from optical crosstalk between interfering channels, which is
one of the major obstacles in designing cost-effective switches
[21]-[23]. Although crosstalk is a complicated phenomenon
to model, it has been shown that reducing the number of SEs
shared between active routes in a switch will reduce crosstalk.
In particular, if no two active routes share any common SE,
then the design is said to be crosstalk-free [13], [16].

There are three nonblockingness-degrees of a switch:
rearrangeably nonblocking (RNB), widesense nonblocking
(WSNB), and strictly nonblocking (SNB). The reader is re-
ferred to [24] for their precise definitions. SNB switches
require minimal effort in routing a new request at the price
of higher switch cost (in terms of the number of SEs). RNB
switches have the lowest cost but require rearranging existing
connections, complicating route establishment algorithms, and
disrupting existing flows. WSNB switches strike a balance
between SNB and RNB switches both in terms of cost-
effectiveness and routing-establishment efficiency.

Putting together all of the above issues, this paper addresses
the problem of analyzing crosstalk-free WSNB multicast
multi-log networks. In particular, for the first time in the
literature we derive conditions for the log, (N, 0, m) network
to be crosstalk-free multicast widesense nonblocking under
the window algorithm [25], [26] for any window size. Several
interesting by-products follow from our approach and result.
Firstly, our result allows for estimating the best window size
minimizing the fabric cost. Secondly, our approach — based on
a simple application of the celebrated Konig-Egevary theorem
— also gives a much simpler proof of the case when the
network is not required to be crosstalk free. Thirdly, for
window sizes of 1 and d", we re-discovered known results for
SNB multi-log multicast networks under the so-called fanout
constraints [10].

Prior to this paper, various necessary and/or sufficient con-
ditions have been derived for the log;(N,0,m) networks to
be f-cast SNB [10], multicast WSNB [27], [28], f-cast RNB
[29], [30], unicast SNB under various crosstalk constraints
[10], [13]. However, there was no result on multicast WSNB
crosstalk-free multi-log networks.

The rest of the paper is organized as follows. Section
Il presents basic notations, the window algorithm, and a
simple algebraic view of log,(N,0,m) networks, which are
used throughout the paper. Section III derives conditions for
log,;(N,0,m) to be crosstalk-free multicast WSNB, along
with several consequences including computing the optimal
window size. Section IV concludes the paper with a few
remarks regarding our proof technique and its application in
deriving conditions where crosstalk-free is not required.

II. PRELIMINARIES

Throughout this paper, for any positive integers k, d, let [k]
denote the set {1,...,k}, Z, denote the set {0,...,d — 1}
which can be thought of as d-ary “symbols”, Z’j denote the
set of all d-ary strings of length k. Let N = d". We consider
the log,(V, 0,m) network, which denotes the stacking of m
copies of the d-ary inverse Banyan network BY~!(n) with
N inputs and N outputs. Label the inputs and outputs of
BY !(n) with d-ary strings of length n. Specifically, each
input x € Z and output y € Z7 have the form x = 1 - - - Ty,
Y =Y1-Yn, Where x;,y; € Zg, Vi € [n].

Also, label the d x d SEs in each of the n stages of BY ~1(n)
with d-ary strings of length n — 1. An input x (resp. output
y) is connected to the SE labeled x; ,_; in the first stage
(resp. ¥1..n—1 in the last stage). In general, the unique path
R(x,y) in BY™!(n) from an arbitrary input x to an arbitrary
output y is exactly the following: input x = 2122 ... Tp_12,
to stage-1 SE z1x5...2,-1 to stage-2 SE y129...2,-1 tO
stage-3 SE y1y2 ... Tp—1, ..., to stage-n SE y1y2 ... Yn—1, to
output y y1y2 . .. Yn—1Yn-

Now, consider two unicast requests (a, b) and (x,y). From
the observation above, routes R(a,b) and R(x,y) share a
common SE iff there is some j € [n] such that by ;1 =
Y1.j—1 and a; ,_1 = Z; ,—1. In this case, the two routes
intersect at a stage-; SE. (Note: two requests’ routes may
intersect at more than one SE.)

For any two d-ary strings u,v € Z!, let PRE(u,v) denote
the longest common prefix, and SUF(u,v) denote the longest
common suffix of u and v, respectively. For example, if
u = 0100110 and v = 0101010, then PRE(u,v) = 010
and SUF(u,v) = 10. The following proposition immediately
follows.

Proposition IL1. Ler (a,b) and (x,y) be two unicast re-
quests. Their routes R(a,b) and R(x,y) in (the same copy
of) BY~1(n) share at least a common SE iff

[SUF(a1.n—1,%X1..n—1)| + [PRE(b1. n—1,¥1..n—1)] > n — L.

The Window Algorithm: the so-called window algorithm
for routing multicast requests in a multi-log network was
proposed in [26] and extended in [25]. In its present form,
the window algorithm with window size d* can be desribed
as follows. Given any integer ¢, 0 < ¢ < n, divide the outputs
into windows of size d* each. Each window consists of outputs
sharing a prefix of length n — ¢, for a total of d"~* windows.
Given a new multicast request (a, B), where a is an input
and B is a subset of outputs, let B,, be the set of outputs
in B lying in the wth window. Route the sub-request (a, B;)
separately on the same BY ! (n) plane.

III. MAIN RESULTS

The following theorem is the main result of the paper.
Its consequences and the proof technique’s implications are
explored later in the section and in Section IV.
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Theorem IIL.1. The d-ary multi-log network log,(N,0,m)
is crosstalk-free widesense nonblocking under the window
algorithm with window size d' if

d" 2t +td"~t(d — 1), when t < n/2,
d"'(d—1)(n—t)—1]+d"+1, when t =n/2,
T ldvd -1 (n—t) -1 +d —d* T d - 1) + 1,
when ¢t > n/2.

Proof: Let (a, B) be an arbitrary multicast request to be
routed using the window algorithm with window size d*. Since
each part of a multicast request belonging to the same window
can be routed independently from each other, we can assume
that B = {b™ ... b} where all the b (p € [k]) belong
to the same window. Specifically, the b(®) share a common
prefix of length n — ¢.

For each i € {0,...,n — 1}, let A; be the set of inputs x
other than a, where x;_,,—1 shares a suffix of length exactly
with a; 1. Formally, define

A; = {X S Zs — {a} | SUF(xl_,n_l,al_,n_l) = Z} .

For each j € {0,...,n—1}, let B; be the set of outputs other
than those in B which share a prefix of length exactly j with
some member of B, namely

Bj := {y €Z;—B|3Ipe [k],PRE(ylnn,l,bgz_’_)n_l) :j}.

Note that [A;| = d"™" —d" 7% forall 0 <i <mn—1, and
|B;| = d7 —dr 177 forall 0 < j < n —t— 1. Moreover,
for each j < n —1t — 1, By is the disjoint union of precisely
dr—I—t —dn—1=Ji—t windows of size d‘ each. When j > n—t,
B; belongs to the same window which B belongs.

Suppose the network log (N, 0, m) already had some routes
established. Consider a BY ~!(n) plane which blocks the new
request (a, B). There must be one route R(x,y) on this plane
for which R(x,y) and R(a, b(®)) share an SE, for some p €
[k]. Note that R(x,y) could be part of a multicast request from
input x, but we only need the branch (x,y) of this multicast
request to block (a, B). Assemble one blocking branch (x,y)
per blocking plane into a set S. Then, the number of blocking
planes is |S|. This way, if (x,y) and (x,y’) are both in S
then y and y’ must belong to different windows.

The strategy is to find and upperbound U for |S|, where U
is independent of (a, B); then, U + 1 will be the sufficient
number of planes so that the network is nonblocking.

By proposition II.1, each (x,y) € S must belong to some
A; x Bj where ¢+ j > n — 1. Partition S into two parts:

St
Sy =

{(x,y)eS|y€eB;, j<n—t—1}
{(x,y)€S|y€eBj, j>n—t}

To upperbound |S| = |S1| + |S2|, we bound |Sq| and |Ss]
separately.

We first derive an upperbound for |S;|. As noted earlier, for
each j < n —t — 1 there are precisely d" 7t — qn—1-7-*
windows in Bj, each of which contains d* outputs. Each output

y in a window of B; can only be part of at most one (x,y) €
S1. Furthermore, each input x € A; with i > n — j — 1 can
only be part of at most one (x,y) with y in a given window
of B;. Consequently,

{(x,y) € 51:y € By}

< (a0t —d T Y mined, Y|4
i>n—j—1
= (d"77"—d" " Ymin {d", &t -1}
Summing the above over j =0,...,n —t¢ — 1 we obtain
n—t—1
151 = Y H(xy)€Si:ye B}
j=0
n—t—1
< S (@t = dr T min {d, ¢ - 1)
j=0
B A" —dt +td "t (d - 1) t<n/2 )
 ldrtd=1)(n—t)—d" P +1 t>n/2

Next, we derive an upperbound for |Ss|. By definition, for
each (x,y) € S2 we have y € B; where j > n —t. As noted
before, B; belongs to the same window as that of B for all
such j. Construct a bipartite graph G = (L U R, F') where
L =2y X; is the set of inputs, R = J]_,_, B;, and E is
the union of all A; x B; for which j > n—tandi+j > n—1.
Then, S5 forms a matching of GG. The classic Konig-Egevary
theorem [31] says that the size of a maximum matching in
a bipartite graph G is equal to the size ¥(G) of a minimum
vertex cover of G. Thus,

|52| < V(G)7 (2)

So, to upperbound |S3| we will find an upperbound for the
minimum vertex cover of G. Note that G and thus v(G)
depends on (a, B). We will need to find a bound independent
of (a, B), which will be the worst-case bound.

Since the B; (j > n — t) belong to the same window, we
have |R| = d' — k. We can assume that k& < d’, otherwise
the graph G is empty and we reach the trivial case |Sa| = 0.
Let r = |log k|, then d" < k < d" ™t and 0 <r <t—1.
Consider the following vertex sets of G, indexed by integers
q from n —t to n.

n
Coee = U B
j=n—t
n— n—1
Cqy = U A; | U UBj , form—t<qg<n
i=n—gq j=q

Firstly, we claim that Cj is a vertex cover of G for any ¢ €
{n—t,...,n}. When ¢ = n —t, Cy is a vertex cover since
C; = R and every edge is incident to some vertex in R. When
n—t < q¢ < n—1, if there is an edge (x,y) of G which is not
covered by C, then (x,y) € A; x B; where i <n—g¢—1 and
j < q—1. However, in that case i+j < (n—q¢—1)+(¢—1) =
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n — 2, contradicting the definition of G. Lastly, when ¢ = n
Cy= U;:Ol A; = L and thus Cy is certainly a vertex cover.

We already know |C,,_4| = d' — k. Forn —t < ¢ < n,
note that ‘U;:ql Bj| is the number of outputs other than those
in B sharing a prefix of length ar least ¢ with one of the
b(P)| p € [k]. For each p € [k], the number of outputs sharing
a prefix of length at least ¢ with b(®) (other than b(®) itself)
is at most d”"~¢ — 1. Hence, by the union bound

n—1

U Bj| <k (@ 7-1).

Jj=q

Thus, for n —t < g < n, we have

n—1 n—1 n—1
Gl = | U A|l+|UBj|=d"-1+|J B
i=n—q Jj=q Jj=q

< dT—14k(@d"1-1).
To this end, consider three cases as follows. The main idea is
to choose the vertex cover Cy, with minimum size depending
on the relationship between ¢ and n.
Case 1: 2t < n. In this case, set ¢qg = n — t. Then,

v(G) <|Ch|l=d —k < d' —1. 3)

Case 2: 2t >n+ 1 and k > d?t—"~1 — ¢2t=2=2 1 1 In this
case, set qo = n — t. Then,

I/(G) < |Cn7t‘ _ dt —k < dt o d2t7n71 + d2t7n72 —1.
Case 32t >n+1and k < d* "1 — ¢?*~"=2_ This means
r<2t—n-—2.

Case 3a If r = 2t — n — 2, then setting g0 =t — 1 we get
v(G) |Coa| <d™h =14k (" —1)
dtfl — 14+ (d2t7n71 o d2t7n72) (dn7t+1 o 1)

— dt o d2t7n71 + d2t7n72 —1.
Case 3b If r < 2t —n — 3, then, setting qo = | 27+ |, we

obtain

v(Q)

IN N

IN

Cpl <dl™ = — 1k (g lE] o
q0

dl=F g (@t ) (d"—L%“J - 1)

n+g+1 'I

A

n+r+1

_ dT+1 _ dn—L#J .

n+g+1 J

T +dl

The function
g(r) o= al =] 4 gl gt g |25

is non-decreasing in » when 0 < r < 2t —n — 3, hence
V(G) < g(2t —n —3) =2di~ 1 — @22 _ gnttl,

The upperbound of v(G) in case 3b is smaller than those in

cases 2 and 3a (which are equal). Hence, when 2t > n
l/(G) < dt _ d2t—n—1 T d2t—n—2 —1. (4)

Putting inequalities (1), (2), (3), and (4) together, we get

IS| <d" %" +td"*(d—1) —1 whent <n/2,

1S] < d"t[(d—1)(n—t) — 1] + d when t =n/2,

and |S| < d"7[(d—1)(n—t)—1]+d' —d**="=2(d—1) when
t > n/2. The theorem follows because one more BY *(n)
plane is needed to route the new request (a, B). [ |

We next illustrate the strength of Theorem III.1 by deriving
as a consequence several known results.

In [10], necessary and sufficient conditions for
log;(N,0,m) to be SNB under fanout constraints were
proved. If the input stage (the demux stage) does not have
fanout capability, then every multicast request must be routed
entirely through the same Banyan plane. This corresponds to
the window size d”. It is crucial to notice that our analysis
does not at all depend on how the requests were routed, as
long as branches belonging to the same window are routed
through the same plane. Hence, when the window size is d"
we actually have a SNB condition under the constraint that
the input stage does not have fanout capability. The following
corollary matches the necessary and sufficient condition
derived in [10]. We only need to “plug-in” the value { = n
in Theorem III.1.

Corollary IIL.2. If the input (demux) stage does not have
fanout capability, then log, (N, 0, m) is strictly nonblocking if
m Z dar — dnfl + dnf2_

Next, when both stages have fanout capability, each unicast
branch of a multicast request can be routed independently from
each other. This corresponds exactly to the case when the
window size is 1, i.e. ¢ = 0. Similarly, our result gives a
matching condition as the necessary and sufficient condition
in [10].

Corollary IIL.3. When both the demux stage and the Banyan
stage have fanout capability, the log,(N,0,m) network is
strictly non-blocking if m > d".

The previous two corollaries illustrate a counter-intuitive
point: when the network has less capability, it might also cost
less in the SNB sense. This is because being SNB requires
the network to be able to find a new route for any existing
network state, no matter how peculiar. The more capability
the network has, the easier it is to construct a network state
where more planes are blocking planes!

Last but not least, Theorem III.1 allows for computing
the best window size minimizing the number of switching
elements in the network. A little calculus reveals that asymp-
totically picking ¢t ~ (n + log,;n)/2 is best. In this case,
the number of Banyan planes is ©(nd"/?) = O(y/Nlog N).
Each Banyan planes has depth O(log N) and crosspoint com-
plexity O(N log ). In our optical switching sense, crosspoint
complexity corresponds roughly to the number of directional
couplers.

Corollary II1.4. Using multi-log networks, it is possible
to construct N x N multicast WSNB crosstalk-free switch-
ing networks with depth O(log N) crosspoint complexity
O ((Nlog N)3/2).
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This complexity is within a sub-linear factor of the optimal,
known in the non-crosstalk-free case to be ©(N log N)) but
existing optimal constructions require larger depths [32].

IV. CONCLUDING REMARKS

When there is no crosstalk-free constraint, only link-
blocking takes effect. We have the following analogue of
Proposition II.1.

Proposition IV.1. Let (a,b) and (x,y) be two unicast re-
quests. Then their corresponding routes R(a,b) and R(x,y)
in (the same copy of) BY~1(n) share at least a common link
if and only if

|SUF(al..n—17x1.4n—1)| + ‘PRE(b1.4n—17Y1.An—1)| Z n. (5)

Following the proof of Theorem III.1, define S similarly
and note that each (x,y) € S must belong to some A; X B;
where i + j > n (note the lowerbound of n instead of n — 1
as in Theorem III.1). Completely analogous reasoning leads
to another proof of the following known result, which was
derived recently in [28] with a much longer argument.

Theorem IV.2. The d-ary multi-log network log,(N,0,m)
is widesense nonblocking under the window algorithm with
window size d if the number m of Banyan planes is at least

d" 172 4 td" " (d — 1), when ¢ < 251,

A" d-1)(n—t—1)—d" "7t +d" 4+ 1, when t = %,

A" d =) (n—t—1)— 1] +d —d* "1 (d—1)+ 1,
when t > n/2.
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