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Abstract—We derive conditions under which a d-ary multilog
network is f-cast strictly nonblocking under the general crosstalk
constraint that no active route can share more than c switching
elements with other active routes. The problem setting is very
general and thus challenging in many ways: (1) f-cast covers
both unicast (f = 1) and multicast/broadcast (f = N), (2) d-ary
networks are much more general then the commonly considered
binary multilog networks, and (3) the crosstalk constraint covers
both the usual link-blocking case (c = n) and the crosstalk-free
case (c = 0).

Prior to our work, results with the general crosstalk constraint
are known only in the unicast case. Other results on strictly
nonblocking f-cast networks are known without the general
crosstalk constraint. Most of these known results are corollaries
of the results in this paper. Additionally, our analytical approach
based on linear programming duality makes it very easy to verify
sufficiency proofs.

Index Terms— f-cast, Photonic Switching Fabrics, Crosstalk,
Strictly Nonblocking

I. INTRODUCTION

Multicast-capable photonic switching architectures will
likely play a central role in all-optical networking as most
bandwidth-intensive applications require multicast support.
Current multicast switch designs mostly focus on the broadcast
case [1]-[3]. Although broadcast switches are certainly capa-
ble of supporting multicast with any fanout requirements, they
are not scalable due to their prohibitively high hardware cost.
Moreover, most multicast applications are restricted to a group
of users, where broadcasting is rarely required. Hence, allo-
cating expensive broadcast capability to each network switch
is cost-inefficient for most practical purposes. Moreover, from
the viewpoints of resource fairness and network security (e.g.,
limiting virus and worm propagation), we have other good
reasons to impose a restriction on the maximum fanout of
each request.

Consequently, there have been some recent research efforts
on designing and analyzing f-cast switches, in which the max-
imum fanout of each request is upperbounded by the parameter
f [4]1-[9]. An f-cast switch usually requires significantly lower
hardware cost than its broadcast counterpart. (This point shall
be illustrated in this paper with the d-ary multi-log architec-
ture.) Furthermore, a good design of an N x N f-cast switch
covers both the unicast design (f = 1) and the broadcast
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Fig. 1. Tllustration of the logs(27,0,2) network

design (f = N) as special cases. Consequently, studying
general f-cast switches is both mathematically pleasing and
practically useful, as the results potentially can offer network
designers more flexibility in selecting architectures for future
multicast-intensive networks.

One of the major choices for switching architectures is the
d-ary multilog network due to its small depth (O(log N)),
absolute signal loss uniformity, and good fault tolerance [9]-
[16]. Henceforth, let log,;(N,0,m) denote a d-ary multilog
switch with m vertically stacked inverse Banyan planes as
shown in Figure 1.

When the multilog architecture is used to design a photonic
switch, each switching element (SE) needs to be replaced by a
functionally equivalent optical component. For instance, when
d = 2 we can use directional couplers as SEs [17]-[19].
However, directional couplers and many other optical switch-
ing elements suffer from optical crosstalk between interfering
channels, which is one of the major obstacles in designing
cost-effective switches [20]-[22]. To cope with crosstalk, the
general crosstalk constraint was introduced by Vaez and Lea
[11], which forces each new route to share at most ¢ SEs with
other active routes in the switch, where c is a parameter of
the design. When ¢ = 0, no two routes are allowed to share a
common SE, and we have a crosstalk-free switch [11], [14].
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On the other hand, when ¢ = n = log,; N aroute can share any
number of SEs with other routes (but no shared link), because
each route in a log;(NV, 0, m) network contains exactly n SEs.
In this case only link-blocking takes effect, and it is commonly
referred to as the link-blocking case, which is relevant to
electronic switches [1], [2], [4]-[8], [12], [13], [15]. We shall
refer to a switching network which is strictly nonblocking
(SNB) under this general crosstalk constraint a c-SNB network.
The reader unfamiliar with nonblocking concepts in switching
networks is referred to [4].

For the first time in the literature, this paper derives condi-
tions under which a log, (N, 0, m) network is f-cast c-SNB.
The problem setting is very general and thus challenging in
many ways: (1) f-cast covers both unicast (f = 1) and
multicast/broadcast (f = N), (2) d-ary networks are much
more general then the commonly considered binary multilog
networks, and (3) the crosstalk constraint covers both the usual
link-blocking case (c = n) and the crosstalk-free case (¢ = 0).

Prior to our work, sufficient conditions for the multilog
networks to be unicast c-SNB were derived in [11], [16]. In
the f-cast SNB case, necessary and sufficient conditions are
known for both link-blocking and crosstalk-free constraints
[8], [9]. As we shall see, most of these known results are
corollaries of the results in this paper. We will make use of
the LP-duality method first proposed in [16] to analyze unicast
networks. The f-cast case is considerably more complex,
however.

The rest of the paper is organized as follows. Section II
establishes basic notations and presents a simple algebraic
view of log,(N,0,m) networks, which are used through-
out the paper. Section III derives conditions under which
log,;(N,0,m) is f-cast c-SNB.

II. PRELIMINARIES

Throughout this paper, for any positive integers k, d, let [k]
denote the set {1,...,k}, Zg the set {0,...,d—1} which can
be thought of as d-ary “symbols”, ZZ the set of all d-ary strings
of length k. Let N = d". We consider the log,(N,0,m)
network, which denotes the stacking of m copies of the d-
ary inverse Banyan network BY ~!(n) with N inputs and N
outputs. Label the inputs and outputs of BY ~!(n) with d-ary
strings of length n. Specifically, each input x € Z7; and output
y € Z7 have the form X = 21---Zp, Yy = Y1 - - Yn, Where
X, Yi € ZLq, Vi € [n]. Also, label the d x d SEs in each of the
n stages of BY ~!(n) with d-ary strings of length n — 1.

For any two d-ary strings u,v € Z., let PRE(u, v) denote
the longest common prefix, and SUF(u,v) denote the longest
common suffix of u and v, respectively. For example, if
u = 0100110 and v = 0101010, then PRE(u,v) = 010
and SUF(u,v) = 10. The following propositions were first
observed in [9].

Proposition IL1. Ler (a,b) and (x,y) be two unicast re-
quests. Then their corresponding routes R(a,b) and R(X,y)
in a BY~Y(n)-plane share at least a common SE if and only

if
|SUF(a1.n—1,X1..n—1)| + [PRE(b1.n—1,¥1..n-1)| = — L.
ey
Moreover; the routes R(a,b) and R(x,y) intersect at exactly
one SE if and only if

[SUF(a1.n—1,%X1..n—1)| + [PRE(B1. n—1,¥1..n—1)] =n — 1,
2)
in which case the common SE is an SE at stage numbered
|PRE(b1.,,—1,¥Y1..n-1)| + 1 of the BY~1(n)-plane.

Proposition IL2. Ler (a,b) and (x,y) be two unicast re-
quests. Then their corresponding routes R(a,b) and R(x,y)
in a BY~1(n)-plane share at least a common link if and only

if

|SUF(al.JrL—17X1.JrL—1)| + |PRE(b1.JrL—1>y1.xn—1)| Z n. (3)

IIT. MAIN RESULTS

The main idea is as follows. Consider a multicast request
(a, B), where a is an input and B is a subset of outputs.
For each output b € B, the branch (a,b) can be routed
independently from all other branches of the request. The
number o of BY ~!(n)-planes through which (a,b) cannot
be routed through (those are called “blocking planes”) can
be expressed as the objective value of a feasible solution to a
linear program (LP). Thus, by weak-duality « is upperbounded
by the objective value 3 of any feasible solution to the dual-
LP. Then, m > [ + 1 planes will be sufficient to route
(a,b). This approach makes sufficiency proofs very easy to
verify since they only involve checking if a solution is indeed
dual-feasible. Of course, there is considerable effort “behind
the scene” to discover good dual-feasible solutions because
the linear programs are very general with many parameters
(n,c,f,and d) and variables.

Let (a,b) be an arbitrary branch of a multicast request. For
each i € {0,...,n — 1}, let

A; = {X S Zg — {a} | SUF(Xlnnfl,al”nfl) = Z} .
Similarly, for each j € {0,...,n — 1}, let

Bj = {y € ZZ - {b} | PRE(yl..n—labl..n—l) = .]} :

Note that [4;| = |B;| = d" " —d" 17 forall 0 <i < n-—1.
Suppose the network log,;(N, 0, m) already had some ( f-cast)
routes established. Consider a BY ~!(n) plane which blocks
(a, b). There can only be three cases for which this happens:
Case 1: There is a branch (x,y) of some f-cast request routed
in the plane for which R(x,y) and R(a,b) share a link. By
Proposition I1.2, (x,y) € A4; x B; for some i + j > n. We
will refer to (x,y) as a link-blocking branch.

Case 2: There is a branch (x,y) of some f-cast request whose
route R(x,y) already intersects ¢ other routes at ¢ distinct
SEs on the same plane, and adding (a, b) would introduce an
additional intersecting SE to the route R(x,y). We will refer
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[ The Primal LP
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Yoomgt > wutE)+ Y, (gt < dri—drtld v ©)
i itj>n i i+j=n—1 i it+j<n—1
1 . .
zij < . Z 241 41 i+j=n-—1 )
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i <i J'<j
Lijr < Yij itj=n—-17<j ©
Ty < Yij i+j=n—1,4 <i (10)
Tij,Yij» Zijslij, Tij,Di = 0 Vi, j (11)
[ The Dual LP
Minimize
n—1 ] ) n—1 ) )
Z Fd = a1y 4 Z (d"7 —dr )y, (12)
i=0 =0
Subject to
u; +v; > 1, i+j>2n (13)
Wit v tewiy — Y spp— Yty > 1, itj=n—1 (14)
i <i <3
c 1 1 L
ui+vj+c+—1pi—w—l./zlpyz . iti=n—1 (15)
v #1
Ui +Vj — Win—1—i +lij > 0, i+j<n-—1 (16)
Ui +Vj — Wn_1—jj + Sij > 0, i+j<n-—1 a7
U, V5, Sij,tig > 0, Vi, ] (18)

Fig. 2.

to these c other branches as secondary branches accompanying
(x,¥), and to (x,y) as a node-blocking branch of type 1.

By Proposition IL1 (x,y) € A; x B; for some i+j = n—1.
Moreover, the common SE between R(a,b) and R(x,y) is
at stage j + 1. The routes for secondary branches must thus
intersect R(x,y) at stages strictly less than j + 1 or strictly
greater than 7 + 1.

If a secondary branch (u, v) has its route intersects R(x,y)
at stage 1 < s < j+ 1, it follows that PRE(y,v) = s —1 < j,
and SUF(x,u)=n—-1—(s—1)=n—-s>n—-1—j=1.
Hence, (u,v) € A; x Bs_;. We will refer to such (u,v) as a
left secondary branch .

If a secondary branch (u, v) has its route intersects R(x,y)
at stage j+1 < s < n, it follows that PRE(y,v) =s—1> j,
and SUF(x,u)=n—-1—-(s—1)=n—-s<n—-1-—j=1.
Hence, (u,v) € A,_s x B;. We will refer to such (u,v) as
a right secondary branch.

To summarize, there are two types of secondary branches
accompanying (x,y): the left secondary branches are the
branches (u,v) € A; x By for some j' < j, and the right

The Primal and the Dual Linear Programs

secondary branches are the branches (u,v) € A; x B; for
some i/ < 4. For each i’ < i there is at most one right
secondary branch in A; x Bj. Similarly, for each j* < j
there is at most one left secondary branch in A; x Bj.

Case 3: There are ¢ + 1 branches (of some f-cast requests)
in the plane each of whose routes intersects (a, b) at exactly
one SE at a distinct stage. These will be called node-blocking
requests of type 2. If (x,y) is such a request, then (x,y) €
A; x B for some i+ j = n— 1. Moreover, two node-blocking
branches of type 2 belonging to the same A; x B; must belong
to different blocking planes.

Theorem IIL.1. The number of blocking planes for (a,b) is
the objective value of a feasible solution to the primal linear
program as shown in Figure 2.

Proof: For each pair i + j > n, let x;; be the number of
link-blocking branches in A; x B;. For each i +j =n — 1,
let y;; be the number of node-blocking branches of type 1,
and z;; be the number of node-blocking branches of type 2 in
A; x Bj. For each pair ¢ +j < n — 1, let [;; and r;; be the
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number of left and right secondary branches in A; x B;. The
number of blocking planes is thus expressed in the objective
function (4).

We next explain why the variables satisfy all the constraints.
Recall that |A;| = d"~% — d"~1~% Vi. Thus, the number of
branches of f-cast requests out of A; is at most f(d"~% —
d"~17%), justifying constraint (5). Similarly, bounding the
number of branches of requests into B; explains constraint
(6). Since all node-blocking branches of type 2 belonging to
the same A; X B; must belong to different blocking planes, z;;
is at most the number of blocking planes involving these type-
2 branches. This is constraint (7). Constraint (8) expresses the
fact that, for every node-blocking request of type 1 in A; X B;
i+ j = n — 1), there must be ¢ accompanying secondary
requests (left or right). Lastly, for each node-blocking request
of type 1 in A; x B; (i + j = n — 1) constraint (8) says that
for each j' < j there is at most one left secondary request in
A; x Bjs, and constraint (10) says that for each ¢’ < ¢ there
is at most one right secondary request in Ay x Bj. |

The dual of the primal LP is also given in Figure 2. As
an illustration of the power of our method, let us reproduce a
few known results. The corollaries should give the reader the
correct insight without delving into too much technicality.

The following condition has been shown in [9] to be
necessary and sufficient, with a fairly complex combinatorial
argument.

Corollary IIL.2 (The crosstalk-free case). For log,(N,0,m)
to be f-cast crosstalk-free SNB, it is sufficient that

m> @ = ) gL

Proof: Being crosstalk-free SNB is the same as being 0-
SNB (i.e. ¢ =0). Let b= [2=2=1], and a = n — b. Consider
the following assignment to the dual variables: u; = 1,Vi > a,
v; = 1,Vj > b, and all other variables are 0. This solution is
dual-feasible with objective value

fal*= -+

11_1

which is an upperbound on the number of blocking planes.
One more plane is needed for the network to be SNB, which
completes the proof. |

The following condition has been shown in [8], [9] to be
necessary and sufficient for the link-blocking case — again —
using a complex combinatorial argument. Our proof is much
simpler.

Corollary IIL3 (The link-blocking case). Define
mp(n, f,d) := f(d["_g_q — 1+ =1

Forlog (N, 0,m) to be f-cast SNB in the link-blocking sense,
it is sufficient that

m> {’I?”le(n7 f7 d)

7"I’L1b(7’L7 dn_Q, d)

L

f<dr?
f > dn—2

Proof: First, suppose f < d"~2. Let b = [25"], and

a =n -+ 1 —b. Consider the following assignment to the dual

variables: v; = 1,V > a, v; = 1,Vj > b, Wa—1,n—a = 1,
Pa—1 = I/C, Sib—1 = ta—l,j =1wheni<a-— 1,] <b-1
and all other variables are 0. This solution is dual-feasible
with objective value precisely miy(n, f, d) — 1. Second, when
f>d 2 assignallv; =1, >0, wp—10=1, pp_1 = 1/c,
85,0 =1,¥i <n —1 and all other variables to be 0. [ |

Henceforth, we consider the case when 1 < ¢ <n — 1. In
the next three lemmas, we derive several general dual-feasible
solutions. Then, depending on the relative relationships be-
tween f,n,c,d we apply one of the lemmas to get the best
sufficient condition.

Lemma IIL4. Suppose 1 < c < n — 1. Let a,b,p,q be any
inlegerssatisfying0<a<n—1 b—n—l—a 0<p<h,
0 < g < a. Define § = + FIcs) and A\ = —%=. Then, there exists
a dual-feasible solutton with objective value

(d—1) [fd*(1 —0P) 4+ d*(1 — 67)]

b a _
A& =1)+(d"-1) dc+2)(1—29)
(d—1) b1—Aq+1 et
+ c+2 fd - A +d 1-AX

k
We agree on the convention that, for any integer k, ((11:)‘)\)) =k

when A\ = 1.

Proof: Consider the following assignment to the dual
variables: wu; L when ¢ — ¢ < ¢ < a,

(c+2)(c+1)a g
—@roy when a +1 < ¢ < a+p,

B :
zlwhena—I—p—f—lSZSn— :W
L 5 when

when b —p < j < b, v; = 1_W
b+1<j<b+quvj=1whenb+qg+1<j<n—-1,
w;; = min{u;, u;} for all 4 4+ j = n — 1. All other variables
are 0.

To this end, we verify that this solution is indeed dual
feasible. Constraints (13) and (15) can be verified straight-
forwardly. Constraints (16) and (17) follow from the fact that
Ui 2 Win—1—4, and Vj > Wy 15, ;.

Next, consider the dual constraint (14). When i < a—qg—1 or
1> a+p+1, wehave v; = 1oru; =1 (recall i4j = n—1).
The constraint is satisfied because in these cases w;; = 0.
When i = a, u; +vj +cw;; =1. Whena+1<i=a+k <
a + p, we have

ui:].—

1, Uy

1

(c+2)(c+1)F!
1 c

+ -+ - =
(c+2)(c+1) (c+2)(c+1)

When a — ¢ < ¢ =a—k < a— 1, the constraint is verified
similarly.

ui+vj+cwij:17

Lemma IILS. Suppose ¢ > 5 +1. Let a be any integer where

n—c+1 < a < c—1, and x be any real number in the interval
1 cta—n

c—a+1’ cta—n+1

the dual LP with objective value

fd et — 1)+ (d* = 1)+ (d -

. Then, there exists a feasible solution to

1)dn7a+1x(f _ d2a7n).
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Proof: Consider the following assignment to the dual

variables: v, = z,v,— = 1 — =z, u; = v; = 1 when
t>aand j >N —a, Won—1-a = Sin—1—a = ﬁ when
0<i<a-1 and we_1n-1 = ta—1,; = P —— when
0 <j <n—a—1. All other variables are 0. [ |

Lemma IIL6. Suppose ¢ > 5+ 1. Let a be any integer where
n—c+ 1< a < c— 1 There exists a dual-feasible solution
with objective value

J@ T ) (d 1) T (d - 1?(fd" 27 41).
Proof: Consider the following assignment to the dual
variables: 1, = Un_1_q CJ%Q, Ugs1 = Vp—a = %,

w, = v; = 1 when ¢ > a,7 > n —a, Wa—1,n—a =

Eraerarisy Where j < n—a =2 wa = 43,
Wayl = Sin—a-2 = ora)(e=a) when 7 < a — 1. All other
variables are 0. ]

Applying Lemma II1.4 witha =a, b=b, p=p, and ¢ = ¢
as defined below, we obtain the following theorem. The results
for ¢ < n/2 in [11], [16] are easily seen to be consequences
of this theorem for f = 1. In fact, our result is even slightly

better!

ta17j =

Theorem IIL7. Consider the case when ¢ < 3. Let a =
L”;TJ b=n-1-a p=|[3 logdf(c—l—l)—i—?l—a,
q= L log, Hl Jraf—J 0= m, and \ = = Then,
i C(d-1) [fd5(1 —5?)+d"‘(1—55)}
> f(d”—1)+d* —
mz f(d -1+ dc+2)(1—9)
(d—1) 51— /\q+1 21— APt
+ c+2 fd -A +d 1—A
is suﬁ‘iciem‘for log,;(N,0,m) to be f—cast c-SNB. (Again, set
((11 ’\/\)) =k when A\ =1.)

Applying Lemmas III.5 and II1.6 appropriately (after some
tedious but straightforward calculus) we obtain the following
theorem. Again, the results for ¢ > n/2 in [11], [16] conse-
quences of this theorem for f = 1.

Theorem IIL8. Consider the case when ¢ > 5 + 1. Set a =
[(n+1)/2]. Note that in this case n —c+ 1 < a.
(1) Ifa <c—1and n+r is even, then
(d — 1)d" ="+ (f — &)
c—a+1
is sufficient for the network to be f-cast c-SNB.
(i) Ifa<c—1and n+r is odd, then

me(dn7a71*1)+da+

m > f(d" 4 — 1) + d°+
(d—1)d"*(f —d**™)(c+a—n)
cta—n+1
is sufficient for the network to be f-cast c-SNB.
(iii) If a > c—1, then

da—Z(d _ 1)2(fdn—2a+1 + 1)
c+2

is sufficient for the network to be f-cast c-SNB.

m > f(d" " —1)+d" "+

IV. REMARKS

We have had to omit quite a lot of technical details due
to space limitation. However, we believe that the general
approach and intuition were presented clear enough for the
reader to get the basic line of thought.
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