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APPENDIX: PROPOSITIONS AND PROOFS

Recall that the two-dimensional mapping aVadimensional data point is defined by real and imaginary components
of:

Nl N-1 ‘
Fix[n]) =Y a[n]Wh = znje /N, 0
n=0 n=0

whereW y = ¢*2"/N s called twiddle factor2w /N is the base frequency.

Lemma 1 (Conjugate) For any two complex numbetsandw, (1)z +w=z+w, Qzw=zw, (3)z =z
Lemma 2 (Square Expanding)
N-1 2 N-1 N-1N—k-1
(Zan) “Y @Y 3w
n=0 n=0 k=1 t=0
N-1 o N-1 N—-1
Lemma 3 (Cancellation) Letj € N, then Y e=™"/N = N cos(2mjn/N) = Y sin(2mjn/N) = 0.
n=0 n=0 n=0
Proof:
N-1 —i27yg
Z €_i2ﬂ‘7n/N = € ’ ]N/N — 1 = 1 — 1 = O
— e—i27/N _ 1 e—i27/N _ 1 '
then applye’® = cos 6 + isin 6, we get
N-1 o N-1 N-1
Z e~ i2min/N — Z cos(2mjn/N) — i Z sin(2rjn/N) = 0 + 0i.
n=0 n=0 n=0

Lemma 4 (Homomorphism) FFHP is homomorphicF; (a x[n] + by[n]) = a F1(x[n]) + b F1(y[n]).

From the formula in Eq. (1), we get

N-1 N—-1 N—-1
Fi(ax[n]+by[n]) = Z (az[n] + by[n])eii%"ﬂv =a Z m[n]eii%"ﬂv +0b Z y[n]eii%"/N
n=0 n=0 n=0

= aF1(x[n]) +bFi(y[n]).
O

Proposition 1 (Cancellation) An NV -dimensional point with equal dimension values will be mapped onto the ori-
gin. Ifx[n] = [a, ..., q], thenF;(x[n]) = 0.

Proof: From the formula in Eq. (1), we get

N-1 . N-1
i) = X e S
n=0 n=0
By Lemma 3, letj = 1. F(x[n]) = 0. -
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Proposition 2 (Addition by a Constant) Two N-dimensional points with addition of a constant to each dimension
value will be mapped onto the same pointy ] = x[n]| + a, thenF; (y[n]) = F1(x[n]).

Proof: From the formula in Eq. (1), we get

N—-1 N—-1

fl(y[n]) = Z (x[n} 4 a)efiZﬂ'n/N _ Z (x[n} 67i27rn/N + ae*iZﬂ'n/N)
n=0 n=0
N-1 ) N-1 N-1
— x[n] e—z27rn/N +a Z e—errn/N — ]‘H(X[n]) +a Z e—lQTr’n/N
n=0 n=0 =0
By Proposition 1, the second summatior®is 0

Proposition 3 (Scaling by a Constant) Two N-dimensional points with scaling of a constant to each dimension
value will be mapped onto two points on a line through the origiy:[#f] = a x[n], thenF; (y[n]) = a F1(x[n]).

Proof: From the formula in Eq. (1), we get

N-1 . N-1 .
Filyln) = 3 axlnle™> ™ = a 3" afale™ /N = a 7 (x[n])
n=0 n=0

O

Proposition 4 (Time Shifting) Two N-dimensional points with constant time shifting will be mapped onto a circle
concentric to the unit circle. The angle between two image®is/N. If y[n] = x[n — d], thenFy(y[n]) =
Fi(x[n)) W

Proof: Assume0 < n < N, letl = n —d, thenn = [+ d. Whenn = 0, = —d and whem = N — 1,
l =N —1—d. From the formulain Eqg. (1), we get

N—-1-d
Filylnl) = Flxln—d)= ) alle?mIN
l=—d
N—-1-d ‘ ) N—-1—-d )
_ Z $[l]6712ﬂl/N6712ﬂd/N:W§lv Z xmesz‘frl/N
l=—d l=—d

However,e?? /N = ¢27(n+N)/N andz[n] = 2[n + N],

N—1-d -1 N—1—d
Z mme—zZ‘n—l/N — Z a?[l +N] e—zQTr(l+N)/N + Z .%‘[l] e—z27rl/N
I=—d l=—d 1=0

Lett = [ 4+ N for the first summation antl= [ for the second summation, we get

N—-1-d N-—-1 N—-1-d -1
Z m[l]e—i%—l/N — Z x[t]e—i%—t/N + Z :E[t}e_igﬂt/N — x[t]e—i%rt/N =7 (x[n])
l=—d t=N—d t=0 t=
Therefore,F, (y[n]) = F1(x[n])W$. O
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Proposition 5 (Line) Under FFHP, anN-dimensional line will be mapped onto a two dimensional.

Proof: A N-dimensional lind through pointP and parallel to av-vector A can be expressed &+ tA where
—00 < t < co. Let@ and R are two different points om, then@Q = P + aA andR = P + BA, for some
a, f € R. Let the corresponding signals f& @, R, andA bepin], q[n], r[n], andd[n]. By Lemma 4,7 (q[n]) =
Fi(p[n] + ad[n])) = Fi(p[n]) + aF1(d[n]) andFi(r[n]) = Fi(p[n]) + BF1(5[n]). Compare the definition of a
line above, 7 (q[n]) and Fy(r[n]) are two points on a two dimensional line through(p[»]) and parallel to the
vectorFy (0[n]). O

Definition 1 (Mean, Autocovariance, Variance, Autocorrelation Coefficient) The mean of a signat[n] is de-
fined asz = Zf;’;ol z[n]/N. Thek-th sample autocovariance coefficient of a sigaéh] is defined agy, =
Zf;ol’k (z[n] — Z)(x[n + k] — T)/N. go is called the variance ak[n]. Thek-th sample autocorrelation coeffi-

cientis defined as, = gx/go-

Proposition 6 (Fundamental Distance)Let w[n| = x[n] — y[n], be the difference betweetin] and y[n]. The
distance betweef; (x[n]) and F1 (y[n]) is

| Fi(wln])||* = goN (1 +2 i Tk cos(27rk/N)> .

k=1

Proof: By Lemma 4, the distance betweé&i(y[n]) andF; (x[n]) is | F1(w[n])||. From Eq. (1), we get

N-1 N-1
IF W)l = (1> winle™>™N|| = || Y~ wln] cos(2rn/N) — iw(n] sin(27n/N)|
n=0 n=0
N-—-1 N-1
Letw = 2m/N, by Lemma 3, we have)  cos(nw) = Y _ sin(nw) = 0. Now add a terms, the mean of
n=0 n=0

win],

171 (w[n])]*

N-1 2 N-1 2
<Z wln] cos(nw)> + (Z wn] sin(nw))

n=0 n=0

N-1 2 N-1 2
<Z (w[n] — w) cos(nw)) + (Z (w[n] — w) sin(nw))

n=0 n=0

Expending each squaring terms by Lemma 2, we get

N—1 —

N-1 -
Z (w[n] — @)?(cos® (nw) + sin’(nw Z (wlt + k] — w)A]
n=0 1 t=0

o~

whereA = cos(tw) cos((t + k)w) + sin(tw) sin((¢t + k)w). By trigonometry identitycos 6 cos ¢+ sin 0 sin ¢ =
cos(¢ — ), A = cos(kw). Now we have

N-1 —
IF(wa)I? = D (wn] - @)* +2 >l (w[t + k] — w) cos(kw)]
n=0

k=1 t=0

N-1 N-1
= N(go+2)_ grcos(kw)) = goN (1 +2) cos(27rk/N)>
k=1 k=1
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Definition 2 (Twiddle Power Index) For an N-point signal, thek-th harmonic twiddle power index (HTPI in
short) is a sequence df time indices chosen froffy ..., N — 1. It corresponds to the order that a particular
time point being mapped on to the consecutive powers of twiddle f8¢tpr. . . ,W]J\V"l, by thek-th harmonic.

Example 1 For a 5-point signal, the first harmonic twiddle power index[i51,2,3,4]. The second HTPI is
[0,3,1,4,2]. The third HTPIig0, 2, 4, 1, 3]. Take a closer look at the second HTP!I. Siteéx[n]) = -0 ' [n]W3F,
we haveF, (x[n]) = z[0)W2+2[1|W2+z[2] Wi+ 2 [3|W+z[4|W3 = 2[0]WE+2[3|WL+2[1]|W2+z[4] W2+
z[2]W3.

Proposition 7 (Harmonic Equivalence) A k-th harmonic of a signalX > 1) is equivalent to the first harmonic of
the the origin signal being reordered by theth harmonic twiddle power index.

Proof: By definition of harmonic and twiddle power index. O
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