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1. INTRODUCTION

Consider a sports tournament where alln players play each other and after all the

> games are completed, one would like to rank the players with s few inconsis-
tencies as possible. By an inconsistency we mean a higher dead player actually
lost to a lower ranked player. A natural way to generate such aranking is to rank
according to the number of wins (with ties broken in some maner). We show that
this natural heuristic has a provably good performance guaantee.

A weighted tournament with probability constraints is a complete directed graph
T = (V;E;w) wherew is the weight function on ordered pairs of vertices such that
forany u;v 2 V with u 6 v, wy, + wyy, =1 and wy, ;wy,, 0. We will use the term
tournament to refer to a weighted tournament with probabili ty constraints. An
unweightedtournament is a special case of weighted tournaments with psbability
constraints, where the weights of the edges are either 0 or IThe minimum feedback
arc set in T is the smallest weight setE®  E such that (V;E nE9 is acyclic.
Alternatively, a minimum feedback arc set can be described $ an ordering
VIf 0;1, ;n 1gwhich minimizes the weight the of back edgesnduced by
where a back edgef;v) 2 E satises (u) > (v).

The feedback arc set problem in general directed graphs canebapproximated to
within O(log nloglogn) [Even et al. 1998; Seymour 1995] and is APX-Hard [Karp
1972; Dinur and Safra 2002]. The complementary problem of tébnﬁximum acyclic
subgraph problem' can be approximated to within 2=(1+ (1 = )) (where is
the maximum degree) [Berger and Shor 1990; Hassin and Rubitein 1977] and is
APX-Hard [Papadimitriou and Yannakakis 1991]. The feedbadk arc set problem
in tournaments (shortened to FAS-TOURNAMENT for the rest of the paper) was
conjectured to be NP-hard for a long time [Bang-Jensen and Thmassen 1992]. The
conjecture was recently proved in [Alon 2006]. Ailon, Charkar and Newman showed
that the problem is NP-hard under randomized reductions [Ailon et al. 2005]. Alon
derandomized their construction [Alon 2006]. The NP-hardress result was also
obtained independently by Contizer [Conitzer 2006]. The wak of Ailon, Charikar
and Newman ([Ailon et al. 2005]) also analyzes the followingsimple randomized
3-approximation algorithm for unweighted FAS-TOURNAMENT. Their algorithm
rst picks a random vertex p to be the \pivot" vertex. All the vertices which
are connected top with an out-edge are placed to the \left" of p and the vertices
which are connected top through an in-edge are placed to the \right". Then, the
algorithm recurses on the two tournaments induced by the vetices placed on either
side ofp.

Weighted FAS-TOURNAMENT s de ned on a weighted tournamentT where the
weights satisfy probability constraints. Ailon et al. show that running their algo-
rithm for FAS-TOURNAMENT on the unweighted tournament that is the weighted
majority 2 of T yields a 5 approximation for weighted FAS-TOURNAMENT when
the weights satisfy probability constraints.

1The maximum acyclic subgraph of a directed graph G = ( V;E) is the largest cardinality subset
E® E such that the graph ( V;E9) is acyclic.

2The weighted majority of a weighted tournament T is de ned as follows. For any pairs of vertices
u and v, orient the edge between u and v in the direction which has the larger weight (breaking
ties arbitrarily).
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There is a much simpler algorithm for both weighted and unweghted FAS-
TOURNAMENT than ones considered by Ailon et al. | order the vertices in in -
creasing order of their (weighted) indegrees where ties arbroken arbitrarily. We
analyze this algorithm (which we call INCR-INDEGin this paper) and show that it
has an approximation guarantee of 5 for both unweighted=FAS-TOURNAMENTand
weighted FAS-TOURNAMENT when weights satisfy probability constraints.

We also study the problem of RANK-AGGREGATION In this problem, given n
candidates andk permutations of the candidatesf i; »; ; k0, we need to nd
gle Kemeny optimal ranking, that is, a ranking such that (; 1; 2; Dok) =

:‘:1 K(; i) is minimized, where K( i; ;) denotes the number of pairs of can-
didates that are ranked dierently by ; and ;. The problem is NP-hard even
when the number of lists is only four [Bartholdi et al. 1989; Dwork et al. 2001].
There is a simple deterministic 2-approximation for this problem | pick the best
of the input rankings. Ailon et al. reduce RANK-AGGREGATIONo weighted FAS-
TOURNAMENT with probability constraints [Ailon et al. 2005]. This redu ction
implies that INCR-INDEGis a 5-approximation for RANK-AGGREGATION Inter-
estingly, INCR-INDEGin the RANK-AGGREGATIONsetting is exactly the same as
the Borda's method [Borda 1781], which was proposed in the k& 18th century.
Thus, our results show that the Borda's method is a factor 5 agproximation of the
Kemeny optimal ranking. Fagin et al. also show that the ranking produced by
Borda's method is within a constant factor of the Kemeny optimal ranking [Fagin
et al. 2005].

To complement our upper bound result, for any > 0, we exhibit an in nite
family of (unweighted) tournaments for which INCR-INDEGhas an approximation
ratioof 5 irrespective of how ties are broken. This result shows that our analysis
is tight. This is somewhat surprising as it shows that the \dumbest" way of breaking
ties is as good as the best tie breaking mechanism at least fino the viewpoint of
approximation guarantees.

Independent of our work, Van Zuylen [van Zuylen 2005] has dégned a determin-
istic algorithm for weighted FAS-TOURNAMENTwith an approximation guarantee
of 3 (when the weights satisfy probability constraints). Her algorithm derandom-
izes the algorithm of Ailon et al. mentioned earlier in this section (the pivot is
chosen based upon the solution to the relaxation of a well knon LP for FAS-
TOURNAMENT).

We now review some work that has appeared subsequent to this avk. Van
Zuylen, Hegde, Jain and Williamson [van Zuylen et al. 2007] pesent a combinato-
rial deterministic algorithm for weighted FAS-TOURNAMENT with an approxima-
tion factor of 4. Their algorithm rst removes all directed t riangles in the graph and
then uses a recursive algorithm due to Chudnovsky, Seymourrad Sullivan [Chud-
novsky et al. 2007]. Recently, Kenyon-Mathieu and Schudy [Knyon-Mathieu and
Schudy 2007] have designed a polynomial time approximatioscheme (PTAS) for
the weighted FAS-TOURNAMENT. In fact, the algorithm works for more general
weighted tournaments than our setting: for any givenb 2 (0; 1] and for any pair of
verticesi 6 |, the weights of the edges between the vertices satisfy; +w;; 2 [b;1]
(the running time is doubly exponential in 1=b. Note that in our setting b= 1.
The algorithm is an ingenious combination of some steps of kal improvement along
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with applications of the PTAS of [Arora et al. 1996] for the maximum acyclic sub-
graph problem. Balcan et al. [Balcan et al. 2007] show that ina machine learning
setting, the \regret" of ranking is within a factor two of tha t of binary classi ca-
tion. Their reduction uses the ranking-by-number-of-wins algorithm on a suitably
de ned tournament.

While algorithms for (weighted) FAS-TOURNAMENTwith better approximation
guarantees are known (and were known when we rst presentedw results), the
algorithm we analyze is arguably the simplest one. As a bonuysour analysis also
gives a provable guarantee for the classical Borda's methotbr rank aggregation.

The rest of the paper is organized as follows. We introduce soe notation and
some known facts in Section 2. We analyze the algorithmiNCR-INDEGin Section
3. In Section 4, we present an in nite family of tournaments for which INCR-
INDEG has an approximation factor of 5 , for any > 0. Finally, we conclude
with some open questions in Section 5.

2. PRELIMINARIES

We rst x some notation. For any real x (note that x can be negative), bxc is
de ned to be the largest integer n such that n  x. Similarly, dxe is de ned to be
the smallest integern such that x  n. For any positive integer m we will use jm]
to denote the setf0;1; ;m 1g. Also for any pairs of integersa < b, we will use
[a; b to denote the setfa;a+1; ;bg. We will also use @; b to denote the set
fa+1; ;bg. The vertex set of the input tournament is assumed to be fi]. For
any edge (1;v) in T, its weight is given by w,, 0. For the rest of the paper, the
weights are assumed to satisfyprobability constraints, that is, wy, + w,, =1 for all

u;v 2 [n]. For any vertex v 2 [n], In (v) denotes the (weighted) indegree ofv, that

is,

In(v) = Wyy -
u2[ninfvg

We willuse :[n]! [n] as a generic permutation.O will denote the permutation
returned by the optimal algorithm for FAS-TOURNAMENTon input T while A will
denote the permutation returned by INCR-INDEG Given any permutation , B
denotes the sum of the weight of back edges induced by on T, that is,
X
B = Wyy
uv2[n]: (u)> (v)

We now recall two well known notions of distances between penutations. Given
permutations ; :[n]! [n]; the Spearman's footrule distancebetween the two
permutations is given by

X . .
F(;, )= ) (V)

v2[n]

and the Kendall-Tau distance is given by

X
K(;, )= Low wycw <o

u;v 2[n]

NI =
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where 1) is the indicator function. In other words, K(; ) is the number of
(ordered) pairs which are ordered di erently by and . The following relationship
was shown by Diaconis and Graham.

Theorem 2.1 [Diaconis and Graham 1977]. Let n 1 be an integer and
;. [n]!' [n] be permutations. Then the following is true:

K(; ) F () 2K(; ):

For RANK-AGGREGATIONwe will need the notion of Kemeny distance Given
the input lists f 1; 2; ; kg and an aggregate permutation , the Kemeny dis-
tance is de ned as

G o2 = KGO
i=1
We now present the reduction ofRANK-AGGREGATIONo weighted FAS-TOURNAMENT

with probability constraints from [Ailon et al. 2005]. Let f 1; ; kg be aRANK-
AGGREGATIONinstance on the set of candidatesri]. The equivalent weighted
FAS-TOURNAMENT instance is a weighted tournament on ] such that for any
pair of vertices i and j, w; is the fraction of input permutations which rank i
beforej. Note that by construction the weights satisfy probability constraints. Fi-
nally, sorting the vertices by their weighted indegrees (onthe weighted tournament
constructed above), is the well known Borda's method [Bordal781].

3. THE ALGORITHM FOR FAS-TOURNAMENT

We will analyze INCR-INDEGIn this section. Recall that INCR-INDEGorders the
vertices by their weighted indegrees with ties broken arbitarily.
Our main result is the following theorem.

Theorem 3.1. INCR-INDEGIs a 5-approximation for weighted FAS-TOURNAMENT,
that is, Ba 5Bo.

The reduction from FAS-TOURNAMENT to RANK-AGGREGATIONoutlined in
Section 2 implies the following corollaries to Theorem 3.1.

Corollary 3.2. INCR-INDEGis a 5-approximation for RANK-AGGREGATION

Corollary 3.3. If is the Kemeny optimal rank aggregation for input rankings
1. 2] . « and Cis an output of the Borda's method for the same input, then
(%1520 %) 506G 152 5

We will prove Theorem 3.1 through the following sequence ofdmmas.

Lemma 3.4. For any permutation :[n]! [n],

X
2B j(v) In(v)j:
v2[n]
Note that Lemma 3.4 generalizes the upper bound in Theorem 2.to a rela-
tionship between similar distance measures between a perntation and a weighted
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tournament with probability constraints. Indeed, if the in put tournament is un-
weighted acyclic tournament (with vertices arranged in order of indegrees), then
In () is just the identity permutation . Further, note that in this case, Lemma 3.4
states that 2K(; ) F (; ).2

Lemma 3.5. For any permutation :[n]! [n],
X X
J(v)  In(v)] JA(V) In(v)i:
v2[n] v2[n]
Lemma 3.6. For any two permutations ; :[n]! [n],
F(; ) iB B
We rst show how the above lemmas prove our main result.

Proof of Theorem 3.1: XConsider the foIIowin)g sequence of inequalities.

4Bo jO(v) In(v)j+ jO(v) In(v)j
v2[n] v2[n]
X X _
jO(v) In(v)j+ JA(V)  In(v)j
= (O(v) In(W)j+jA(v) In(v)j)
v2[n]
F (O;A)
Ba Bo:
The rst, second and last inequalities follow from Lemmas 34, 3.5 and 3.6 respec-
tively (with = O and = A). The third inequality is the triangle inequality

while the equality just follows from rearrangement of the terms. Thus, we have
Ba 5Bo which proves the theorem. 2

In the rest of this section, we will prove Lemmas 3.4-3.6.

Proof of Lemma 3.4:  Consider any arbitrary v 2 [n]. Let W (v) be the sum
of weights of edges from vertices to the \left" of v (according to ) to v; W (v)
be the sum of weights of edges fronv to vertices which are to the left of v ; and
Wk, (v) be the sum of weights of edges from vertices which are to theight of v to
v. More formally,

X
W (v) = Wuv ;
u: (u)< (v)
X
WE (v) = Wyu
u: (u)< (v)
Wk (v) = Wyy -
u: (u)> (v)
3Theorem 2.1 is stated in terms for two general permutations and . However, can one assume
w.lo.g.that = asF(; )= F( L. yand K(; )= K( 1. ), where isthe composition
operator and 1=
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By de nition, we have
W (V) + Wg (V) = In(v): (1)

The following identity follows from de nitions and the fact that weights satisfy
probability constraints.

W (V) + W (V)= (v): )

P
Now, 2B = vz[n](Wf (v) + Wg (v)) as each back edge is counted twice in the
sum. To complete the proof, we claim that for anyv 2 [n], W," (v) + Wg (V)
i (V) In(v).
Indeed from (1) and (2),

W (V) + W (V) (M) + In(v) 2W_ (v)
I (v) In(v)j+2(minf (v);In(v)g W (v))

jo(v) In(v)i

The last inequality again follows from (1) and (2) and the fact that W," (v); Wg (V)
0.2

Lemma 3.5 is a restatement of the fact that for any real numbesa; a; an,
the permutation :[n]! [n] which minimizes the quantity i”:l IE (i)j is the
identity. For the sake of completeness, we present a proof.
Proof of Lemma 3.5 If sorts the vertices in jp] according to their indegrees
then the statement of the lemma holds trivially.

So now consider the case when there exiis2 [n] such that In (u) > In (v) where

u= Yi)andv = 1(i +1). Construct a new ordering ° that is same as
exceptu and v are swappeg: (w) = (w) if w 620;vgand Yu) = i+1,
qv) = i. We next show that = ,,j (V) In(v)j v2impd V) In(v)j: the

rest of the proof is a simple induction. By the construction o ©,

G InWii v InWi
v2[n]
=ji In(j+ji+l Inv)jji In(vjji+l In(u)j
=2(minfi; In(v)g minfi; In(u)g) +2(minfi +1;In(u)g minfi+1;In(v)g):

The last equality follows from the identity jx yj=x+y 2minfx;yg. Finally we
verify that the last sum is always non-negative. There are three cases. Ii  In(u)
then the rst termis 2( In(v) In(u)) while the second term is 2(n (u) In(v)).
If In(v) i then the rstterm is O while the second termis 2max(i+1 In(v);0).
Finally if In(u) >i> In(v) then the rst term is 2( In(v) i) while the second
termis 2(i+1 In(v)). 2

Proof of Lemma 3.6: Consider the set of edges which are back edges inbut
are not back edges in . Denote this set by B , . Also consider the set of edges
which are back edges in but are not back edges in . Denote this set by B , .

ACM Journal Name, Vol. V, No. N, May 2008.



8 Don Coppersmith et al.

Note that
X X _ _
Wyy + wy | B B j: 3)

(uv)2B 4 (uv)2B |

The crucial observation is that if an edge (;v) 2 B ,, then (v;u) 2 B , . This
along witrf3 the fact that thq;weights satisfy probability con straints imply that
K(; )= wv)2s , Waov ' (uvys , W which by (3) implies K(; ) j B

B j. Theorem 2.1 completes the proof.2

4. A LOWER BOUND FOR INCR-INDEG
We will prove the following theorem in this section.

Theorem 4.1. For every constant > 0, there exists an in nite family of (un-
weighted) tournamentsT such that arranging the vertices of any tournament inT
according to their indegrees,irrespective of how ties are broken, results in at least
5 times as many back edges as the optimal ordering.

Note that the above result implies the analysis in Section 3 $ tight, even if one
modi ed INCR-INDEGto break ties in some \intelligent” way.

For any tournament T, we will use | (T) to denote the ordering according to
indegrees which induces the least number of back edges (thas, ties are broken
\optimally™). Also let O(T) denote the optimal ordering. For the rest of this
section we use tournaments to refer to unweighted tournamets.

We will use two parameters,x and n, in this section. Foranyn 5andx 4
such that x is a perfect square, we will construct a tournamentTy., such that

B ;
|im | (Tx.n )

=5; 4
il Bo(ty ) @

which will prove Theorem 4.1.

In the rest of this section, we will describe the constructimn of Ty., and show
that (4) holds. Fix n 5andx 4 such that x is a perfect square.Ty., will have
n(2x + 1) vertices. We will partition the vertices into n blocks of 2x + 1 vertices
each. Thei™ block for anyi =1;2;:::;n, will be denoted by b. Further, for every
j =0;1;:::;2x; the j™ node in b will be denoted by ij . The nodel, is the mid-
dle node of b and the sets of nodesfb,;b;; ;b ;g and fb,,;0.,; ;b0
are the left half and right half of U respectively. Let denote the ordering
I N HEE N
B, . Finally, unless mentioned otherwise, an edge will be caltbackward or forward
in Ty., with respect to

The basic idea behind the construction is as follows. 1Ty, , the sub-tournaments
spanned by eachd would have no back edges if nodes iti are arranged according
to . However, back edges fron ** and b*? will force | (Ty., ) to order the vertices
in B (more or less) in the reverse order of . This will result in | (T, ) inducing
many more back edges than the optimal.

We will describe the construction of Ty., by starting with a tournament on the
vertex set[ ., b such that all the edges are forward edges according to. Then
we will reverse the direction of some edges betwedn and b** (which we call Type
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N e N

H‘ H‘+1

Fig. 1. The Type | edges betweenb and b*! (1 i<n ) when x = 4.

| edges) and some edges betweéhand b*2 (which we call Type Il edges) to get
our nal Ty, . We now formally de ne these edges.

Assume we start with a set of edge€ onV = [, b such that for any u;v 2 V,
(u;v) 2 E ifand only if (u) < (v). We rst describe the Type | edges. For
everyi (1 i<n),the last vertex of b*1 has aType | edge to every vertex in the
left half of b. The second last vertex oft** has aType | edge to all but the last
vertex in the left half of B and so on. More formally, for everyi = 1;2; no 1,

for j =x+1;x+2; ;2X)
for (k=0;1; Jox 1)
E (Enf(d;4"™)glf (§;6)g

See Figure 1 for an example whex = 4.

~We '[LHI’] to the Type Il edges. Firsb partition the left and the right half of every
b into ~ X consecutiveminigroni of ©~ X vertices each. A minigroup isconnected
to another if for every 0 ° X 1 there is an edge from the th vertex in the

rst minigroup to the "th vertex in the second minigroup. Foranyi (1 i<n 1),
Type Il edges are introduced to connect the last minigroup in the rigpt half of b*2

to all the minigroups in the left half of b. The second last minigroup in the right
half of b*2 is connected to all but the last minigroup in the left half of b and so

on. More formally, for everyi =1;2; ;n 2,
for (k=0:1 :Px 1)
for (r=0;1; 1K)
for (=051 ;pi 1)
E  (Enf(Hrg, 820 g )9 [f (BF0pg, L i0r, )9

See Figure 2 for an example ofype Il edges for the case when = 4.

The tournament de ned by the vertices V and edge<E is the required tournament
Tx.n . We will now estimate the indegrees of the vertices ifly., . Consider ani such
that 2 <i<n 1. Before Type | and Type Il edges were introduced,Tx., was
an acyclic graph. Thus, the indegree of the vertexq (where 0 j  2x) was the
number of vertices connected to it whichis { 1)(2x+1)+ j. When Type | edges
were introduced, the indegree of the last vertex inb decreased byx (as there was
now an edge from it to every vertex in the left half of B 1) while the indegree of

ACM Journal Name, Vol. V, No. N, May 2008.



10 Don Coppersmith et al.

Fig. 2. Type | edges betweenb and b*! and Type Il edges betweenb and b*2 (1 i<n 1)
when x =4. Type Il edges are the ones which are not present in Figure 1.

the rst vertex in b increased byx (as there was now an edge from every vertex
in the right half of B*! to k). Similarly, the indegree of the second last vertex
decreased byx 1 while the indegree of the second vertex increased by 1 and so
on. Thus, after all Type | edges were introduced, the degree dq‘ (0O j 2x)was
(i 1)(2x+1)+ x. When Type Il edges were introduced, the indegree of every vertex
in the last minigroup in the right half of b decreased by X (as the last minigroup
is now connected to every minigroup in the left half ofd 2) while ths indegree of
every vertex in the rst minigroup in the left half of b increased by’ X (as every
minigroup in the right half of B*? is now connected to the rst minigroup in the left
half of ). Similarly, the indegree of every vertex in the second lastinigroup in the
right half of b decreased b i 1 while the Epdegree of every vertex in the second
minigroup in the left half of b increased by x 1 and so on. In particular, thg,

indegree ofld, did not change. Thus, for0 j <X 'H =(i 1)@x+1)+ x+ Zis%k
. . ro
andforx<j 2B =(i 1Ex+1)+ x g =(i DEx+1)+ x+ 3L .

Taking care of the boundary cases we have the following expssions for the
indegrees.

( lzj;_Lm
_ o ox+ B j2[0x]
"= i 2 (240 ®
( I m
_ X+1+ BL 1) 2[0x]
In(kf) 3x+1; j 2 (X 2X] ©)
Fori=3; ;n 2andforj=0;1, ;2x;
g _ I jm _
n(gy= D@D sy 2o @
S DEx+)+ x+ B 2 (2]
( :
_ (n 2)2x+1)+ x; i Kk 1 21[0:x]
In(q” = (n 2)2x+1)+ x+ Zia—X_L i) 2 (X 2x] (8)

ACM Journal Name, Vol. V, No. N, May 2008.
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( . .
_o (o DEx+D+ g 1 2[0x]
nEY=  pexr1)+ x+ B2 (2 ©)

We rst upper bound the number of back edges in the optimal ordering.

Lemma 4.2. The number of back edges in the optimal ordering oFy., is at most
x’n 2
>+ + 0(X“n).

Proof. To prove the lemma, we show thatB x2n=2 + o(x?n). Note that
the only back edges inTy., accordingto are the Type | and Type 1l edges. By
de nition, the number of Type | edges is
X(x +1) x2n  xn _ x°n

(n Dx+x 1+ +1)= 3 (n 1)<T+7:T+0(X2n)
and the number of Type Il edges is
D PP p

(n 2)(p§+ X 1+ +1)= M(n 2) < &+ﬂ:0(xzn):

2 2

The proof is complete. 2
We now lower bound the number of back edges induced by (Tx.n ).

Lemma 4.3. The number of back edges induced bly(Ty.,) on Ty, is at least
@ o(x?n).

Note that Lemmas 4.2 and 4.3 prove equation (4) and thus, Thecem 4.1. We
end this section by proving Lemma 4.3.
Proof of Lemma 4.3 : We rst claim that for any i<i © every node inb is placed
before every node ob’ by | (Txn ). In other words, all Type | and Type Il edges
are back edges (between vertices in the di erent blocks) agarding to | (Tyy ). The
proof of lemma 4.2 shows that this number is at leasx?n=2  o(x?n). For any i,
let max; and min; be the maximum and minimum indegrees of all vertices inb .
To prove the claim, we will show that

foralli=1;2; N1, maxi <min e (10)

Indeed from EquationsB(S)-(Q), we have the following valuesfor max; and min;:

< 2X; D i=1
max; = (2i 1x+ Xx+(i 1);i=2; ;n 2
2n 3)x+(n 2); i=n 1
8 .
< 3X+1; =2
min;= @ Dx Px+(i 1:i=3; n 1
@2n 2)x+n 1 i=n

An inspection of the values shows that (10) holds.

Thus, we have counted all the back edges between vertices &f and b® for
i 6 i°% We now need to count the number of back edges between vertisen the
sameb . Counting conservatively, we assume that there are no suchdrck edges for
i2f1;2;n 1;ng. Fixani suchthat2<i<n 1. We claim that the number of
back edges between vertices iy is at least

x@x+1) x(°x 1) (11)

ACM Journal Name, Vol. V, No. N, May 2008.



12 Don Coppersmith et al.

To see this divide the left half of b into P X minigroups{ lo;l1;  ;IPx ;. In par-
ticular, Ik consists of the verticesyp o; P 5.y 5 1B,y Py ;- Similarly the right
half of b is divided into P X minigroupsé (for left to right) ro;rq; ;P 4. Ob-
serve from (7) that for aﬁy k=0;1, ; X 1;the degree of a vertex inly and ry
is(i 12x+1)+ x+ x kand(i 1)2x+1)+ x k 1 respectively. Thus,
I (Tx.n ) will have to arrange vertices in the orderrP & 1;rP ¢ ,;  ;ro, followed by
the middle node b,, followed by vertices in the orderlP¢ 1;1P¢ 5;  ;lo. Again
counting conservatively, we assume that there are no Back arbs in induced tourna-
ments over any minigrouply, or ry (wherek =0;1; ; X 1). However, note that
every remaining edge inchn , the induced tournament overb , is a back edge. There

are a total of 2X2+1 = x(2x +1) edges in T)‘(;n while the induced tournaments over

any lg or ry has f many edges and there are%i such minig[50up8. TBis implies
X

that the number of back edges inTXi;n is at leastx(2x +1) 2 x("x 1)=2
as claimed in (11).

Recalling that there aren 4 choices fori, the number of back edges within some
block totaled over all the n 4 blocks is

x(2x + 1) x(pi 1) (n 4) 2x°n o(x?n):

Adding the estimates of the number of back edges between dient b's and number
of back edges within the samdd completes the proof. 2

5. CONCLUSIONS AND OPEN PROBLEMS

In this paper, we analyzed a very simple heuristic for theFAS-TOURNAMENT
problem (and a weighted generalization) and showed that it las an approximation
factor of 5. Recently Kenyon-Mathieu and Schudy have desiged a PTAS for the
problem. One of the key ingredients of their algorithm is a squence of local im-
provements steps. It is an open question whether such localhiprovements when
applied to our algorithm can give an approximation factor better than 5.

Another interesting problem is to get a tighter bound on how good Borda's
method is for approximating the optimal ranking for rank aggregation. Note that
the example in Section 4 is not a valid example for rank aggregfion (the weights
do not satisfy triangle inequality).
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