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Abstract

An error-correcting code is said to be locally testable if it has an e�cien t spot-checking
procedurethat can distinguish codewords from strings that are far from every codeword, looking
at very few locations of the input in doing so. Locally testable codes(LTCs) have generateda
lot of interest over the years, in large part due to their connection to Probabilistically checkable
proofs (PCPs). The abilit y to correct errors that occur during transmission is one of the big
advantages of using a code. Hence, from a coding-theoretic angle, local testing is potentially
more useful if in addition to accepting codewords, it also accepts strings that are close to a
codeword (in contrast, local testerscanhavearbitrary behavior on such strings, which potentially
annuls the bene�ts of error-correction). This would imply that when the tester accepts,onecan
follow-up the testing with a (more expensive) decoding procedure to correct the errors and
recover the transmitted codeword, while if the tester rejects, we can save the e�ort of running
the more expensive decoding algorithm.

In this work, we de�ne such testers,which we call tolerant testersfollowing somerecent work
in property testing [13]. We revisit somerecent constructions of LTCs and show how one can
make them locally testable in a tolerant sense.While we do not optimize the parameters, the
main messagefrom our work is that there are explicit tolerant LTCs with similar parametersto
LTCs.

1 In tro duction

Locally testable codes(LTCs) have beenthe subject of much research over the yearsand there has
beenheightened activit y and progresson them recently [10, 4, 12, 5, 6, 9]. LTCs are error-correcting
codes which have a testing procedure with the following property: given oracle accessto a string
which is a purported codeword, thesetesters\sp ot check" the string at very few locations, accepting
if the string is indeed a codeword, and rejecting with high probabilit y if the string is \far-enough"
from every codeword. Such spot-checkers arise in the construction of Probabilistically checkable
proofs(PCPs) [1, 2] (seethe recent survey by Goldreich [9] for more details on the interplay between
LTCs and PCPs). Note that in the de�nition of LTCs, there is no requirement on the tester for
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input strings that are very closeto a codeword. This \asymmetry" in the way the tester acceptsand
rejects an input re
ects the way PCPs are de�ned, where we only care about accepting perfectly
correct proofs with high probabilit y. However, the crux of error-correcting codesis to tolerate and
correct a few errors that could occur during transmission of the codeword (and not just be able to
detect errors). In this context, the fact that a tester can reject received words with few errors is not
satisfactory. A more desirable (and stronger) requirement in this scenariowould be the following:
we would like the tester to make a quick decision on whether or not the purported codeword is
closeto any codeword. If the tester declaresthat there is probably a close-by codeword, we then
usea decoding algorithm to decode the received word. If on the other hand, we can say with high
con�dence that the received word is far away from all codewords then we do not run our expensive
decoding algorithm. The current testers in the literature focusmore or lessexclusively on the latter
goal. As a concreteexampleof why we should acceptreceived words with few errors, if the received
word is at most distance e away from a Reed-Solomoncodeword where e is somequantit y smaller
than half the minimum distanceof the Reed-Solomoncode, then it would be nice if the tester does
not reject the received word as we can uniquely decode it.

In this work we intro duce the concept of tolerant testers. Theseare codeword testers which reject
(w.h.p) received words far from every codeword (lik e the current \standard" testers) and accept
(w.h.p) close-by received words (unlik e the current oneswhich only needto acceptcodewords). We
will refer to codesthat admit a tolerant tester asa tolerant LTCs. In the generalcontext of property
testing, the notion of tolerant testing was intro duced by Parnas et al [13] along with the related
notion of distance approximation. Parnas et al also give tolerant testers for clustering. We feel
that codeword-testing is a particularly natural instance to study tolerant testing. (In fact, if LTCs
were de�ned solely from a coding-theoretic viewpoint, without their relevanceand applications to
PCPs in mind, we feel that it is likely that the original de�nition itself would have required tolerant
testers.)

For any vectors u; v 2 Fn
q , the relative distance between u and v, denoted dist(u; v), equals the

fraction of positions where u and v di�er. For any subset A � Fn
q , dist(v; A) = minu2 A dist(u; v).

An [n; k; d]q linear code Cis a k-dimensionalsubspaceof Fn
q such that every pair of distinct elements

x; y 2 C di�er in at least d locations, i.e., dist(x; y) � d=n. The ratio k
n is called the rate of the

code and d is the (minimum) distance of the code. We now formally de�ne a tolerant tester.

De�nition 1 For any linear code C over Fq of block length n and distance d, and 0 � c1 � c2 � 1,
a (c1; c2)-tolerant tester T for C with query complexity p(n) (or simply p whenthe argument is clear
from the context) is a probabilistic polynomial time1 oracle Turing machine such that for every
vector v 2 Fn

q :

1. If dist(v; C) � c1d
n , T upon oracle accessto v accepts with probability at least 2

3 (tolerance),

2. If dist(v; C) > c2d
n , T rejects with probability at least 2

3 (soundness),

3. T makesp(n) probes into the string (oracle) v.

A code is said to be (c1; c2; p)-testableif it admits a (c1; c2)-tolerant tester of query complexity p(�).
1 In the usual de�nition of LTCs one omits the requirement that the tester be e�cien t. This is becausethe focus

usually is on testers which make O(1) queries and in this casean e�cien t implementation is obvious. We will be
interested in testers with sub-linear query complexities that grow with n (lik e n 
 for small 
 > 0) and therefore we
stipulate this requirement. Note that since our results are positive, i.e., we givesconstructions of tolerant LTCs, this
only makes our results stronger.
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We will be interested in asymptotics and thus we implicitly are interested in a family of codeswith
the stated properties in the above de�nition (and so, the notion of the tester being a polynomial
time machine, in particular, makessense).We usually hide this for notational simplicit y.

A tester has perfect completenessif it acceptsany codeword with probabilit y 1. As pointed out
earlier, the existing literature just consider (0; c2)-tolerant testers with perfect completeness.We
will refer to theseas standard testers henceforth. Note that our de�nition of tolerant testers is per
senot a generalizationof standard testerssincewe do not require perfect completenessfor the case
when the input v is a codeword. However, all our constructions will inherit this property from the
standard testers we obtain them from.

Recall one of the applications of tolerant testers mentioned earlier: a tolerant tester is used to
decide if the expensive decoding algorithm should be used. In this scenario,one would like to set
the parametersc1 and c2 such that the tester is tolerant up to the decoding radius. For example,
if we have an unique decoding algorithm which can correct up to d

2 errors, a particularly appealing
setting of parameterswould be c1 = 1

2 and c2 as closeto 1
2 as possible. However, we would not be

able to achieve such large c1. In generalwe will aim for positive constants c1 and c2 with c2
c1

being
as small as possiblewhile minimizing p(n).

One might hope that the existing standard testers could also be tolerant testers. We give a simple
example to illustrate the fact that this is not the case in general. Consider the tester for the
Reed-Solomon(RS) codesof dimension k + 1: pick k + 2 points uniformly at random and check if
the degreek univariate polynomial obtained by interpolating on the �rst k + 1 points agreeswith
the input on the last point. It is well known that this is a standard tester [16]. However, this is
not a tolerant tester. Assumewe have an input which di�ers from a degreek polynomial in only
one point. Thus, for

� n� 1
k+1

�
choicesof k + 2 points, the tester would reject, that is, the rejection

probabilit y is
(n � 1

k +1 )
( n

k +2 ) = k+2
n which is greater than 1

3 for high rate RS codes.

Another pointer towards the inherent di�cult y in coming up with a tolerant tester is the recent
work of Fischer and Fortnow [7] which shows that there are certain boolean properties which have
a standard tester with constant number of queriesbut for which every tolerant tester requires at
least n
(1) queries.

In this work, we examineexisting standard testers and convert somestandard testers into tolerant
ones. In Section 2 we record a few generalfacts which will be useful in performing this conversion.
The ultimate goal, if this can be realized at all, would be to construct tolerant LTCs of constant
rate which can be tested using O(1) queries (we remark that such a construction has not been
obtained even without the requirement of tolerance). In this work, we show that we can achieve
either constant number of queries with slightly sub-constant rate (Section 3) as well as constant
rate with sub-linear number of queries (Section 4). That is, something non-trivial is possible in
both the domains: (a) constant rate, and (b) constant number of queries. Speci�cally , in Section
3 we discussbinary codeswhich encode k bits into codewords of length n = k � exp(log" k) for any
" > 0, and can be tolerant tested using O(1=") queries. In Section 4, following [5], we study the
simple construction of LTCs using products of codes| this yields asymptotically good codeswhich
are tolerant testable using a sub-linear number n 
 of queriesfor any desired
 > 0. An interesting
common feature of the codes in Section 3 and 4 is that they can be constructed from any code
that has good distance properties and which in particular neednot admit a local tester with sub-
linear query complexity. In Section 5 we discussthe tolerant testabilit y of Reed-Muller codes| it
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turns out that existing results on low-degreetesting of multiv ariate polynomials immediately imply
results on tolerant testing for thesecodes.

The overall messagefrom our work is that a lot of the work on locally testable code constructions
extends fairly easily to also yield tolerant locally testable codes. However, there doesnot seemto
be a genericway to \compile" a standard tester to a tolerant tester for an arbitrary code.

2 General Observ ations

In this section we will �x somenotations and spell out somegeneralproperties of tolerant testers
and subsequently usethem to designtolerant testers for someexisting codes.

We will denote the set f 1; � � � ; ng by [n]. All the testers we refer to are non-adaptive testers which
decideon the locations to query all at oncebasedonly on the random choices. In the sequel,we use
n to denote the block length and d the distance of the code under consideration. The motivation
for the de�nition below will be clear in Section 3.

De�nition 2 Let 0 < � � 1. A tester T is (hs1; q1i ; hs2; q2i ; � )-smooth if there existsa set A � [n]
where jAj = � n with the following properties:

� T queries at most q1 points in A, and for every x 2 A, the probability that each of these
queriesequals location x is at most s1

jA j , and

� T queriesat most q2 points in [n] � A, and for every x 2 [n] � A, the probability that each of
thesequeriesequals location x is at most s2

n�j A j .

As a special casea (h1; qi ; h0; 0i ; 1)-smooth tester makesa total of q querieseach of them distributed
uniformly among the n possibleprobe points.

The following lemma follows from the union bound:

Lemma 1 For any 0 < � < 1, a (hs1; q1i ; hs2; q2i ; � )-smooth (0; c2)-tolerant tester T with perfect
completenessis a (c1; c2)-tolerant tester T0, where c1 = n� (1� � )

3d maxf q1s1 (1� � ); q2s2 � g .

Proof : The soundnessfollows from the assumptionon T. Assumedist(v; C) � c1d
n and let f 2 C be

the closestcodeword to v. Supposethat f di�ers from v in a set A0 of yd placesamong locations in
A, and a set B 0 of (� � y)d placesamong locations in [n] � A, wherewe have � � c1 and 0 � y � � .
The probabilit y that any of the at most q1 (resp. q2) queriesof T into A (resp. [n] � A) falls in
A0 (resp. B 0) is at most s1yd

�n (resp. s2 (� � y)d
(1� � )n ). Clearly, whenever T does not query a location in

A0 [ B 0, it accepts(since T has perfect completeness). Thus, an easycalculation shows that the
probabilit y that T rejects v is at most

c1d
n

maxf
s1q1

�
;

s2q2

1 � �
g

which is 1=3 for the choice of c1 stated in the lemma.
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The above lemma is not satisfactory unless the relative distance and the number of queries are
constants. Next we sketch how to design tolerant testers from existing robust testers with certain
properties. We �rst recall the de�nition of robust testers from [5].

A standard tester T has two inputs: an oracle for the received word v and a random string s.
Depending on s, T generatesq query positions i 1; � � � ; i q, �xes a circuit Cs and then accepts if
Cs(vf (s)) = 1 where vf (s) = hvi 1 ; � � � ; vi q i . The robustnessof T on inputs v and s, denoted by
� T (v; s), is de�ned to be the minimum, over all strings y such that Cs(y) = 1, of dist(vf (s); y). The
expected robustnessof T on v is the expected value of � T (v; s) over the random choicesof s and
would be denoted by � T (v).

A standard tester T is said to be c-robust for C if for every v 2 C, the tester acceptswith probabilit y
1, and for every v 2 Fn

q , dist(v; C) � c � � T (v).

The tolerant version T 0 of the standard c-robust tester T is obtained by accepting an oracle v on
random input s, if � T (v; s) � � for somethreshold � . (Throughout the paper � will denote the
threshold.) We will sometimesrefer to such a tester asonewith threshold � . Recall that a standard
tester T acceptsif � T (v; s) = 0. We next show that T 0 is sound. For the rest of this section unless
mentioned otherwise, we will useparameter � to denote the threshold.

The following lemma follows from the fact that T is c-robust:

Lemma 2 Let 0 � � � 1, and let c2 = (� +2) cn
3d . For any v 2 Fn

q , if dist(v; C) > c2d
n , then the

tolerant tester T0 with threshold� rejects v with probability at least 2
3 .

Proof : Let v 2 Fn
q be such that dist(v; C) > c2d

n . By the de�nition of robustness, the expected
robustness,� T (v) is at least c2d

nc , and thus at least (� + 2)=3 by the choice of c2. By the standard
averaging argument, we can have � T (v; s) � � on at most a fraction 1=3 of the of the random
choicesof s for T (and henceT 0). Therefore, � T (v; s) > � with probabilit y at least 2=3 over the
choice of s and thus T0 rejects v with probabilit y at least 2=3.

We next mention a property of the query pattern of T which would make T 0 tolerant. Let S be
the set of all possiblechoicesfor the random string s. Further for each s, let pT (s) be the set of
positions queried by T.

De�nition 3 A tester T has a partitioned query pattern if there exists a partition S1 [ � � � [ Sm

of the random choices of T for somem, such that for every i ,

� [ s2 Si p
T (s) = f 1; 2; � � � ; ng, and

� For all s; s0 2 Si , pT (s) \ pT (s0) = ; if s 6= s0.

Lemma 3 Let T have a partitioned query pattern. For any v 2 Fn
q , if dist(v; C) � c1d

n , where
c1 = n�

3d , then the tolerant test T 0 with threshold� rejects with probability at most 1
3 .

Proof : Let S1; � � � ; Sm be the partition of S, the set of all random choicesof the tester T. For
each j , by the properties of Sj ,

P
s2 Sj

� T (v; s) � dist(v; C). By an averaging argument and by

the assumption on dist(v; f ) and the value of c1, at least 2
3 fraction of the choicesof s in Sj have

� T (v; s) � � and thus, T0 accepts. Recalling that S1; � � � ; Sm was a partition of S, for at least 2
3 of

the choicesof s in S, T0 accepts. This completesthe proof.
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3 Toleran t Testers for Binary Codes

One of the natural goals in the study of tolerant codes is to design explicit tolerant binary codes
with constant relative distance and as large a rate as possible. In the caseof standard testers,
Ben-Sassonet al [4] give binary locally testable codes which map k bits to k � exp(log" k) bits for
any " > 0 and which are testable with O(1=") queries. Their construction usesobjects called
PCPs of Proximit y (PCPP) which they also intro duce in [4]. In this section, we show that a
simple modi�cation to their construction yields tolerant testable binary codeswhich map k bits to
k � exp(log" k) bits for any " > 0. We note that a similar modi�cation is used by Ben-Sassonet
al to give a relaxed locally decodable codes [4] but with worse parameters (speci�cally they gives
codeswith block length k1+ " ).

3.1 PCP of Pro ximit y

We start with the de�nition 2 of of a Probabilistic Checkable proof of Proximit y (PCPP). A pair
languageis simply a languagewhoseelements arenaturally a pair of strings, i.e., it is somecollection
of strings (x; y). A notable example is CIRCUITV AL = fhC; ai j Boolean circuit C evaluates to 1
on assignment ag.

De�nition 4 Fix 0 � � � 1. A probabilistic veri�er V is a PCPP for a pair languageL with
proximity parameter � and query complexity q(�) if the following conditions hold:

� (Completeness)If (x; y) 2 L then there exists a proof � such that V accepts by accessingthe
oracle y � � with probability 1.

� (Soundness) If y is � -far from L(x) = f yj(x; y) 2 Lg, then for all proofs � , V accepts by
accessingthe oracle y � � with probability strictly lessthan 1

4 .

� (Query complexity) For any input x and proof � , V makesat most q(jxj) queries in y � � .

Note that a PCPP di�ers from a standard PCP in that it has a more relaxed soundnesscondition
but its queriesinto part of the input y are also counted in its query complexity.

Ben-Sassonet. al. give constructions of PCPPs with the following guarantees:

Lemma 4 ([4]) Let " > 0 be arbitrary. There exists a PCP of proximity for the pair language
CIRCUITV AL = f (C; x)jC is a boolean circuit and C(x) = 1g whose proof length, for inputs
circuits of size s, is at most s � exp(log"=2 s) and for t = 2 log log s

log log log s the veri�er of proximity has
query complexity O(maxf 1

� ; 1
" g) for any proximity parameter � that satis�es � � 1

t . Furthermore,
the queriesof the veri�er are non-adaptiveand each of the querieswhich lie in the input part x are
uniformly distributed among the locations of x.

The fact that the queriesto the input part are uniformly distributed follows by an examination of
the veri�er construction in [4]. In fact, in the extended version of that paper, the authors make
this fact explicit and use it in their construction of relaxed locally decodable codes (LDCs). To

2The de�nition here is a special caseof the general PCPP de�ned in [4] which would be su�cien t for our purp oses.
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achieve a tolerant LTC using the PCPP, we will need all queries of the veri�er to be somewhat
uniformly or smoothly distributed. We will now proceedto make the queriesof the PCPP veri�er
that fall into the \pro of part" � near-uniform. This will follow a fairly generalmethod suggested
in [4] to smoothen out the query distribution, which the authors used to obtain relaxed locally
decodable codesfrom the PCPP. We will obtain tolerant LTCs instead, and in fact will manageto
do so without a substantial increasein the encoding length (i.e., the encoding length will remain
k � 2log" k ). On the other hand, the best encoding length achieved for relaxed LDCs in [4] is k1+ "

for constant " > 0. We begin with the de�nition of a mapping that helps smoothen out the query
distribution.

De�nition 5 Given any v 2 Fn
q and ~p = hpi i n

i=1 with pi � 0 for all i 2 [n] and
P n

i =1 pi = 1, we
de�ne the mapping Repeat(�; �) as follows: Repeat(v; ~p) 2 Fn0

q such that vi is repeated b4npi c times
in Repeat(v; ~p) and n0 =

P n
i=1 b4npi c.

We now show why the mapping is useful. A similar fact appears in [4], but for the sake of com-
pletenesswe present the proof.

Lemma 5 For any v 2 Fn
q let a non-adaptiveveri�er T (with oracle accessto v) makeq(n) queries

and let pi be the probability that each of thesequeriesprobes location i 2 [n]. Let ci = 1
2n + pi

2 and
~c = hci i n

i=1 . Consider the map Repeat(v;~c) : Fn
q ! Fn0

q . Then there exists another tester T 0 for
strings of length n0 with the following properties:

1. T0 makes2q(n) querieson v0 = Repeat(v;~c) each of which probes location j , for any j 2 [n0],
with probability at most 2

n0, and

2. for everyv 2 Fn
q , the decision of T0 on v0 is identical to that of T on v. Further, 3n < n0 � 4n.

Proof : We �rst add q dummy queries to T each of which are uniformly distributed, and then
permute the 2q queries in a random order. Note that each of the 2q queries is now identically
distributed. Moreover, any position in v is probed with probabilit y at least 1

2n for each of the
2q queries. For the rest of the proof we will assumethat T makes 2q queries for each of which
any i 2 [n] is probed with probabilit y ci = pi

2 + 1
2n . Let r i = b4nci c. Note that r i � 4nci and

r i > 4nci � 1. Recalling that n0 =
P n

i=1 r i and
P n

i=1 ci = 1, we have 3n < n0 � 4n.

T0 just simulates T in the following manner: if T queriesvi for any i 2 [n], T0 queriesone of the
r i copiesof vi in v0 uniformly at random. It is clear that the decisionof T 0 on v0 = Repeat(v;~c) is
identical to that of T on v. We now look at the query distribution of T 0. T0 queriesany j 2 [n0],
where v0

j = vi , with probabilit y p0
j = ci � 1

r i
. Recalling the lower bound on r i , we have p0

j � ci
4nc i � 1

which is at most 1
2n sinceclearly ci � 1

2n . We showed earlier that n0 � 4n which implies p0
j � 2

n0 as
required.

One might wonder if we can use Lemma 5 to smoothen out the queries made by the veri�er of
an arbitrary LTC to obtain a tolerant LTC. That is, whether the above allows one to compile the
veri�er for any LTC in a black-box manner to obtain a tolerant veri�er. This doesnot seemlikely,
and we discussthis further in subsection3.3.

Applying the transformation of Lemma 5 to the proximit y veri�er and proof of proximit y of
Lemma 4, we concludethe following.
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Prop osition 1 Let " > 0 be arbitrary. There exists a PCP of proximity for the pair language
CIRCUITV AL = f (C; x)jC is a boolean circuit and C(x) = 1g with the following properties:

1. The proof length, for inputs circuits of size s, is at most s � exp(log"=2 s), and

2. for t = 2 log log s
log log log s the veri�er of proximity has query complexity O(maxf 1

� ; 1
" g) for any prox-

imity parameter � that satis�es � � 1
t .

Furthermore, the queriesof the veri�er are non-adaptive with the following properties:

1. Each query made to one of the locations of the input x is uniformly distributed among the
locations of x, and

2. each query to one of the locations in the proof of proximity � probes each location with prob-
ability at most 2=j� j (and thus is distributed nearly uniformly among the locations of � ).

3.2 The Code

We now outline the construction of the locally testable code from [4]. The idea behind the con-
struction is to make useof a PCPP to aid in checking if the received word is a codeword is far away
from being one. Details follow.

Suppose we have a binary code C0 : f 0; 1gk ! f 0; 1gm of distance d de�ned by a parit y check
matrix H 2 f 0; 1g(m� k)� m that is sparse,i.e., each of whoserows has only an absolute constant
number of 1's. Such a code is referred to as a low-density parit y check code (LDPC). For the
construction below, we will useany such code which is asymptotically good (i.e., has rate k=m and
relative distance d=m both positive as m ! 1 ). Explicit constructions of such codes are known
using expandergraphs [15]. Let V be a veri�er of a PCP of proximit y for membership in C0; more
precisely, the proof of proximit y of an input string w 2 f 0; 1gm will be a proof that ~C0(w) = 1
where ~C0 is a linear-sizedcircuit which performs the parit y checks required by H on w (the circuit
will have size O(m) = O(k) since H is sparseand C0 has positive rate). Denote by � (x) be the
proof of proximit y guaranteed by Proposition 1 for the claim that the input C0(x) is a member of
C0 (i.e., satis�es the circuit ~C0). By Proposition 1 and fact that the sizeof ~C0 is O(k), the length
of � (x) can be made at most k exp(log"=2 k).

The �nal code is de�ned as C1(x) = (C0(x)t ; � (x)) where t = (log k� 1)j� (x)j
jC0 (x)j . The repetition of the

code part C0(x) is required in order to ensuregood distance,sincethe length of the proof part � (x)
typically dominates and we have no guarantee on how far apart � (x1) and � (x2) for x1 6= x2 are.

For the rest of this section let ` denote the proof length. The tester T1 for C1 on an input w =
(w1; � � � ; wt ; � ) 2 f 0; 1gtm + ` picks i 2 [t] at random and runs the PCPP veri�er V on wi � � . It
also performs a few rounds of the following consistencychecks: pick i 1; i 2 2 [t] and j 1; j 2 2 [m] at
random and check if wi 1 (j 1) = wi 2 (j 2). Ben-Sassonet al in [4] show that T1 is a standard tester.
However, T1 neednot be a tolerant tester. To seethis, note that the proof part of C1 forms a 1

log k
fraction of the total length. Now consider a received word wr ec = (w0; � � � ; w0; � 0) where w0 2 C0

but � 0 is not a correct proof for w0 being a valid codeword in c0. Note that wr ec is close to C1.
However, T1 is not guaranteed to accept wr ec with high probabilit y.

8



The problem with the construction above was that the proof part was too small: a natural �x is
to make the proof part a constant fraction of the codeword. We will show that this is su�cien t to
make the code tolerant testable. We also remark that a similar idea was used by Ben-Sassonet.
al. to give e�cien t constructions for relaxed locally decodable codes[4].

Construction 1 Let 0 < � < 1 be a parameter, C0 : f 0; 1gk ! f 0; 1gm be a good 3 binary code and
V be a PCP of proximity veri�er for membership in C0. Final ly let � (x) be the proof corresponding
to the claim that C0(x) is a codeword in C0. The �nal code is de�ned as C2(x) = (C0(x)r 1 ; � (x)r 2 )
with r 1 = (1� � ) log kj� (x)j

m and r2 = � logk.4

For the rest of the section the proof length j� (x)j will be denoted by `. Further the proximit y
parameter and the number of queriesmade by the PCPP veri�er V would be denoted by � p and
qp respectively. Finally let � 0 denote the relative distance of the code C0.

The tester T2 for C2 is also the natural generalizationof T1. For a parameter qr (to be instantiated
later) and input w = (w1; � � � ; wr 1 ; � 1; � � � ; � r 2 ) 2 f 0; 1gr 1m+ r 2 l , T2 doesthe following:

1. Repeat the next two steps twice.

2. Pick i 2 [r 1] and j 2 [r 2] randomly and run V on wi � � j .

3. Do qr repetitions of the following: pick i 1; i 2 2 [r1] and j 1; j 2 2 [m] randomly and check if
wi 1 (j 1) = wi 2 (j 2).

The following lemma captures the properties of the code C2 and its tester T2.

Lemma 6 The code C2 in Construction 1 and the tester T2 (with parameters� and qr respectively)
above have the following properties:

1. The codeC2 hasblock lengthn = logk�` with minimum distance d lower bounded by (1� � )� 0n.

2. T2 makesa total of q = 2qp + 4qr queries.

3. T2 is (h1; qi ; h2; 2qpi ; 1 � � )-smooth.

4. T2 is a (c1; c2)-tolerant tester with c1 = n� (1� � )
6d maxf (2qr + qp )� ; 2(1� � )qp g and c2 = n

d (� p + 4
qr

+ � ).

Proof : From the de�nition of C2, it has block length n = r 1m + r2` = (1� � )` log k
m � m + � logk � ` =

logk � `. Further as C0 has relative distance � 0, C2 has relative distance at least r 1 � 0m
` log k = (1 � � )� 0.

T2 makesthe samenumber of queriesas V which is qp in Step 2. In Step 3, T2 makes2qr queries.
As T2 repeats Steps2 and 3 twice, we get the desiredquery complexity.

To show the smoothnessof T2 we need to de�ne the appropriate subset A � [n] such that jAj =
(1 � � )n. Let A be the set of indices with the code part: i.e. A = [r 1m]. T2 makes2qr queriesin A

3This means that m = O(k) and the encoding can be done by circuits of nearly linear size s0 = ~O(k).
4The factor log k overhead is overkill, and a suitably large constant will do, but since the proof length j� (x)j will

anyway be larger than jxj by more than a polylogarithmic factor in the constructions we use, we can a�ord this
additional log k factor and this easesthe presentation somewhat.
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in Step 3 each of which is uniformly distributed. Further by Proposition 1, T2 in step 2 makesat
most qp queriesin A which are uniformly distributed and at most qp queriesin [n] � A each of which
are within a factor 2 of being queried uniformly at random. To complete the proof of property 3
note that T2 repeats step 2 and 3 twice.

The tolerance of T2 follows from property 3 and Lemma 1. For the soundnesspart note that
if w = (w1; � � � ; wr 1 ; � 1; � � � ; � r 2 ) 2 f 0; 1gr 1m+ r 2 l is � -far from C2 then (w1; � � � ; wr 1 ) is at least
� n� r 2 `

n = � n� � n
n = � � � far from the repetition code C0 = f C0(x)r 1 jx 2 f 0; 1gkg. For � = c2d=n

with the choice of c2 in the lemma, we have � � � � � p + 4=qr . The rest of the proof just follows
the proof in [4] of the soundnessof the tester T1 for the code C1{ as in [4] one can show that one
invocation of Steps2 and 3 results in T2 acceptingw with probabilit y strictly lessthan 1

2 . The two
repetitions of Steps2 and 3 reducesthis error to at most 1

4 .

Fix any 0 < � < 1 and let � = �
2 , � p = �

6 , qr = 12
� . With thesesettings we get � p + 4

qr
+ � = � and

qp = O( 1
� ) from Proposition 1 with the choice " = 2� . Finally, q = 2qp + 4qr = O( 1

� ). Substituting
the parameters in c2 and c1, we get c2 = � n

d and

c1d
n

=
�

24maxf � (qr + qp=2); (2 � � )qpg
= 
( � 2) :

Also note that the minimum distance d � (1 � � )� 0n = (1 � �
2)� 0n � � 0

2 n. Thus, we have the
following result for tolerant testable binary codes.

Theorem 1 There existsan absoluteconstant � 0 > 0 suchthat for every � , 0 < � < 1, there exists
an explicit binary linear code C : f 0; 1gk ! f 0; 1gn where n = k � exp(log� k) with minimum distance
d � � 0n which admits a (c1; c2)-tolerant tester with c2 = O(� ), c1 = 
( � 2) and query complexity
O( 1

� ).

The claim about explicitness follows from the fact that the PCPP of Lemma 4 and henceProposi-
tion 1 has an explicit construction. The claim about linearit y follows from the fact that the PCPP
for CIRCUITV AL is a linear function of the input when the circuit computes linear functions |
this aspect of the construction is discussedin detail in Section 8.4 of the extendedversion of [4].

3.3 Converting locally testable codes to toleran t testable codes

We now discusswhether the technique of repeating symbols in proportion to their query probabilit y
as in the previous section(speci�cally , Lemma 5) can be usedto convert a LTC into a tolerant LTC
(without, for example,the additional complexity of using a PCPP). We will now argue(informally)
that this technique alone will not work. Let C1 be an [n; k; d]q LTC with a standard tester T1 that
makes q identically distributed queries with distribution pi , 1 � i � n, such that pi � 1=2n for
each i . Create a new [n + 1; k; d]q code C2 whose(n + 1)'th coordinate is just a copy of the n'th
coordinate, i.e., corresponding to each codeword (c1; c2; : : : ; cn ) 2 Fn

q of C1, we will have a codeword
(c1; c2; : : : ; cn ; cn ) 2 Fn+1

q of C2. Consider the following tester T2 for C2: Given oracle accessto
v 2 Fn+1

q , with probabilit y 1=2 check whether vn = vn+1 , and with probabilit y 1=2 run the tester
T1 on the �rst n coordinates of v. Clearly, T2 is a standard tester for C2.

Now, considerwhat happensin the conversion procedureof Lemma 5 to get (C0; T0) from (C2; T2).
Note that by Lemmas 5 and 3, T 0 is tolerant. Let ~q = (q1; : : : ; qn+1 ) be the query distribution
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of T2. Since T2 queries (vn ; vn+1 ) with probabilit y 1=2, the combined number of locations of
v0 = Repeat(v; ~q) corresponding to vn ; vn+1 will be about 1=2 of the total length n0. Now let v0 be
obtained from a codeword of C0 by corrupting just these locations. The tester T 0 will accept such
a v0 with probabilit y at least 1=2, which contradicts the soundnessrequirement sincev0 is 1=2-far
from C0. Therefore, using the behavior of the original tester T2 as just a black-box, we cannot in
generalargue that the construction of Lemma 5 maintains good soundness.

4 Toleran t Testers for Tensor Pro ducts of Codes

Tensor product of codes is simple way to construct new codes from any existing codes such that
the constructed codeshave testers with sub-linear query complexity even though the original code
neednot admit a sub-linear complexity tester [5]. We �rst brie
y de�ne product of codesand then
outline the tester of product of codesfrom [5].

Given an [n; k; d]q code C, the product of C with itself, denoted by C2, is a [n2; k2; d2]q code such
that a codeword (viewed as a n � n matrix) restricted to any row or column is a codeword in C.
More formally, given the n � k generator matrix M of C, C2 is precisely the set of matrices in the
set f M � X � M T j X 2 F k� k

q g. A very natural test for C2 is to randomly choosea row or a column
and then check if the restriction of the received word on that row or column is a codeword in C
(which can be done for exampleby querying all the n points in the row or column). Unfortunately,
it is not known if this test is robust in general (seethe discussionin [5]).

Ben-Sassonand Sudan in [5] consideredthe more generalproduct of codesCt for t � 3 along with
the following general tester: Chooseat random b 2 f 1; � � � ; tg and i 2 f 1; � � � ; ng and check if bth

coordinate of the received word (which is an element of Fn t

q ) when restricted5 to i is a codeword
in Ct � 1. It is shown in [5] that this test is robust, in that if a received word is far from Ct , then
many of the tested substrings will be far from Ct � 1. This tester lends itself to recursion: the test
for Ct � 1 can be reduced to a test for Ct � 2 and so on till we need to check whether a word in Fn2

q
is a codeword of C2. This last check can done by querying all the n2 points, out of the nt points
in the original received word, thus leading to a sub-linear query complexity. As shown in [5], the
reduction can be done in log t stagesby the standard halving technique.

We now give a tolerant version of the test for product of codes given by Ben-Sassonand Sudan
[5]. In what follows t � 4 will be a power of two. As mentioned above the tester T for the tensor
product Ct reducesthe test to checking if somerestriction of the given string belong to C2. For the
rest of this section, with a slight abuseof notation let vf 2 Fn2

q denote the �nal restriction being

tested. In what follows we assumethat by looking at all points in any v 2 Fn2

q one can determine
if dist(v; C2) � � in time polynomial in n2.

The tolerant version of the test of [5] is a simple modi�cation as mentioned in Section 2: reduce
the test on Ct to C2 as in [5] and then accept if vf is � -closeto C2.

First we make the following observation about the test in [5]. The test recurseslog t times to reduce
the test to C2. At step l , the test choosesan random coordinate bl (this will just be a random bit)

and �xes the value of the bt h
l coordinate of the current C

t
2l to an index i l (where i l takesvalues in

the range 1 � i l � nt=2l
). The key observation here is that for each �xed choice of b1; � � � ; blog t ,

5For the t = 2 caseb signi�es either row or column and i denotes the row/column index.
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distinct choicesof i 1; � � � ; i log t correspond to querying disjoint setsn2 points in the original v 2 Fn t

q
string, which together form a partition of all coordinates of v. In other words, T has a partitioned
query pattern, which will be useful to argue tolerance. For soundness,we use the results in [5],
which show that their tester is C log t -robust for C = 232.

Thus, from Lemmas2 and 3 we have the following result

Theorem 2 Let t � 4 be a power of two and 0 � � � 1. There exist 0 < c1 < c2 � 1 with
c2
c1

= C log t (1+ 2=� ) suchthat the proposed tolerant tester for Ct is a (c1; c2)-tolerant tester with query

complexity N 2=t where N is the block length of Ct . Further, c1 and c2 are constants (independent
of N ) if t is a constant and C has constant relative distance.

Thus, Theorem2 achievesthe goalof a simpleconstruction of tolerant testablecodeswith sub-linear
query complexity, as the following corollary records:

Corollary 1 For every 
 > 0, there is an explicit family of asymptotically good binary linear codes
which are tolerant testableusing n 
 queries,where n is the block length of the concerned code. (The
rate, relative distance and thresholdsc1; c2 for the tolerant testing depend on 
 .)

5 Toleran t testing of Reed-Muller codes

In this section, we discusstesters for codesbasedon multiv ariate polynomials.

5.1 Biv ariate polynomial codes

As mentioned in [5], there areno robust standard testersknown for C2 in general. In this subsection,
we considera special casewhen C = RS[n; k + 1; d = n � k]q, that is, the Reed{Solomoncode based
on evaluation of degreek polynomials over Fq at n distinct points in the �eld. We show that the
tester for C2 proposed in [5] is tolerant for this special case. It is well-known (see, for example,
Proposition 2 in [14]) that in this caseC2 is the code with codewords being the evaluations of
bivariate polynomials over Fq of degreek in each variable. The problem of low-degree testing
for bivariate polynomials is a well-studied one: in particular we use the work of Polishchuk and
Spielman [14] who analyze a tester using axis parallel lines. Call a bivariate polynomial to be one
of degree(k1; k2) if the maximum degreesof the two variables are k1 and k2 respectively. In what
follows, we denoteby Q0 2 Fn� n

q be the received word to be tested (thought of asan n � n matrix),
and let Q(x; y) be the degree(k; k) polynomial whoseencoding is closestto Q0.

We now specify the tolerant tester T 0. The upper bound of 1 �
p

1 � d=n on � comesfrom the
fact that this is largest radius for which decoding an RS[n; k + 1; d] code is known to be solvable in
polynomial time [11].

1. Fix � where 0 � � � 1 �
p

1 � d=n.

2. With probabilit y 1
2 chooseb = 0 or b = 1.

� If b = 0, choosea row r randomly and reject if dist(Q0(r; �); P(�)) > � for every univariate
polynomial P of degreek and accept otherwise.
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� If b = 1, choose a column c randomly and reject if dist(Q0(�; c); P(�)) > � for every
univariate polynomial P of degreek and accept otherwise.

To analyze T0 let R� (r; �) be the closestdegreek univariate polynomial (breaking ties arbitrarily)
for each row r . Similarly construct C � (�; c). We will use the following re�nement of the Bivariate
testing lemma of [14]:

Lemma 7 ([14, 6]) There exists an universal constant c0 � 128 such that the following holds. If
8k � n then

dist(Q0; C2) = dist(Q0; Q) � c0 � (dist (R� ; Q0) + dist(C � ; Q0))

The following proposition shows that the standard tester version of T 0 (that is T0 with � = 0) is a
robust tester:

Prop osition 1 T0 with � = 0 is a 2c0 robust tester, where c0 is the constant from Lemma 7.

Proof : By the de�nition of the row polynomial R, for any row index r , the robustnessof the tester
with b = 0 and r , � (Q0; hb;r i ) = dist(Q0(r; �); R� (r; �)). Similarly for b = 1, we have � (Q0; hb;ci ) =
dist(Q0(�; c); C � (�; c)). Now the expected robustnessof the test is given by

� (Q0) = Pr[b = 0]
nX

i =1

Pr[r = i ] � dist(Q0(r; �); R� (r; �)) + Pr[b = 1]
nX

j =1

Pr[c = j ] � dist(Q0(�; c); C � (�; c))

=
1
2

(dist (Q0; R� ) + dist(Q0; C � )) :

Using Lemma 7, we get dist(Q0; Q) � 2c0� (Q0), as required.

From the description of T 0, it is clear that it has a partitioned query pattern. There are two parti-
tions: one for the rows (corresponding to the choiceb = 0) and one for the columns (corresponding
to the choice b = 1).

Thus, Lemmas2 and 3 show that T 0 is a tolerant tester:

Theorem 3 Let c0 being the constant from Lemma 7. For � � 1 �
p

1 � d=n, the tester T 0 with
threshold � is a (c1; c2;

p
N )-tolerant tester for C2 (where C = RS[n; k + 1; d]) where c1 = n�

3d ,

c2 = 2nc0 (� +2)
3d and N is the block length of C2.

5.2 General Reed-Muller codes

We now turn our attention to testing of general Reed-Muller codes. That is, given a function
f : Fm

q ! Fq as a table of values, one has to test if f is (close to) a m-variate polynomial of
total degreek. (The results of the previous section were for polynomials which had degreein each
individual variable bounded by somevalue; here we study the total degreecase.) Let us denote
by RM (k; m; q) the linear code consisting of evaluations of degreek m-variate polynomials at all
points in Fm

q . Our starting point is the following natural and by now well-studied test which we call
the lines test (its analysis appearsamong other placesin [8]): pick a random line in Fm

q and check
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if the restriction of f on the line is a univariate polynomial of degreeat most k. For any x; h 2 Fm
q ,

a line passingthrough x in direction h is given by the set L x;h = f x + thjt 2 Fqg. Further de�ne
P f

x;h (�) to be the univariate polynomial of degreeat most k which is closest(in Hamming distance)
from the restriction of f on L x;h . We will usethe following result.

Theorem 4 ([8]) There existsa constant c suchthat for all k, if q is a prime power that is at least
ck, then given a function f : Fm

q ! Fq with

� def= Ex;h 2 Fm
q

Pr t2 Fq [P f
x;h (t) 6= f (x + th)] �

1
9

;

there exists an m-variate polynomial g of total degree at most k such that dist (f ; g) � 2� .

The aboveresult clearly implies that the line test is robust which werecord in the following corollary.

Corollary 2 There exists a constant c such that the line test for RM (k; m; q) with q � ck is
9-robust.

The line test picks a random line by choosingx and h randomly. Consider the casewhen h is �xed.
It is not hard to check that for there is a partition of Fm

q = X 1 [ � � � [ X q where each X i has size
qm� 1 such that [ x2 X i L x;h = Fm

q . In other words:

Prop osition 2 The line test has a partitioned query pattern.

The proposedtolerant tester for RM (k; m; q) is as follows: pick x; h 2 Fm
q uniformly at random

and check if the input restricted to L x;h is � -closeto someunivariate polynomial of degreek. If so
accept,otherwisereject. When the threshold � satis�es � � 1�

p
k=q, the test can be implemented

in polynomial time [11]. From Corollary 2, Proposition 2, Lemmas 2 and 3, the above is indeed a
tolerant tester for RM (k; m; q) as recordedbelow.

Theorem 5 For 0 � � � 1�
p

k=q and q = 
( k), RM (k; m; q) is (c1; c2; p) testablewith c1 = n�
3d ,

c2 = 3(� +2) n
d and p = n1� 1=m where n = qm and d are the block length and the distance of the code.

6 Concluding remarks

Obtaining non-trivial lower bounds on the the block length of codes that are locally testable with
very few (even 3) queries is an extremely interesting question. This problem has remained open
and resisted even moderate progressdespite all the advancements in constructions of LTCs. The
requirement of having a tolerant local tester is a stronger requirement. While we have seenthat
we can get tolerance with similar parameters to the best known LTCs, it remains an interesting
question whether the addedrequirement of tolerancemakesthe task of proving lower boundsmore
tractable. This seemslike a good �rst step in making progresstowards understanding whether
asymptotically good locally testable codes exist, a question which is arguably one of the grand
challengesin this area. For interesting work in this direction which provesthat such codes, if they
exist, cannot also be cyclic, see[3].
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