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Abstract. W e study mec hanisms that can b e mo delled as coalitional games with transferrable utilities,

and apply ideas from mec hanism design and game theory to problems arising in a net w ork design

setting. W e establish an equiv alence b et w een the game-theoretic notion of agen ts b eing substitutes

and the notion of frugality of a mec hanism. W e c haracterize the core of the net w ork design game and

relate it to outcomes in a sealed bid auction with V CG pa ymen ts. W e sho w that in a game, agen ts

are substitutes if and only if the core of the forms a complete lattice. W e lo ok at t w o represen tativ e

games { Minim um Spanning T ree and Shortest P ath in this ligh t. Finally , w e design an ascending price

mec hanism for suc h games and study the strategic b eha vior of agen ts.

1 In tro duction

The In ternet brings together a large, div erse collection of autonomous en tities to in teract,

collab orate and comp ete. Game theory has emerged as an imp ortan t to ol to understand the

complex in terpla y of the in terests of these autonomous agen ts, and th us mo del and analyze

the arc hitecture and the functioning of the In ternet [26, 18, 27, 29, 12]. Ideas from game theory

ha v e b een used to design proto cols [18, 20, 11, 29] and to gain insigh ts in to basic computer

science problems [23, 1, 3, 21]. Some of the application areas that ha v e receiv ed extensiv e

in terest include problems relating to routing proto cols for net w orks [27], suc h as congestion

con trol[29, 12], bandwidth pricing [20], m ulticasting [11], and design of auction mec hanisms

for v arious settings [5, 17, 23].

When the in teraction of autonomous agen ts and con
icting in terests is mo delled as a

game, the p ossible outcomes dep end on the preferences of the agen ts as w ell as the structure

of the game. The �eld of me chanism design concerns itself with the design of games that

realize certain \so cially desirable" ob jectiv es or outcomes that are desirable from the de-

signer's p ersp ectiv e. A go o d deal of recen t w ork addresses the design of mec hanisms for the

underlying graph problems in comm unication net w orks [23, 1, 24, 5]. Suc h w ork o�ers insigh t

in to the so-called \price of anarc h y" | the cost of a solution arriv ed at through the dis-

tributed and decen tralized decision-making of sel�sh agen ts, rather than through the global
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optimization and cen tralized decision-making asso ciated with the con v en tional RAM mo del

of computation. The distributed approac h arguably mak es for a more realistic mo delling of

the In ternet.

In addition to maximizing the o v erall utilit y or surplus, the designer of a mec hanism

m ust often consider whether distribution of this surplus among participating agen ts is fair

and comp etitiv e, particularly in settings where suc h utilit y is transferrable among agen ts.

Otherwise, a subset of the agen ts ma y ha v e an incen tiv e to deviate to w ards a di�eren t out-

come. Co alitional game the ory considers games where the pla y ers are in v olv ed in splitting

some aggregate pa y o� among themselv es, and ma y group themselv es in to coalitions to max-

imize their share of the pa y o�. An imp ortan t solution concept is the c or e of a coalitional

game. A prop osed splitting of the total pa y o� is said to b e in the core of the game if ev ery

p ossible set of pla y ers receiv es a total pa y o� no smaller than the pa y o� they can ac hiev e b y

forming a coalition (for a go o d exp osition, see [25]).

One of the problem that ha v e b een w ell-studied in the coalitional framew ork is the As-

signmen t Problem. Shapley and Sh ubik [28] ha v e c haracterized the core of the assignmen t

problem and ha v e sho wn that it forms a complete lattice. Demange and Gale [9] ha v e giv en

an ascending price auction mec hanism for the problem that con v erges to an outcome in the

core. Leonard [21] has prop osed an incen tiv e compatible sealed bid auction mec hanism for

the assignmen t problem that leads to an outcome in the core. Both these mec hanisms lead

to an outcome that is fa v orable to the buy ers. Mishra and Garg [22] ha v e considered a de-

scending price auction mec hanism that leads to an outcome in the core that is fa v orable to

sellers. Cra wford and Kno er [8] ha v e prop osed mec hanisms with similar prop erties.

While sev eral game-theoretic analyses of graph problems ha v e b een o�ered ([23, 1]), most

of these problems ha v e not b een adequately c haracterized as coalitional games. Gul and

Stacc hetti [15] explore the core of a generic class of problems that satisfy a certain gr oss

substitutes prop ert y . Ho w ev er, basic problems suc h as Minim um Spanning T ree and Shortest

P ath lie outside this class. Bikhc handani et al. [5] ha v e mo delled a class of suc h problems

that satisfy the agents ar e substitutes condition and studied the sealed bid V CG auction [30,

6, 14] mec hanism for suc h problems. They prop ose a descending price auction mec hanism for

the spanning tree problem that con v erges to V CG pa ymen ts. Bikhac handani and Ostro y [ ? ]

relate the V CG pa ymen ts with the structure of the core. Arc her and T ardos [1] in tro duce

the notion of frugality in the con text of the Shortest P ath problem.

In this pap er, w e study the coalitional game form ulations of graph or net w ork problems,

and c haracterize the cores of those games. W e correlate the concepts of frugalit y , studied in

mec hanism design, with the concept of agen ts b eing substitutes , studied in game theory . W e

sho w that the core of a game is a lattice if and only if agen ts are substitutes. W e giv e an

ascending price auction mec hanism for suc h games that ma y con v erge to outcomes that are

fa v orable to the auctioneer. W e also sho w that the lattice structure of the core simpli�es the

strategy computation for an agen t ev en in an Ascending Price Mec hanism.

2 Preliminaries

While w e consider minimization games on graphs, our results extend to maximization games

in a straigh tforw ard fashion. W e consider a graph G = ( V ; E ), eac h of whose edges is con-



trolled b y an autonomous agen t. The auctione er (also termed the buyer ) is endo w ed with a

sum U of money . The auctioneer wishes to purc hase a collection S of edges from the resp ec-

tiv e agen ts suc h that S induces a subgraph with some desirable prop ert y P (w e refer to S

as a solution ). F or instance, in the Minim um Spanning T ree (or MST) game, the auctioneer

wishes to acquire a collection of edges that constitute a spanning tree of G . Eac h edge e

i

,

and th us the corresp onding agen t i , has an asso ciated cost C

i

, suc h that the agen t incurs

cost C

i

if e

i

is (b ough t and) used b y the auctioneer. The v alue of C

i

is kno wn only to i .

Eac h agen t receiv es a pa ymen t P

i

from the auctioneer, suc h that

P

i

P

i

� U . Clearly P

i

m ust

b e no less than C

i

if e

i

2 T ; WLOG, w e assume that P

i

= 0 otherwise. All parties aim to

maximize their p ayo� { the pa y o� of the auctioneer is U �

P

i

P

i

, while that of an y other

agen t i is P

i

� C

i

. Th us, the auctioneer's ob jectiv e is to construct a solution at the lo w est

p ossible cost. W e assume the sum U is no less than the cost of the second b est solution.

First, w e set out some de�nitions and formalism. After [25], w e de�ne

De�nition 1. A Coalitional game < N ; V > with transferrable pa y o� c onsists of a �nite set

N , the set of pla y ers , and a function V that asso ciates with every nonempty subset ( coalition )

S of N , a r e al numb er V ( S ) (the w orth of S).

F or eac h coalition S , V ( S ) is the total pa y o� that is a v ailable for division among the

mem b ers of S . F or an y v ector ( x

i

)

i 2 N

of real n um b ers ( pr o�le ), let x ( S ) =

P

i 2 S

x

i

. ( x

i

)

i 2 S

is an S -fe asible p ayo� ve ctor if x ( S ) = V ( S ). An N -feasible pa y o� v ector is a fe asible p ayo�

pr o�le .

De�nition 2. The core of c o alitional game < N ; v > is the set of fe asible p ayo� pr o�les

( x

i

)

i 2 N

for which V ( S ) � x ( S ) for every c o alition S .

As noted ab o v e, in our mo del, there is one auctioneer and m ultiple agen ts; and eac h agen t

o wns a resource and the auctioneer needs a collection of resources for forming a solution S .

The set N of all pla y ers consists of the auctioneer and the agen ts. W e denote the auctioneer

as agen t 0. W e note that the worth of a subset of S ma y b e zero (if that subset do es not b y

itself constitute a solution). In other w ords, the function V ma y exhibit c omplementarity . W e

assume that for an y S

1

� S

2

, V ( S

2

) � V ( S

1

); that is, V p ossesses the \ zer o c ost of disp osal "

prop ert y . W e sp ecify V ( S ) for all S � N in the follo wing manner. V ( S ) = 0 if 0 62 S , or if

( S � f 0 g ) do es not con tain a feasible solution. Otherwise, V ( S ) = U � C ( S ), where C ( S ) is

the cost of the b est solution con tained in S . Let the cost of an optimal solution b e C ; that

is, V ( N ) = U � C .

Let f O

1

; � � � ; O

m

g b e the set of all optimal solutions

1

. De�ne O = \

m

l =1

O

l

, the set of

agen ts that are con tained in ev ery optimal solution. Th us, if optim um solution is unique, O

denotes the set of agen ts in the optimal solution. Note that in an y pa y o� v ector whic h is in

the core, an y agen ts that receiv e non-zero pa y o� are in O . T o see this consider an agen t a

suc h that a 2 O

i

and a 62 O

j

. No w, V ( N � f a g ) � V ( f 0 g [ O

j

) = V ( N ). The inequalit y

comes from the \zero cost of disp osal" prop ert y of V . Note that this implies that the Vic krey

pa y o� of a is zero.

The \ agents ar e substitutes " prop ert y (or the substitutes prop ert y , for short) is a com-

monly emplo y ed c haracterization. After [5], w e de�ne.

1

Note that 8 i 2 O

l

, O

l

� f i g is not a solution



De�nition 3. We say that agen ts are substitutes if V ( N ) � V ( N � K ) �

P

i 2 K

( V ( N ) �

V ( N � f i g )) for al l K � N such that 0 62 K .

3 Cost of V CG P a ymen t

The V CG mec hanism [30, 6, 14] is a celebrated incen tiv e-compatible (truth-rev ealing) strat-

egy whic h is widely used. The costliness of the V CG solution, though, v aries with the problem

in hand. Arc her and T ardos [1] sho w ed that the V CG pa ymen t in the Shortest P ath game

can b e v ery high as compared to the cost of second b est solution. On the other hand (as w e

shall sho w in Section 5), the V CG pa ymen t in games lik e MST coincide with the cost of the

second b est solution.

Characterizing the frugality of the V CG pa ymen t is imp ortan t to determine whether a

V CG based strategy is practical or not. If the V CG pa ymen t is v ery high and exceeds the

auctioneer's budget, then there ma y not b e an agreemen t b et w een the auctioneer and the

agen ts. In suc h scenarios, the auctioneer ma y w an t to consider other mec hanisms | one of

whic h w e explore in Section 6. Hence, it is imp ortan t to determine if the V CG solution is

frugal with resp ect to the second-b est solution.

The concept of frugalit y w as in tro duced (alb eit without a formal de�nition) in [1]. They

sho w that in certain classes of graphs, the V CG p ayo� for the Shortest path game is k times

the di�erence of the costs of second b est and the optimal solution, where k is the n um b er of

edges in the shortest path. W e formalize the notion of frugalit y and relate it to w ell-studied

concepts in game theory .

De�nition 4. We de�ne the frugalit y ratio of a p ayo� ve ctor � as F ( � ) = max

O �O

P

i 2 O

�

i

V ( N ) � V ( N � O )

.

We say that � is frugal if F ( � ) � 1 .

Consider �

V

, the V CG pa y o� for an optimal solution O .

�

V

i

=

(

V ( N ) � V ( N � f i g ) if i 2 O ,

0 otherwise.

The frugalit y of V CG pa y o�s is examined in [1], where it is sho wn that V CG pa y o�s

aren't alw a ys frugal, and in fact, the V CG pa y o� for the Shortest path game has a w orst-

case frugalit y ratio of k , where k is the the n um b er of edges in the shortest path. Belo w, w e

relate the frugalit y of V CG pa y o�s to the substitutes prop ert y .

Theorem 1. �

V

is frugal if and only if agents ar e substitutes.

Pr o of. It follo ws from De�nitions 3 and 4 and the de�nition of �

V

that the substitutes

prop ert y is a su�cien t condition for the frugalit y of the V CG pa y o�. T o see that it is

necessary , assume that �

V

is frugal, that is, 8 A � O , V ( N ) � V ( N � A ) �

P

i 2 A

( V ( N ) �

V ( N � f i g )). Consider an y set K � N . Let A = K \ O . No w,

V ( N ) � V ( N � K ) � V ( N ) � V ( N � A ), due to \zero cost of disp osal"

�

P

i 2 A

( V ( N ) � V ( N � f i g )) since �

V

is frugal

=

P

i 2 K

( V ( N ) � V ( N � f i g )) since V ( N ) = V ( N � f i g )) for i 62 O .



Th us, in order to v erify if �

V

is frugal, it is su�cien t to c hec k if agen ts satisfy the sub-

stitutes condition. Ho w ev er, in certain situations, the auctioneer ma y b e willing to pa y more

than the cost of the second b est solution. Still, (s)he ma y not b e willing to mak e arbitrarily

high pa y o�s due to budget constrain ts. F or suc h situations, w e in tro duce a generalization of

the substitutes concept and then relate it to the frugalit y ratio of �

V

.

De�nition 5. A gents ar e c -substitutes if for al l K � N such that 0 62 K , c ( V ( N ) � V ( N �

K )) �

P

i 2 K

V ( N ) � V ( N � f i g ) and 8 c

0

< c , 9 K

0

� N such that c

0

( V ( N ) � V ( N � K

0

)) <

P

i 2 K

0

V ( N ) � V ( N � f i g )

Argumen ts similar to pro of of Theorem 1 giv es:

Theorem 2. F ( �

V

) � c if and only if agents ar e c -substitutes.

In the next section, w e explore the relationship b et w een the concept of substitutes and

the structure of the core.

4 Structure of the Core

The structure of the core has b een extensiv ely studied in literature. Bikhc handani and Ostro y

[4] sho w that if buy ers are substitutes, then the core is a lattice with resp ect to the buy ers.

They also sho w the equiv alence of \buy ers are substitutes", �

V

b eing in the core, and �

V

b eing the maxim um of all pa y o�s in the core. Shapley and Sh ubik [28] ha v e c haracterized

the core of the assignmen t problem and ha v e sho wn that it forms a complete lattice. Gul and

Stacc hetti [15] explore the core of a generic class of problems that satisfy gr oss substitutes

[19]. Gul et al. [15] sho w that if the v aluations of the agen ts satisfy gr oss substitutes , then the

core is a lattice. Ho w ev er, most net w ork connectivit y problems, suc h as Minim um Spanning

T ree and Shortest P ath, lie outside this class (see Section 5 for details). In the follo wing, w e

sho w the in our mo del, the substitutes prop ert y is equiv alen t to the core b eing a lattice.

Let C O R E denote the core of the game, and � 2 C O R E . Then 8 S � N , x

�

( S ) =

P

i 2 S

�

i

.

As noted earlier, if j 62 O then �

j

= 0. Also w e de�ne �

0

= U � C �

P

j 2 N �f 0 g

�

j

; recall that

C is the cost of an optimal solution.

Let �

1

; �

2

2 C O R E , and let � b e de�ned as follo ws { 8 i 2 ( N � f 0 g ), �

i

= max( �

1

i

; �

2

i

);

and �

0

= U � C �

P

j 2 N �f 0 g

�

j

. It can b e sho wn that �

0

is alw a ys non-negativ e. The follo wing

result is due to Bikhc handani and Ostro y [4]:

Lemma 1. If V ( N ) � V ( N � O ) �

P

i 2O

( V ( N ) � V ( N � f i g )) and �

1

; �

2

2 C O R E , then

� 2 C O R E .

Roughly sp eaking, if agen ts are substitutes then the \maxim um" of t w o core pa y o�s is

also in the core. Let us similarly consider a \minim um" of �

1

and �

2

. If �

1

; �

2

2 C O R E ,

then 8 i 2 ( N � f 0 g ), �

i

= min ( �

1

i

; �

2

i

); and �

0

= U � C �

P

j 2 N �f 0 g

�

j

.

Next, w e see that the \minim um" of t w o core pa y o�s is (unconditionally) in the core.

The absence of an y condition (in con trast with the dep endence on the substitutes prop ert y

in Lemma 1) is a consequence of the fact that w e are considering minimization games.



Lemma 2. If �

1

; �

2

2 C O R E then � 2 C O R E .

Pr o of. It follo ws from the de�nition of �

0

that x

�

( N ) = V ( N ). Next, w e sho w that 8 S � N ,

x

�

( S ) � V ( S ). Let O \ S = A .

x

�

( S ) = �

0

+

P

i 2 A

�

i

+

P

i 2 ( S � A )

�

i

= U � C �

P

i 2O

�

i

+

P

i 2 A

�

i

since agen ts not in O get 0 pa y o�

= U �

P

i 2 ( O � A )

�

i

� C

� U �

P

i 2 ( O � A )

�

1

i

� C as min ( �

i

; �

j

) � �

i

)

= x

�

1

( S )

� V ( S ) since �

1

is in the core.

Lemma 1 and Lemma 2 together imply

Lemma 3. If �

1

; �

2

2 C O R E and agents ar e substitutes, then � ; � 2 C O R E .

Lemma 4. If �

1

; �

2

2 C O R E ) � ; � 2 C O R E , then agents ar e substitutes.

Pr o of. 8 i 2 N � f 0 g , let �

i

b e a pa y o� v ector suc h that �

i

i

= V ( N ) � V ( N � f i g ), �

i

j

= 0

8 j 62 f 0 ; i g , and �

i

0

= U � C � �

i

i

. It is easy to see that �

i

2 C O R E . Let �

N �f 0 g

b e the

\maxim um" of all suc h v ectors �

i

{ that is, 8 i 6= 0, �

N �f 0 g

i

= V ( N ) � V ( N � f i g ), and

�

N �f 0 g

0

= U � C �

P

i 6=0

�

N �f 0 g

i

.

No w, w e are giv en that �

1

; �

2

2 C O R E ) � ; 2 C O R E . By rep eated application of this

argumen t, it follo ws that �

N �f 0 g

2 C O R E , since eac h �

i

2 C O R E . Consider an y S � N suc h

that 0 2 S . Let A = S \ O . It follo ws from the de�nition of the core that

P

j 2 S

�

N �f 0 g

j

� V ( S ).

In other w ords,

�

N �f 0 g

0

+

P

j 2 S �f 0 g

�

N �f 0 g

j

� V ( S ), that is,

U � C �

P

j 2 N �f 0 g

�

N �f 0 g

j

P

j 2 S �f 0 g

�

N �f 0 g

j

� V ( S ).

Since V ( N ) = U � C , w e ha v e

V ( N ) �

P

j 2 N � S

�

N �f 0 g

j

� V ( S ) , or,

V ( N ) � V ( S ) �

P

j 2 N � S

�

N �f 0 g

j

=

P

j 2 N � S

( V ( N ) � V ( N � f j g )).

Since this is true for an y S , it follo ws that agen ts are substitutes.

W e sa y �

1

� �

2

if 8 i 2 N � f 0 g ; �

1

i

� �

2

i

.

Lemma 5. ( C O R E ; � ) is a lattic e if and only if �

1

; �

2

2 C O R E ) � ; � 2 C O R E .

Pr o of. W e sho w that if � ; � 2 C O R E for an y �

1

; �

2

2 C O R E , then ( C O R E ; � ) is a lattice.

The pro of is the other direction is ob vious and is omitted.

By de�nition of � , ( C O R E ; � ) is a partial order. Let �

1

; �

2

2 C O R E , then it follo ws

from the de�nition of � that there cannot exist �

�

2 C O R E suc h that � � �

�

, �

�

� �

1

and

�

�

� �

2

. Assume that 9 �

0

2 C O R E suc h that �

0

and � are incomparable and �

0

� �

1

, �

0

�

�

2

. As �

0

and � are incomparable, 9 i; j suc h that �

i

< �

0

i

and �

j

> �

0

j

, i.e., min ( �

1

i

; �

2

i

) < �

0

i

.



No w min ( �

1

i

; �

2

i

) is either �

1

i

or �

2

i

, th us con tradicting the assumption �

0

� �

1

or �

0

� �

2

resp ectiv ely . Th us, � is the unique in�m um of �

1

and �

2

.

Similarly one can sho w that � is the unique suprem um of �

1

and �

2

. It follo ws that

( C O R E ; � ) is a lattice.

Lemmas 3, 4 and 5 imply

Theorem 3. A c or e is a lattic e if and only if the agents ar e substitutes.

W e de�ne P

min

as the minim um elemen t of the lattice and P

max

as the maxim um. As

sho wn in [4], P

max

is the V CG pa y o�.

5 Net w ork design problems and the structure of the core

In general, connectivit y problems do not satisfy the gross substitutes prop ert y [15] and hence,

the results of Gul and Stacc hetti [15] ab out the structure of the core and its relationship

with the gross substitutes prop ert y do not apply to them. The essen tial reason is the com-

plemen tarit y inheren t in connectivit y problems. F or instance, in a connected net w ork, if the

remo v al of an edge disconnects the net w ork, then in man y net w ork design problems the re-

maining net w ork has no utilit y . It is not hard to see that this, coupled with the fact that the

auctioneer has a budget constrain t, leads to the violation of the gross substitutes prop ert y .

W e illustrate the ab o v e in case of the MST problem. Consider a spanning tree T suc h

that C ost ( T ) � U . W e increase the price of all edges not in T to U + 1. Hence, all edges in

T are desirable to the auctioneer. No w if w e increase the price of an y edge, e 2 T , to U + 1

the edges in T � f e g are no longer desirable. This violates the gross substitutes prop ert y ,

whic h implies that raising the price of an edge should not cause a di�eren t edge to drop out

of the set with optimal v alue. One can argue similarly in the case of other graph problem,

suc h as Shortest P ath.

The MST game has receiv ed a lot of atten tion. Ho w ev er, in most cases the problem is

mo delled suc h that the agen ts o wn the no des of the graph. It is an easy algorithmic task to

determine a core allo cation { a simple greedy approac h w orks [2]. F aigle et al [10] pro v e that

core mem b ership testing is co-NP-Complete. Another mo del of the game where the agen ts

o wn the edges are also receiv ed a lot of atten tion in the recen t past. Bikhc handani et al. [5]

giv e a descending-price auction mec hanism for this problem { this is the same as the V CG

mec hanism prop osed in [23].

Bikhc handani et al. [5] sho w that MST satis�es the buy ers are substitutes condition.

The equiv alence of frugalit y and substitutes (Section 3) imply that the MST game is frugal.

W e w ould lik e to p oin t out that in a somewhat di�eren t v aluation mo del, the results of

[4] imply that the core of the game is a lattice with resp ect to the sellers when sellers are

substitutes. Applied to the MST game, their v aluation mo del requires the buy er's v aluations

to b e additiv e with resp ect to the edges, while in our mo del that is clearly not the case.

Ho w ev er, the relev an t pro of in [4] do es not seem to dep end on this limitation of the v aluations.

Our o wn pro ofs ha v e a similar structure.

Bikhc handani et al. [5] also sho w that gross substitutes prop ert y implies the \agen ts are

substitutes" prop ert y . The discussion ab o v e in the con text of the MST game sho ws that the

con v erse ma y not b e true.



Nisan and Ronen[23] applied the V CG mec hanism to the Shortest P ath game where the

agen ts o wn edges. Arc her et al.[1] pro v ed that the V CG pa ymen t is not \frugal". Bikhc han-

dani et al.[5] sho w that the Shortest P ath game do es not satisfy the substitutes prop ert y . It

follo ws from the discussion in the previous section that b oth the results are equiv alen t and

an y one of them coupled with our results imply the other.

Sections 4 and 3 c haracterize the games and their outcomes in whic h a V CG mec hanism

leads to a frugal pa ymen t. The equiv alence of the three concepts { the substitutes prop ert y ,

the lattice structure of the core, and frugalit y { con tributes insigh ts in designing frugal mec h-

anisms, and pro vides an alternativ e in terpretation as w ell as p erhaps a general framew ork

for the results in [1].

The lattice structure of the core suggests some p ossibilities for mec hanism design. Along

with the fact that the V CG pa ymen t is the maxim um of all pa ymen ts in the core, it suggests

the p ossibilit y of designing mec hanism whic h impro v e the pa y o� of the auctioneer, com-

pared to the V CG auction. Also, the w ell-de�ned structure of the core pro vides t w o natural

en try p oin ts | the maxim um and minim um elemen ts of the lattice. The descending price

mec hanism terminates at the maxim um and do es not explore an y other p oin ts in the lattice.

This lea v es the en tire lattice unexplored, whereas if the auction w ere to terminate at an y

other p oin t, the auctioneer's pa y o� w ould b e higher. Next, w e prop ose a mec hanism whic h

ac hiev es that. This mec hanism allo ws the auctioneer to pa y p ossibly lo w er prices to the other

pla y ers, dep ending on ho w w ell they pla y the game. In this ligh t, w e explore the ascending

price auction mec hanism [9] in the next section.

6 Ascending Price Auction

The Rev en ue Equiv alence theorem [13] sheds ligh t on equiv alence of mec hanisms with resp ect

to rev en ue. An y incen tiv e-compatible strategy ma y not lead to increased pa y o� for the auc-

tioneer as compared to the V CG pa y o�[13]. Hence, w e lo ok at Ascending Price mec hanism,

whic h is not truth-telling ( incen tiv e-compatible).

Ascending Price Auctions are usually not the mec hanism of c hoice b ecause it requires

complicated decision mo dels for the agen ts. On the other hand, mec hanisms based on V CG

mec hanism, lik e the Descending Price Mec hanism, lead to the highest pa ymen t (lo w est pro�t

to the auctioneer) in the core as noted earlier [5]. F rom a game-theoretic p oin t of view, they

also su�er from the dra wbac k of b eing strategy-pro of. There is no incen tiv e for b etter pla y ers

to c ho ose strategies to impro v e their returns. This is tak en care of in the Asc ending Pric e

me chanism as the pa y o�s of an agen t are determined b y her strategy . Ho w ev er, as noted, the

agen t while disclosing his bid has to guess the bid of all other agen ts in a general game whic h

is a hard decision problem. W e no w sho w that if the core is a lattice, then the decision is

dep enden t only the v aluation of the Vic krey substitute, whic h simpli�es the decision problem

considerably .

De�nition 6. A set of str ate gies R

i

= f r

i

l ow

; � � � ; r

i

hig h

g is a r ange str ate gy for agent i if the

agent plays ac c or ding to any str ate gy in R

i

.

De�nition 7. A r ange str ate gy R

i

�
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= 0 and r
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hig h

= �

V

i
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i

� R
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.



Theorem 4. If ( C O R E ; � ) is a lattic e, then every agent c an indep endently fol low any sub-

optimal r ange str ate gy and not e�e ct the outc ome as wel l as the p ayment of other bidders,

that is, e ach player c an play the game indep endently.

Pr o of. It is easy to see that � 2 ( C O R E ; � ) i� P

max

� � � P

min

. Hence, the pro of.

This implies that as long as an agen t follo ws an optimal range strategy , she will not e�ect

the pa ymen t of other pla y ers.

If w e de�ne the rules of the game as eac h agen t i follo wing a sub-optimal range strategy

R

i

, then eac h agen t i can follo w an y of the strategies in R

i

and get a pa ymen t whic h is

determined en tirely b y ho w w ell he pla ys the game. In a non-lattice core (lik e shortest path),

this ma y not b e p ossible.

W e no w describ e the ascending price auction whic h allo ws an agen t to pla y a range

strategy as opp osed to the descending price auction in whic h the range is a single p oin t. The

auctioneer starts in viting bids at a lo w price and k eeps on increasing them dep ending up on

the agen ts' resp onses. Sp eci�cally , let P ( t ) b e the price whic h the auctioneer o�ers at time

t

2

and A b e the set of agen ts in the in termediate solution. A t an y time t , agen t i uses some

bidding strategy to decide whether to accept at P ( t ). If i accepts, the auctioneer includes it

in A , if its inclusion do es not in v alidate the curren t solution. Auctioneer increases P ( t ) after

he has pro cessed all the resp onses.

Let S = ( s

1

; � � � ; s

m

), where m = j N j � 1.

W e no w de�ne bidding strategy for an agen t i , B S ( s

i

) {

De�nition 8. The agent ac c epts auctione er's o�er P i� P � s

i

+ C

i

.

Note that the pa y o� for i b y follo wing B S ( s

i

) is s

i

.

Also let B S ( S ) = f B S ( s

i

) j i 2 ( N � f 0 g ) g , S

0

= (0 ; � � � ; 0) and S

0

= ( �

V

1

; � � � ; �

V

m

).

Theorem 5. If al l agents fol low B S ( S

0

) then the p ayo� is P

min

.

Pr o of. By the de�nitions of B S ( : ), S

0

and P

min

.

Note that follo wing B S ( S

0

) results in zero pa y o� for eac h agen t.

Lemma 6. The str ate gy B S ( S

0

) is a Nash e quilibrium.

Pr o of. Pic k an y j 2 ( N � f 0 g ). Assume N � f 0 ; j g follo w B S ( S

0

) while j do es not follo w

B S ( S

0

j

). Let j follo w B S ( s

j

).

{ Case 1 : 9 l 2 [1 ; m ] suc h that j 2 O

l

.

� Case 1.1 : S

j

< ( C

j

+ �

V

j

). In this case j w ould ha v e a higher pa y o� if S

j

= ( C

j

+ �

V

j

).

� Case 1.2 : S

j

> ( C

j

+ �

V

j

). In this case ( O

l

� f j g ) [ f j

0

g ), where j

0

is the Vic krey

substitute of j , w ould b e the optim um solution and th us, pa y o� for j = 0.

{ Case 2 : 8 l 2 [1 ; m ] j 62 O

l

. j w ould nev er get a c hance to bid.

Theorem 6. If al l agents fol low B S ( S

0

) then the p ayment is P

max

.

2

P (0) w ould t ypically b e 0



Pr o of. By the de�nitions of B S ( : ), S

0

and P

max

.

Note that if other agen ts are follo wing a sub-optimal strategy and one devian t agen t i

follo ws a di�eren t strategy , he will decrease his pa y o� b ecause the Vic krey substitute of i

ma y follo w the minim um sub-optimal range strategy .

7 Conclusion and F uture researc h

In this pap er w e correlate some concepts explored in mec hanism design to those studied in

game theory . W e formalize the notion of frugalit y [1] and extend it to de�ne frugalit y ratio. W e

establish the equiv alence of frugality and a sligh tly di�eren t v ersion of agents ar e substitutes

[5] condition. W e study the prop erties of the c or e , whic h de�nes the set of stable outcomes

in coalition games with transferrable utilities. W e sho w that if the core forms a a lattice,

then the agen ts satisfy the substitutes condition. Hence, w e establish the equiv alence of core

b eing a lattice and agen ts satisfying the substitutes condition. W e study the implications

of our result using t w o represen tativ e graph problems- MST and shortest path. W e observ e

that since MST satis�es agen ts are substitutes condition, the V CG pa ymen t is frugal. Also,

w e observ e that the t w o results: (1) shortest path do es not satisfy agen ts are substitutes and

(2) V CG pa ymen t for shortest path is not frugal are equiv alen t in ligh t of our results.

Finally , w e observ e that the descending price auction mec hanism of Bikhc handani et al.

and sealed bid auctions with V CG pa ymen ts lead to the maxim um elemen t of the lattice

[5]. Since the maxim um is the most unfa v orable outcome in the core for the auctioneer,

w e prop ose an Ascending Price mec hanism that allo ws the auction to terminate at other

pa ymen ts, dep ending on the kno wledge of the agen ts. W e sho w that if the core is a lattice,

then computing a strategy for an agen t in this mec hanism is considerably simpli�ed. W e also

sho w that in the case where the agen ts ha v e complete kno wledge (i.e in p erfect information),

the outcome is the same as ac hiev ed b y the descending price mec hanism. Ho w ev er, one w ould

exp ect, in a real scenario, that the auction w ould terminate m uc h earlier, th us increasing the

auctioneer pa y o�s.

Our prop osed Asc ending Pric e Me chanism , with v ery conserv ativ e sellers terminates close

to the minim um elemen t in the lattice whereas the desc ending pric e me chanism terminates at

the maxim um. This op ens sev eral unansw ered questions. Is it p ossible to design mec hanisms

whic h obtain a balance b et w een these t w o extremes and allo w the agen ts and the auctioneer

to share the pa y o�s in a prop ortional manner? Is it p ossible to c haracterize the "v alue of

information" in this setting, i.e., the increase in the exp ected pa y o� of an agen t as a function

of the information it p ossess ab out its comp etitors?
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