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Problem

Given a n x n matrix A, determine the inverse of the matrix denoted by A

=>

Elementary Row Operations:
¥ Interchange distinct rows of A
+ Multiply a row of A by a non zero constant ¢ # 0

* Add a constant multiple of row i to row j , where i # j

We know that if a sequence o of such operations applied to A transforms it into /_

then the same sequence o applied to / transforms it into Al

Thus, we can find A* by finding such a sequence o that transforms the

augmented matrix to
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S -3 2 5 3 211 0 O

A= -3 2 -l [AlL]=l-3 2 =110 1 0
3 2 2 3 2 2|0 0 1

Gaussian Elimination Phase: a,, =1, 1 =i=n,anda, ,=0,1=j<i=n
1. Dividerow 1 by 5

1 06 04|02 0 0]

-3 2 —1 0 1 O

-3 2 =2 10 0 1.
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Example (continued)

2. Add 3 times row 1 to row 2, and 3 times row 1 to row 3

. —

1 —=0.6 04102 0 0
0 0.2 02106 1 0
0 02 08106 0 1

3. Divide row 2 by 0.2

1 -0.6 04102 0 O
0 1 I 3 5 0
0 02 08106 0 1
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Example (continued)

4. Subtract 0.2 times row 2 from row 3

5. Divide row 3 by —1
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Example (continued)

Back Substitution Phase:

1. Subtract 0.4 times row 3 from row 1, and 1 times row 3 from row 2

1
0
0

—0.6
1
0

0
0
1

2. Add 0.6 times row 2 to row 1

B
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Seguential Algorithm

Gaussian Elimination Phase:

a) If Afli,il = 0 and A[m,i] = 0 for all m > i, conclude that A~! does not
exist and halt the algorithm.

b) If Ali,i] = 0 and A[m, i] # 0 for some smallest m > i, interchange rows |
and m in the array A and in the array /.

c) Divide row i of A and row i of | by A[i, i]. That is, let scale = Ali, i] and
then for j = 1 to n, replace A[i, j] by Ali, jl/scale.

d) Now we have A[j, i] = 1. If i < n, then for r > i, subtract A[r, i] times

row /i from row r in both the arrays A and I.
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Sequential Algorithm (continued)

Gaussian elimination phase:
Fori=1ton
If A[i,i] = 0, then
Swap row with the nearest subsequent row such that after swapping Ali,i] # 0
If no such row exists then EXIT 'INVERSE DOES NOT EXIST'
scale « Ali,i]
Forcol=1ton
Ali,j] « A[i, jl/scale
I[i,j] « I[i, jl/scale
End For col
If i < n, then
Forrow=i+1ton
factor < A[row,i]
Forcol=1ton
A[row,col] « A[row,col] — factor x Ali,col]
I[row,col] « I[row,col] — factor x I[i,col]
End For col
End For row
End If
End For i
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Sequential Algorithm (continued)

Back Substitution Phase:

For zeroingCol = n downto 2
For row = zeroingCol — 1 downto 1
factor « A[row,zeroingCol]
Forcol=1ton
A[row,col] « A[row,col] — factor x A[zeroingCol,col]
I[row,col] < I[row,col] — factor x I[zeroingCol,col]
End For col
End For row

End For zeroingCol

Total Sequential Running Time =>"0(n?)
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Seguential Running Time

Order of Matrix Running Time (seconds)
1000 1.89
2000 24.56
3000 81.93
4000 190.09
5000 363.02
6000 648.4
7000 1023.14
8000 1517.68
9000 2338.89

10000 3267.43
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Seguential Running Time (cont..)
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Leveraging Parallelism

Gaussian elimination phase:

Fori=1ton [**Inherently Sequential **/
If A[i,i] = 0, then

with the nearest J such that after swapping Ali,i] # 0
If no such row exists then EXIT 'INVERSE DOES NOT EXIST'

I Ali,i] .
scale < Ali,i] Data to be communicated

Forcol=1ton Only with Column wise
N e ®  Column wise distribution
Ali,jl < A[i, jl/scale distribution
Ili,j] < I[i, jl/scale / ©  Row-wisedistribution

End For col

fi<n,then
N Outer for loop=_row wise

Forrow =i+ 1ton distribution

factor « A[row,i]
Forcol=1ton
A[row,col] <« A[row,col] — factor X ‘
I[row,col] « I[row,col] — factor x Innet for loop - column
wise distribution
End For col
End For row
End If S

End For i
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Leveraging Parallelism (continued)

Data to be communicated

® Column wise distribution

Back Substitution Phase:

Row wise distribution

For zeromgCol = n downto 2 I* Inherently Sequential **/

For Fow = zeromgCoI -1 downto 1 Outer for loop - row wise
. distribution

/ factor <« A[row,zeroingCol] \

Forcol=1ton
| A[row,col] « A[row,col] — factdr X

_ Inner forloop - column
N I[row,col] < I[row,col] factgr X wisSN&tbltion

End For col /

End For row

End For zeroingCol

Parallel Running Time => 0(n?)



tﬁ University at Buffalo The State University of New York

REACHING OTHERS

Row Oriented Distribution

Gaussian Elimination Phase:

PO

P1

P2

P3

P4

PS5

P6

p7

1 01 02 03 04 05 06 07
0 1 12 13 14 15 16 1,7
0 0 1 23 24 25 26 27
0 0 0 33 34 35 36 37
0 0 0 43 44 45 46 47
0 0 0 53 54 55 56 57
0 0 0 63 64 65 66 6,7
0 0 0 3 14 75 16 1,7

PO

P1

P2

P3

P4

P5

P6

P7

1 01 02 03 04 05 06 07
o 1 12 13 14 15 16 17
0 0 1 23 24 25 26 27
0 o0 0 1] 34 35 36/ 3,/
00 0| 0 43 44/ 45 46| 47
o o/ 0 53 54 55 56 57
0O 0/ 0 63 64 65 66 67
o o| o0 73 74 75 76 7.7
L A B v v
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Row Oriented Distribution (cont)

Gaussian Elimination Phase:

N\
'/PO\ 1 0,1 0,2 0,3 0,4 0,5 0,6 0,7
P1 0 1 1,2 1,3 1,4 1,5 16 1,7
P2 0 0 1 2,3 2,4 2,5 26 2,7
| If"o/‘ | 0 0 0 1 3,4 3,5 3,6 3,7
P4 0 0 0 0 4.4 45 46 4,7
P5 0 0 0 0 5,4 55 5,6 5,7
P6 0 0 0 0 6.4 6,5 6,6 6,7

P7 0 0 0 0 7,4 7,5 7,6 7,7
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Row Oriented Distribution (cont)

Back Substitution Phase:

A A A

PO 14 01%02403* 0 odoto PO 1 01 02 0 o 0 0 0
pp O 1|12 /13| 0] 0|00 PL o 1 12 0 0 0 0 0

pp O O 1 23,0} 0700 P2 0 0 1 0 0 0 0 O

p5 0 0 0 0 0 1 0 0 P5 0 0 0 0 0 1 0 0
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Column Oriented Distribution

Gaussian Elimination Phase:

PO P1 P2 P3 P4 P5 P6 P7 PO P1 P2 P3 P4 P5 P6 P7
1 01 02]03|04 05 06 07 i 061 02 03 04 05 06 07
0 1 1213 14 15 16 17 c 1 12 13 14 15 16 17
0 o0 1 | 23| 24 25 26 27 0 O 1 23 24 25 26 27
-
0 o0 0 [(33) 34 35 36 3,7__ 0 0 0 1 34 35 36 37
0 0 0 4,3 4.4 45 46 47 0 0 0 4,3 44 - 45 46 4,7
0 o0 0o | 53| 54 55 56 57 0O 0 O 53 54 55 56 57
0 O 0 |63]| 64 65 66 67 0O 0 O 63 64 65 66 67
0 0 0o | 73| 74 75 76 77 O 0 O 73 74 15 76 17




tﬁ University at Buffalo The State University of New York | REACHING OTHERS

Column Oriented Distribution(cont)

Gaussian Elimination Phase:

kO P1L P2 P3 P4 P55 P6 PY PO P1L P2 P3 P4 P5 P6 P7

1 01 02 |03]|] 04 05 06 07 1 01 02 03 04 05 06 07
0 1 12 | 13| 14 15 16 17 o 1 12 13 14 15 16 17
0 0 1 | 23| 24 25 26 27 0 o0 1 23 24 25 26 27
0 0 0 1 34 35 36 37 0 0 0 1 34 35 36 37

-

0 0 0 |/43\| 44 45 46 47 0 0 0 0 44 45 46 47
0 0 0 531 54 55 56 57 0 0 0 O 54 55 56 57
0 0 0 63| 64 65 6.6 67 0 0 0 O 64 65 66 67
0 o0 o [\73/| 74 75 76 77 0 0 0 0 74 75 76 77

-  J
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Column Oriented Distribution(cont)

Back Substitution Phase:

PO P1L P2 P3 P4 P5 P6 P7 PO P1 P2 P3 P4 P5 P6 P7
‘ r— . —
1 01 02 |03 0 0 0 0 1 01 02 0 0 0 0 0
0 1 12 |13y o 0 0 0 0 1 1.2 0 0 0 0 0
0 O 1 23 0 0 O 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 o0 0 0 0 0 1 0 0 0 0
—\ 7 >
0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1
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Comparison

Row wise distribution

Improper Load Balancing
(Some processes become idle at some
point)

Communicate only with a subset of
processes at a time

Computation_Time « Order_of matrix

Communication_Time « No_of processes

Column wise distribution

Perfect load balancing
(All processes participate till end)

Communicate with all processes at a
time
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Running Time Results - 1000x1000

No. of Nodes Row-wise Distribution Column-wise Distribution
(seconds) (seconds)

2

4

5

8

10

20

25 0.338351

40 0.769326

50 0.930928

100 1.656955

125 2.130919 0.152046
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Running Time Results - 1000x1000

Running Time (secs.)

2.5

15

0.5

20

40

60 80

No. of Nodes

== Column wise === Row wise

100

120

140
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Speedup Results - 1000x1000

18

16

14

12

10

Speedup

0 20 40 60 80 100 120 140

No. of Nodes

== Column-wise === Row-wise
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Running Time Results - 5000x5000

No. of Nodes

o o1 A DN

10
20
25
40
50
100
125
200
250

Row-wise Distribution
(seconds)

30.310265
36.669621
57.874497
70.517770

Column-wise Distribution
(seconds)

3.171724
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Running Time Results - 5000x5000

400
350
300
250
200

150

Running Time (secs)

100

50

0 50 100 150 200 250 300

No. of Nodes

== Column wise === Row wise
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Speedup Results - 5000x5000

140
120
100

80

Speedup

60

40

20

100 150 200 250 300

No. of Nodes

== Column wise === Row wise
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Running Time - 10000x10000

No. of Nodes Row-wise Distribution Column-wise Distribution

co o1 AN

10

20

25

40

50

80 157.845604
100 190.207293
125 206.301370
200 267.325630
250 323.239500
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Running Time - 10000 x 10000
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Speedup Results - 10000 x 10000

250
200
150

o
>

©

(]

[&]
o
n

100
50
—t — —
0
0 50 100 150 200 250 300
No. of Nodes

== Column-wise === Row-wise



tﬁ University at Buffalo The State University of New York | REACHING OTHERS

Blunders

+ Used MPI_Bcast (has an implicit barrier) within a fully parallel nested

loop. Solution - collected all necessary data and one-time broadcast.

+ Poor Cache performance - Arrays in C are stored in row-major order.

Solution - Modified implementation for efficient memory access.

* Used icc for row wise distribution and gcc for column wise distribution.

Solution - Used icc for both.
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Future Scope

+ MPI - OpenMP Hybrid Implementation

+ Relax the constraint 'Matrix Dimension is divisible by the number of

processes'
*+ Cyclic Mapping of rows - Load balancing effects in Row wise distribution

+ Block Cyclic Mapping - Study of efficiency improvement &

Implementation.
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5. Roundoff Errors:


http://www2.lawrence.edu/fast/GREGGJ/Math420/Section_6_2.pdf
http://cdac.in/index.aspx?id=ev_hpc_matrix_comp_solver_mpi
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Thank You

Questions?
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