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Motivation – Why Weather Diffusion?

• Diffusion models heat or pollutant 

spreading in the atmosphere.

• 2D grid + local stencil = natural fit for 

domain decomposition.

• Thousands of Jacobi iterations give a 

clear compute–communicate pattern.

• Great test case to study real scaling 

limits on actual hardware.

• Focus on both correctness and 

performance behavior.
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2D Diffusion Model and Jacobi Stencil

• Rectangular 2D grid up to 4096 × 4096 

cells.

• Each cell stores a scalar (e.g., 

temperature or concentration).

• Jacobi 5-point stencil: average of north, 

south, east, and west neighbors.

• Dirichlet boundary conditions on 

selected edges, fixed in time.

• Iterate until residual < tolerance or max 

iterations reached.
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Sequential Baseline Solver 

• Pure Python + NumPy implementation 

of Jacobi iteration.

• Two grids (old/new) to avoid in-place 

update hazards.

• Vectorized updates over interior cells 

each iteration.

• Residual computed periodically to 

monitor convergence.

• Runtime, iterations and final residual 

exported as JSON.
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Why Parallelize? Limits of the 
Sequential Approach
• Large grids → millions of cell updates per iteration.

• Thousands of iterations needed for realistic tolerances.

• Computation is memory-bound and dominated by array traffic.

• Single core cannot exploit multi-core or cluster hardware.

• Motivation: distribute grid across processes using MPI.



MPI Design – 2D Cartesian Decomposition

• Use MPI Cartesian communicator to 

form a 2D process grid.

• Global grid split into px × py rectangular 

subdomains.

• Each rank stores its local block plus 

halo (ghost) cells.

• Neighbors identified automatically 

(north, south, east, west).

• No master–worker: all ranks compute 

and communicate.
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Parallel Jacobi Algorithm per Rank

• Compute interior cells that do not 

depend on halo data.

• Start non-blocking halo exchanges 

(Isend/Irecv) with neighbors.

• Overlap interior computation with in-

flight communication.

• Wait for halos, then update boundary 

cells using new halo data.

• Use MPI_Allreduce to compute global 

residual and check convergence.
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Experimental Setup

• Hardware: Apple Silicon system with 8 CPU cores (shared 

memory).

• Software: Python 3, NumPy, mpi4py, OpenMPI.

• Process counts: P = 1, 2, 4, 8.

• Strong scaling: fixed grids 2048² and 4096².

• Weak scaling: ≈2048² cells per rank (problem grows with P).

• Each configuration executed 8 times; report mean timings.



Strong Scaling – Runtime vs 
Processes
• Left: 2048 × 2048 grid   |   Right: 4096 × 4096 grid



Strong Scaling – Speedup S(P)

• Speedup relative to sequential baseline for both grid sizes.



Parallel Efficiency E(P) = S(P)/P

• Efficiency drops sharply as we increase P, especially for the 

smaller grid.



Weak Scaling and Gustafson’s Perspective
• Keep local grid size ≈2048 × 2048 cells per 

rank.

• Increase total problem size as we increase P.

• Ideal weak scaling: runtime ~ constant, scaled 

speedup ≈ P.

• Observed: runtime increases; scaled speedup 

stays sub-linear.

• Reason: shared memory bandwidth and MPI 

overhead on single node.
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Weak Scaled Speedup
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Sample Strong-Scaling Results 



Conclusions and Key Takeaways

• MPI Jacobi solver is numerically correct and stable on large 

grids.

• Strong scaling effective only up to a modest number of 

processes.

• Communication and shared-memory bandwidth dominate at 

high P.

• Weak scaling is limited by hardware rather than algorithmic 

parallelism.

• Results align well with Amdahl’s and Gustafson’s theoretical 

predictions.



Future Work

• Explore hybrid MPI + OpenMP to reduce communication 

volume.

• Implement a GPU version of the stencil for higher throughput.

• Port the solver to C/C++ or Cython for lower interpreter 

overhead.

• Run on a multi-node HPC cluster with high-speed interconnect.
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