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Abstract

We introduce asymptotically optimal algorithms for gathering and scattering a small-to-moderate sized set of data on a coarse grained
parallel computer. We use these operations to obtain efficient to optimal solutions to several fundamental problems in image processing
and string matching (exact or approximate) for coarse grained parallel computers.
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1. Introduction

Many recent papers use coarse grained models of paral-
lel computation. The coarse grained multicomputer (CGM)
model was introduced in[DFR93]. Computational ge-
ometry algorithms for the CGM have been presented
in [BxHr01,BMR98,BMR99,DFR93,FRU95,DDDFK95];
also see[Dehn99]. Other computational models for coarse
grained parallel computers include[Vali90,CKPSSSSE,
HaK93].

Some papers using the CGM model of[DFR93] assume
that data is communicated among processors only via sort-
ing operations. This has the advantage that sorting can be
treated as a general “black box” operation; running times
may be expressed in terms of sorting time, so that anal-
ysis is not dependent on the architecture of the parallel
computer. For many problems, this is a reasonable ap-
proach, as sorting has been implemented efficiently on all

∗ Corresponding author. Department of Computer and Information Sci-
ences, Niagara University, NY 14109, USA. Fax: +1-716-286-8445.

E-mail address:boxer@niagara.edu(L. Boxer).
1 Research partially supported by NSF grant ACI-0204918.

0743-7315/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jpdc.2004.07.002

practical models of parallel computing. However, real ma-
chines are generally not constrained to sort-based data com-
munications, which are often non-optimal. Recent papers,
including [FKRU99,MoSo01,SaSo99], have used the CGM
model, allowing communication among processors not
based on sorting. In the current paper, we will not require
interprocessor communications to be based on sorting.

We show how gather and scatter operations can be im-
plemented to compress a small set of data to one proces-
sor, and, respectively, reverse such a compression, both in
worst-case optimal time. These operations are often useful
when key steps of an algorithm require processing a reduced
set of data. Our applications of gather and scatter include
the fundamental operations of semigroup computation and
parallel prefix, and solutions to several problems in image
processing and string matching (exact and approximate).

Our solutions, as far as we know, are the most efficient to
appear in the literature. Many are adapted from well-known
solution strategies to the CGM model. In a few cases, our
running times yield domains of optimality that are proper
subsets of the range of processors considered. This illus-
trates the principle, so often met in the study of fine-grained
parallel algorithms, that architecture matters (notice also that
many of the algorithms presented in papers cited above have
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running times expressed as�(Tsort(n, p)); asymptotic anal-
ysis of �(Tsort(n, p)) depends on architecture). We show
that the mesh architecture is particularly useful for these
problems.

2. Preliminaries

2.1. Model of computation

Thecoarse grained multicomputer, orCGM(n, p), is de-
scribed in[DFR93]. A CGM(n, p) has a set ofp proces-
sors that operate on�(n) data items. Every processor is as-
sumed to have�( n

p
) local memory cells, each of�(log n)

bits. The term “coarse grained” means the size�( n
p
) of each

local memory is “considerably larger” than�(1). It has be-
come customary to interpret “considerably larger” to mean
that n

p
�p, a convention we use in the current paper. Thus,

each processor has at least enough local memory to store
a unique ID for every other processor. The processors may
share memory or may be arranged in some interconnection
network.

In [DFR93], it is assumed that all communications among
processors are handled by sorting operations. However, this
restriction appears to be a barrier to optimal performance, so
some recent papers do not assume this restriction. We assume
that processors may communicate data without sorting. Any
directly connected pair of processors may exchange a unit
of data in�(1) time. Similarly, in a shared memory system,
any pair of processors may exchange a unit of data in�(1)
time.

We regard aCGM(n, p) as a connected graphG in which
the vertex set is the set of processors and the edge set is the
set of communications links that join pairs of processors (if
theCGM(n, p) is a shared memory machine, we regard it
as a complete graph, i.e., every pair of processors is regarded
as joined by an edge).

Algorithms for coarse-grained parallel computers are of-
ten designed to bescaleable, i.e., they are described so that
they may be implemented over the full range of processors,
1�p�n1/2, in terms of which the coarse grained models
are described, except as noted otherwise (among our algo-
rithms is one that calls forp�n1/3).

2.2. Fundamental operations

We say a listx1, x2, . . . , xn is evenly distributedamong
the processors of aCGM(n, p) if its members are parti-
tioned among the processors such that each processor stores
�( n

p
) of the members.

For a given problem, supposeTseq andTpar are, respec-
tively, the running times of the problem’s best sequential
and best parallel solutions. If

Tpar = �
(
Tseq

p

)
(1)

then the parallel algorithm is optimal, to within a constant
factor. In practice, we often must add to�( Tseq

p
) the time

necessary for interprocessor communications and/or data ex-
changes (e.g., in global sorting operations) in order to eval-
uateTpar.

We denote byTsort(n, p) the time required by the most
efficient algorithm to sort�(n) data on aCGM(n, p). Sort-
ing is a fundamental operation that has been implemented
efficiently on all models of parallel machines (theoretical
and existing). Sorting is important not only in its own right,
but also as a basis for a variety of parallel communications
operations, such as the following (see[BMR98,DFR93]for
efficient CGM implementations of these and others).
• Multinode broadcast: Every processor sends a copy of the

same unit of data to every other processor. That is, every
processorPi sends a copy of a locally stored data value
di to every processorPj , j �= i.

• Total exchange: Every processor sends a (not necessarily
the same) unit of data to every other processor. That is,
there is a set of values{di,j }pi=1 stored in processorPj ,
j ∈ {1, . . . , p}, such thatPj sendsdi,j to Pi for all i, j ∈
{1, . . . , p}.

• Semigroup operation: Let X = {x1, . . . , xn} be a set of
data distributed evenly among the processors and let◦ be
a binary operation onX that is associative and that may be
computed in�(1) serial time. Computex1◦x2◦· · ·◦xn and
make the result known to all processors. Examples of such
operations includetotal, product, minimum, maximum,
and, andor.

• Parallel prefix: Let X = {x1, . . . , xn} be a set of data
distributed evenly among the processors and let◦ be a
binary operation onX that is associative and that may be
computed in�(1) serial time. Compute allnmembers of
{x1, x1 ◦ x2, . . . , x1 ◦ x2 ◦ · · · ◦ xn}.
Another fundamental sort-based operation we use in this

paper isconcurrent read[MiBo00,MiSt96], in which a set
of processors requires, for each memberx of a setX, a set
of �(1) keys associated withx, without a priori knowledge
of which processor stores the data associated with any key.
Below, we present a somewhat simplified version of concur-
rent read.

Proposition 2.1. Let X and Y be sets of n data apiece, dis-
tributed evenly throughout the processors of aCGM(n, p)
G.Suppose for eachx ∈ X, there is a uniquey ∈ Y such that
x must be associated with a valuekx currently associated
with y.Then a concurrent read operation that forms the pairs
(x, kx) for everyx ∈ X can be performed in�(Tsort(n, p))

time.

Proof. We give the following algorithm, which fol-
lows the outlines of concurrent read operations given in
[MiBo00,MiSt96].
1. In parallel, every processor creates, for each of

its membersy of Y, a master recordof the form
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[key, returnaddress, data, “Master”], where key is
the value of the key field ofy to be used to find its corre-
sponding member ofX, returnaddress is the processor
in which y is stored, anddata is the value associated
with y that serves askx for somex ∈ X. SinceY is
evenly distributed, this takes�(n/p) time.

2. In parallel, every processor creates, for each of
its membersx of X, a request recordof the form
[key, returnaddress, data, “Request”], where key is
the value of the key associated withx to be used to
match a member ofY, returnaddress is the processor
in whichx is stored, anddata is uninitialized (eventually
to be used for the desired valuekx). SinceX is evenly
distributed, this takes�(n/p) time.

3. Sort the union of the Master and Request records by
the key field. Where there are ties, place a Master
record before its (unique) Request record. This takes
�(Tsort(n, p)) time.

4. In the sorted list, every Request record now gets for its
data field the desiredkx value from thedata field of
the preceding record, which is the corresponding Master
record. This takes�(n/p) time.

5. Return all the records to their original processors by
sorting on thereturnaddress field in �(Tsort(n, p))

time.
The algorithm uses�( n

p
+ Tsort(n, p)) time. This sim-

plifies as�(Tsort(n, p)) time, since we have, for sorting,
n
p

= O(
Tseq
p
) = O(Tsort(n, p)). �

In previous papers on CGM algorithms (c.f.,[BMR98,
BMR99,DFR93,DDDFK95]), it was often found that algo-
rithms were dominated by operations requiring global com-
munication of data, so that if communications are sort-
based, then a problem with�(n) input or output is solved
in �(Tsort(n, p)) time. In the current paper, we show how
not requiring communications to be sort-based enables us to
obtain coarse grained algorithms that are efficient to optimal
for the problems we discuss.

3. Gather and scatter operations

In this section, we definegatherandscatteroperations and
develop efficient implementations for coarse grained parallel
computers. The definitions of gather and scatter operations
given below are related to, but somewhat different from,
those of[MiSt96].

Definition 3.1. Let Sbe a nonempty set of data distributed
among the processors of a parallel computerC. Let P0 be
one of the processors ofC.
• We saySis gathered intoP0 by a data movement operation

that sends copies of all the members ofS to P0.
• We sayS is scattered fromP0 by a data movement oper-

ation that sends all members ofS from P0 back to their
original processors.

We show in this section that a CGM can gather and scatter
a small setS of data in time linear in the size ofS. To
direct the flow of data in our gather/scatter algorithms, the
following is useful.

Lemma 3.2. Let G be aCGM(n, p). Let R be any proces-
sor of G. InO(p) time, a spanning tree T for G with R as the
root node of T can be determined such that all processors
of G know their parent and child nodes in T. In the worst
case, the running time�(p) is optimal.

Proof. The algorithm given below essentially consists of a
scatter operation to identify parents, followed by a gather
operation to identify children. Subsequent scatter and gather
operations may be more efficient, as a processor in the cur-
rent algorithm will communicate with all of its neighbors
(not only parent and children) in order to determine these
relationships. However, in the worst case, this loss of effi-
ciency causes an increase of running time of only a constant
factor.

The worst case assumes that a processor must communi-
cate sequentially with its neighboring processors. We note
that some parallel architectures permit a processor to send
a unit of information to all neighboring processors in�(1)
time. Were we to use such an assumption, steps of the algo-
rithm given below run faster than claimed. However, we will
show that the running time of the algorithm would remain
�(p) in the worst case.

We give the following algorithm:
1. In parallel, each processor creates an ID record contain-

ing its processor ID and its parent processor ID; the lat-
ter is initialized tonull. Also, each processor initializes
a list of its children inT as empty. This takes�(1) time.

2. R sends its ID record to all its neighbors. This takes
O(p) time.

3. In parallel, each processorP does the following.
(a) If P �= R, do the following.

i. Receive a neighbor’s ID record. This takes�(1)
time, after the time during whichPwaited for the
message to arrive. The waiting time is analyzed
below.

ii. SetP.parent (second component of the record)
equal to the received processor ID (first com-
ponent of the received record). This takes�(1)
time.

iii. Send the processor’s own ID record to all neigh-
boring processors. The time for this step isO(p).

End if.
(b) From each neighboring processorQ such that

Q �= P.parent , receive the ID record ofQ. If
Q.parent = P , addQ to the list of children ofP
in the spanning tree. This step takesO(p) time,
plus waiting time. We discuss the waiting time
below.

End in parallel
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To analyze the time a processor waits for messages from
its neighbors in the algorithm above, we separately analyze
the time spent waiting for its parent’s ID record, and the
time spent waiting for the ID records of its non-parental
neighbors.

To analyze the time a processor waits until receiving its
parent’s ID record, we observe that ifP andQ are neigh-
boring processors inG, then the respective distancesdP and
dQ of these processors fromR in G satisfy

|dP − dQ|�1. (2)

The time spent waiting by a processor for its parent’s
message may be analyzed as follows. Letdmax be the
maximum distance of a processor fromR in G. For i ∈
{−2,−1,0, . . . , dmax + 1}, let

Ai = {P |P ∈ V (G), d(P,R) = i},
where the distanced(P,R) is the smallest number of edges
in a connecting path inG from P to R. Notice thatA−2 =
A−1 = Admax+1 = � and that

�dmax+1
i=−2 |Ai | = p. (3)

Suppose we say aunit time stepis the time required for a
processor to send its ID record to one of its neighbors. Letni
be the maximum number of unit time steps until a member
of Ai receives its parent’s ID record, withn0 = 0. We will
show that fori ∈ {0,1, . . . , dmax},

ni�3(�i−2
j=−2 |Aj |) + 2|Ai−1| + |Ai |. (4)

To show that inequality (4) is valid fori ∈ {0,1, . . . , dmax},
we argue by induction oni. Inequality (4) is trivial for
i = 0. Now supposek is an integer, 0�k < dmax, such that
inequality (4) is true for i�k. Let P ∈ Ak+1. There exists
Q ∈ Ak such thatP andQ are neighbors inG. Then the
number of unit time steps untilP receives its message from
its parent node is less than or equal to the number unit time
steps untilP receives its message fromQ. From inequality
(2), all neighbors ofQ belong toAk−1 ∪Ak ∪Ak+1. In the
worst case,P is the last neighbor ofQ to receive a record
from Q. It follows that

nk+1 � nk + |Ak−1| + |Ak| + |Ak+1|
� (by the inductive hypothesis) 3(�k−1

j=−2 |Aj |)
+ 2|Ak| + |Ak+1|

as desired. This completes the induction.
From Eq. (3) and inequality (4), ni�3p, so the waiting

time for every processor to receive its parent’s ID record is
O(p).

The time spent awaiting messages from non-parental
neighbors is analyzed as follows. LetP andQ be neigh-
boring processors. OnceP receives its parent’s ID record,
P sends its own ID record to all its neighbors. In the worst
case,Q is the last of the neighbors ofP to receive the ID
record fromP, waitingO(p) unit time steps. In the worst

case,P is then the last neighbor ofQ to receive the ID
record ofQ, waitingO(p) unit time steps to receive the ID
record ofQ. Thus, inO(p) unit time steps,P andQ ex-
change ID records. Taking the maximum over all neighbors
Q of P, it follows thatP waitsO(p) unit time steps before
receiving the last of its neighbors’ ID records.

Therefore, the entire algorithm takesO(p) time.
To show�(p) is optimal in the worst case, we observe

that the root processorR could be an end processor of
a linear array, in which case the communication with the
processor at the opposite end of the linear array requires
�(p) time. �

We use Lemma3.2 to obtain the following.

Theorem 3.3. Let S be a set of N data items such that
N = �(p) andN = O(n/p), and suppose S is distributed
among the processors of aCGM(n, p), G.
• A gathering of S to any processor of G can be performed
in �(N) time, which is optimal in the worst case.

• A scattering of S can be performed in�(N) time, which
is optimal in the worst case.

Proof. Since the processorR to whichS is gathered reads
�(N) data sequentially in the worst case, a gathering must
take�(N) time in the worst case. In scatteringS,R transmits
�(N) data sequentially in the worst case, so a scatter must
take�(N) time in the worst case.

Our algorithms call for each processor to maintain an ar-
rayf rom[1 . . . p] used to keep track of which data reached
the processor from which neighboring processor. This is nec-
essary so that during a scatter, data can be routed efficiently
among the processors. In every processorPi , we will define
entries of the arrayfrom as follows:

f rom[j ]
= k if data originating inPj was sent toPi by Pk. (5)

We give the following algorithm for a gather operation:
1. In �(1) time, each processorPi sets itsf rom[i] = i.
2. InO(N) time, each processorPi tags each of its mem-

berss ∈ S via s.processorOrigin = i.
3. If a spanning tree forG with R as the root is not al-

ready known, use the algorithm of Lemma3.2 to con-
figure a spanning treeT of G so thatR is the root pro-
cessor and every processorP knows its parent proces-
sorparent (P ) and its child processors inT. This takes
O(p) time.

4. In parallel, every processorP sends members ofS to
parent (P ) and receives members ofS from its chil-
dren until there are no more members ofS for P to
send. AsP receives members ofS from its children,P
marks the appropriate entry of itsfrom array in accord
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with Eq. (5):

f rom[s.processorOrigin]
= k if s reachedP from Pk.

Since each processor handlesO(N) data with a to-
tal waiting time of O(N + p), this takesO(N +
p) = O(N) time.

Thus, this algorithm requiresO(N) time.
To show that a scattering requiresO(N) time, we give

the following algorithm.
1. The root processorR does the following. For each
s ∈ S, if s.processorOrigin is not R then sends
to the neighboring processorPf rom[s.processorOrigin].
This takesO(N) time.

2. All other processorsPi do the following in parallel. For
at mostN memberss of S, receives from a neighbor-
ing processor. Ifs.processorOrigin �= i then send
s to Pf rom[s.processorOrigin]. Since waiting for data to
arrive from neighboring processors requiresO(N +
p) = O(N) time, this takesO(N) time.

This algorithm takesO(N) time. At the end of the latter step,
everys ∈ S has returned to its original processor.�

4. Applications to fundamental algorithms

In this section, we give efficient CGM solutions to several
fundamental problems. All of our algorithms make use of the
gather and/or scatter operations, and all are asymptotically
faster or are efficient to optimal over wider ranges of the
parameterp than previous counterparts that assumed sort-
based communications.

Broadcasting a unit of datax stored in processorP to
all other processors on aCGM(n, p) can be done by a
multinode broadcast operation, in which all processors
Q �= P send a unit of dummy data. This can be done in
�(Tsort(p

2, p)) time [BMR98]. Even if we base our paral-
lel sort on a linear-time sequential sort such as BinSort, for
sorting�(p2) data we have

Tpar = �
(
Tseq

p

)
= �(p2/p) = �(p).

Therefore, the running time asserted below improves upon
the result of[BMR98].

Theorem 4.1. Let x be a unit of data in one processorPa
of a CGM(n, p). In O(p) time, x can be broadcast to all
processors.

Proof. We observe that depending on the computer’s archi-
tecture, an algorithm asymptotically faster than�(p) may
exist (c.f.,[MiBo00]). The following algorithm runs in�(p)
time.

1. LetS be a set of dummy values distributed 1 per pro-
cessor. By Theorem3.3, we can gatherS to Pa in �(p)
time.

2. In �(p) time,Pa tags each member ofSwith x.
3. By Theorem3.3, we scatterS in �(p) time. At the end

of this step, every processor has the value ofx.
The algorithm given above takes�(p) time. �

Next, we give an algorithm for efficient broadcasting of
a small string.

Theorem 4.2. Let P be a string of m characters in a
CGM(n, p), wherem = O(n/p). Then every processor
can obtain a copy of P inO(m+ p) time.

Proof. We give the following algorithm.
• GatherP into one processor, say,PE1, in O(m) time.
• Gather one dummy unit of dataxi from PEi (for all i)

into PE1 in �(p) time.
• For eachpj ∈ P , tag eachxi with pj and scatter{xi}pi=1.

Since scattering�(1) data takesO(p) time and we can
pipeline the data being scattered, this takesO(m + p)

time. �

Both multinode broadcast and total exchange operations
can be implemented on aCGM(n, p) in �(Tsort(p

2, p))

time when communications operations are sort-based
[BMR98]. Depending on a parallel computer’s architec-
ture, this could be faster than the�(p2)-time algorithm
given below for aCG(n, p); however, note the best up-
per bound we can give in general is the sequential bound,
Tsort(p

2, p) = O(p2 log p). Below, we give CGM algo-
rithms for these operations.

Theorem 4.3.
• Let S be a set distributed one member per processor in
aCGM(n, p). Then a multinode broadcast operation, at
the end of which every processor has the entire set S, can
be performed inO(p2) time.

• Let {si,j }pi=1 be a set of p units of data initially stored in
processorPj of aCGM(n, p), for j ∈ {1, . . . , p}. Then
a total exchange operation, in which eachsi,j is sent to
Pi , can be performed inO(p2) time.

Proof. We remark that depending on the architecture of the
CGM(n, p), algorithms asymptotically faster thanO(p2)

may exist. We give algorithms that run in�(p2) time below.
SupposeS is a set distributed one member per processor

in aCGM(n, p); say, the membersj of Sis stored inPj . We
can implement a multinode broadcast via a total exchange
operation,usingsi,j = sj for i ∈ {1, . . . , p}, as described
above. Therefore, both assertions will be established when
we show a total exchange operation can be implemented in
�(p2) time.
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Consider the following algorithm for a total exchange
operation.

For i = 1 to p, gather{si,j }pj=1 to Pi .

This takes�(p2) time. When the loop finishes, every pro-
cessorPi has{si,j }pj=1. �

A semigroup operation can be implemented on a
CGM(n, p) in �( n

p
+ Tsort(p

2, p)) time when sort-based
communications are used[BMR98]. Below, we obtain a
faster running time.

Theorem 4.4. LetX = {xi}ni=1 be a set distributed�(n/p)
per processor in aCGM(n, p). Then the semigroup com-
putationr = x1 ◦x2 ◦ · · · ◦xn can be performed in optimal
�(n/p) time. At the end of this algorithm, every processor
holds the value of r.

Proof. To simplify our presentation, we assume each pro-

cessorPj holds{xi}
jn
p

i= (j−1)n
p

+1
. We give the following algo-

rithm.
1. In parallel, eachPj computes the partial result

rj = x (j−1)n
p

+1 ◦ x (j−1)n
p

+2 ◦ · · · ◦ x jn
p
.

This takes�(n/p) time.
2. Gather{rj }pj=1 into P1. This takes�(p) time.
3. P1 computes the desired value,

r = r1 ◦ r2 ◦ · · · ◦ rp,

in �(p) time.
4. In �(p) time,P1 tags each member of{rj }pj=1 with the

value ofr.
5. In�(p) time, scatter the data gathered above. At the end

of this step, every processor hasr.
Sincep�n/p, our algorithm runs in�(n/p) time. This

is optimal, since a sequential semigroup operation can be
performed in optimal�(n) time. �

A parallel prefix operation can be executed on a
CGM(n, p) in �( n

p
+ Tsort(p

2, p)) time when commu-
nications are restricted to sort-based operations[BMR98].
Below, we give an optimal parallel prefix algorithm for the
CGM(n, p).

Theorem 4.5. LetX = {xi}ni=1 be a set distributed�(n/p)
per processor in aCGM(n, p). Then the parallel prefix
computation of

x1, x1 ◦ x2, . . . , x1 ◦ x2 ◦ · · · ◦ xn

can be performed in optimal�(n/p) time. At the end of this
algorithm, the processor that holdsxj also holdsx1◦· · ·◦xj .

Proof. To simplify our presentation, we assume each pro-

cessorPj holds{xi}
jn
p

i= (j−1)n
p

+1
. We give the following algo-

rithm.
1. In parallel, each processorPj computes the partial results

sj,1 = x (j−1)n
p

+1, sj,k+1 = sj,k ◦ x (j−1)n
p

+k+1,

k ∈
{

1,2, . . . ,
n

p
− 1

}
.

This takes�(n/p) time.
2. In�(p) time, gather{sj,n/p}pj=1 into one processor, say,
P1.

3. In �(p) time, P1 uses a sequential prefix algorithm to
compute

S1 = s1,n/p, Sm+1 = Sm ◦ sm+1,n/p,

m ∈ {1, . . . , p − 1}.
4. P1 marks each member of{sj,n/p}pj=2 with the corre-

spondingSj−1. This takes�(p) time.
5. Scatter the data gathered above, so thatPi receivesSi−1.

This takes�(p) time.
6. In parallel, each processorPi , i > 1, distributesSi−1

over its partial results, replacingsi,k with Si−1 ◦ si,k, k ∈
{1, . . . , n/p}. This takes�(n/p) time. Notice the de-
sired results are the updated values ofsi,k, i ∈ {1, . . . , p},
k ∈ {1, . . . , n/p}.

Sincep�n/p, the algorithm runs in�(n/p) time. This is
optimal, since there is an optimal sequential solution with
�(n) running time[MiBo00]. �

Our algorithms for (exact or approximate) parallel string
matching problems are all based on efficient sequential so-
lutions. This poses the following problem: The patternP
will be tested for (exactly or approximately) matching sub-
stringsP ′ of a textT such that the first character ofP ′ and
the last character ofP ′ are not initially stored in the same
processor of ourCGM(n, p). Thus, we want processors to
share segments ofT efficiently. We have the following.

Proposition 4.6. Let T be a text of n letters evenly dis-
tributed among the processor of aCGM(n, p) G so that
the portion of T in each processor is a substring of T. Let
m be a positive integer such thatm = O(n/p). Then, in
parallel, segments of m entries apiece of T stored inPEi+1
can be sent fromPEi+1 to PEi , i ∈ {1, . . . , p − 1}, in the
following time.
• In �(m) time, if for all i we havePEi andPEi+1 adja-
cent.

• In �(Tsort(mp, p)) time, in general.

Proof.
• If for all i we havePEi andPEi+1 adjacent, this can be

done in�(m) time by having pairs of processors perform
parallel gather operations. That is, in parallel, for all even
i < p, PEi gathers the desired characters fromPEi+1;
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Fig. 1. An 8 × 8 digital picture and its storage on a 2× 2 mesh. The
“border” rows/columns are those numbered 1, 4, 5, and 8.

then, for all oddi < p,PEi gathers the desired characters
from PEi+1.

• In general, this can be done via a random access read
operation in�(Tsort(mp, p)) time. �

5. Image analysis

In this section, we show how the CGM can make use of
gather and scatter operations to obtain optimal solutions to
a variety of problems in image analysis.

We will assume that ann1/2×n1/2 digital picture is stored
so that each processor has a rectangle of dimensions either
( n
p
)1/2 × ( n

p
)1/2 (a square) orn

1/2

p
× n1/2 (each processor

storing n
1/2

p
entire rows of the digital picture). We speak of

the first and last rows and columns of these subpictures as
border rowsandborder columns, respectively, of the sub-
pictures (see Fig.1).

5.1. Image component labeling

In this section, we give efficient to optimal algorithms to
label the foreground components of a binaryn1/2 × n1/2

digital picture. We assume the digital picture is stored in
a CGM(n, p) so that each processor contains a( n

p
)1/2 ×

( n
p
)1/2 square section of the digital picture. We assume also

that connectedness is determined by 4-adjacency, i.e., two
foreground pixels are adjacent if and only if one is North,
South, East, or West of the other. Our presentation is easily
modified for 8-adjacency to obtain algorithms with the same
asymptotic running times.

A solution to the component labeling problem consists of
assigning a label to every foreground (i.e., black) pixel such
that all members of the same connected component have
the same label, and members of distinct components have
distinct labels. This may be done as follows.
1. Give each black pixel an initial label corresponding to its

unique location in the digital image (e.g., its row-major
index or its coordinates—if the latter, coordinates may
be ordered lexicographically).

2. Take steps that result in each foreground pixel being
assigned the minimum of the initial labels of foreground
pixels in the same component.

Below, we give implementations of this strategy for coarse
grained parallel computers. Our first algorithm performs op-
timally for a mesh architecture, but is less efficient on other
architectures. Our second algorithm performs optimally on
all architectures, but is limited top3�n rather than our
usual restriction ofp2�n. Both algorithms make use of the
following.

Lemma 5.1. Let X be a binaryn1/2 × n1/2 digital picture.
Let p be an integer, 1 < p�n1/2. Suppose X is partitioned
into p subpictures, each of dimensions( n

p
)1/2×( n

p
)1/2. Sup-

pose the component labeling problem has been solved for
each of these subpictures such that local components in dif-
ferent subpictures have distinct component labels, i.e., if C0
andC1 are components of distinct subpictures, thenC0 and
C1 have distinct component labels. Let B be the union of
the border pixels of the subpictures. Suppose B is stored in
a single processor. LetN = |B|. Then every member of B
can be given its component label relative to X in�(N) time.

Proof. Since there arep subpictures, each with 4( n
p
)1/2 − 4

border pixels,

N = |B| = �(n1/2p1/2).

We treat our problem as a graph component labeling prob-
lem. The graphG = (V ,E) will be represented by adja-
cency lists. The vertex setV will be the set of foreground
pixels inB, and the edge setE is initially empty. We take
care to buildE so that its size is at most linear in|V |. We
give the following algorithm.
1. CreateV by scanningB, addingb ∈ B to V if and only

if b is a foreground pixel. This takes�(N) time. Note
|V | = O(N).

2. SortVby the local component labels of the pixel records.
Since there are�(N) possible labels, this may be done
via the Binsort algorithm in�(N) time.

3. Scan the sorted list so that if successive membersvi and
vi+1 have the same label, then each of these vertices is
added to the other’s adjacency list. Thus,O(N) edges
are created in this step. Notice that every pair of vertices
representing foreground border pixels with the same lo-
cal component label is connected by a path inG. This
step takesO(N) time.

4. SortV by thex-coordinates of the pixels as the primary
key, using they-coordinates of the pixels as the sec-
ondary key. Since there are�(N) pairs(x, y) under con-
sideration, this may be done via the Binsort algorithm
in �(N) time.

5. Adjacent border pixels with equalx-coordinates from
distinct subpictures are now successive elements ofV.
Scan the sorted listV so that if successive membersvi
and vi+1 are neighboring pixels from distinct subpic-
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tures, then each of these vertices is added to the other’s
adjacency list. Thus,O(N) edges are created in this step.
This takesO(N) time.

6. Repeat the previous two steps with the roles of thex-
andy-coordinates interchanged, so that adjacent border
pixels with equaly-coordinates from distinct subpictures
appear in each other’s adjacency lists. Thus,O(N) edges
are created in this step. This takes�(N) time.

7. Solve the component labeling problem for the graphG.
Since|E| = O(N), the time required is[MiBo00]

�(|V | + |E|) = O(N).

This algorithm uses�(N) time. �

The special case of the next result is stated for a mesh
architecture. Notice that it could be implemented on other
architectures that have mesh-like connections, e.g., PRAM,
hypercube, pyramid. The significance of the mesh architec-
ture is that it permits adjacent subpictures of a digital image
to be stored in adjacent processors; this allows us to per-
form efficient gather and scatter operations within rows and
columns of processors in the mesh. We say a digital picture
X is naturally mapped into a meshif
• for each rowr, if xru andxrv are stored, respectively, in

processorsPab andPcd , thena = c, andu < v implies
b�d; and

• for each columnc, if xpc andxqc are stored, respectively,
in processorsPab andPcd , thenb = d, andp < q implies
a�c.

Theorem 5.2. Let X be a binaryn1/2 × n1/2 digital pic-
ture, viewed as a black image on a white background, in a
CGM(n, p) G. Suppose each processor holds a( n

p
)1/2 ×

( n
p
)1/2 subpicture of X. Then the connected components of

the black pixels can be uniquely labeled as follows:
• In �( n

p
+ p1/2 Tsort(n

1/2p1/2, p)) time, in general.
• In�(n/p) time, if G is a mesh and X is naturally mapped
into G.

Proof. The significance of the mesh is that it permits us to
replace sort-based concurrent read operations (used in the
general case) by more efficient parallel gather operations.
We cannot use gather operations in general, as a row or a
column of the digital picture from which we will want to
accumulate data may not be stored in a connected set of
processors inG.

We give the following algorithm.
1. In parallel, every processor solves the component la-

beling problem for the square section of the binary im-
age stored by the processor. This takes�(n/p) time
[MiBo00].

2. For �(p1/2) iterations, do the following.
• Pixels on the border of their processor’s rectangle (i.e.,

pixels with an adjacent pixel in the binary image that
is stored in a different processor) exchange labels (if

any) with the (at most 2, for pixels in a corner of their
processor’s rectangle) adjacent border pixel(s) stored in
different processors. Notice there are 4( n

p
)1/2−4 border

pixels per processor, so the number of pixels involved
in this operation is less than 4n1/2p1/2. An exchange of
labels between pairs of adjacent foreground pixels stored
in distinct processors can be implemented as follows.

◦ In the general case, this may be done via a concur-
rent read operation, using the algorithm of Propo-
sition 2.1, in �(Tsort(n

1/2p1/2, p)) time.
◦ If G is a mesh andX is naturally mapped intoG, we

proceed as follows. In parallel, adjacent pairs of
processors perform gather operations, so that each
gathers the other’s adjacent border pixels. Since a
processor may have pixels adjacent to pixels stored
in 4 other processors, we perform 8 rounds of par-
allel gather operations. Since the length of the ad-
jacent border edges is( n

p
)1/2, this takesO(( n

p
)1/2)

time.
• In parallel, each processor uses the algorithm of Lemma

5.1 to compute, for each border pixel stored in the pro-
cessor, the pixel’s correct label with respect to the union
of the pixel’s processor’s subpicture and the adjacent
subpictures. Since each processor has�(( n

p
)1/2) border

pixels, the time for this step is�(( n
p
)1/2).

End for
The time used by the loop is as follows:
• In general,

�

(
p1/2

(
n

p

)1/2

+ p1/2 Tsort(n
1/2p1/2, p)

)

= �(n1/2 + p1/2 Tsort(n
1/2p1/2, p))

= O

(
n

p
+ p1/2 Tsort(n

1/2p1/2, p)

)
.

• �
((

n
p

)1/2
p1/2

)
= �(n1/2) = O(n/p), when

X is naturally mapped into a meshG.
The loop uses�(p1/2) iterations, as each iteration of the
loop increases by one or two the number of processor-
blocks of rows and columns of pixels (in the mesh, the
number of rows and columns of processors) with respect
to the union of whose subpictures each border pixel is
correctly labeled. Therefore, when we exit the loop, the
members of the setB of subpicture border pixels have
their correct component labels with respect to the entire
digital picture.

3. In parallel, each processorPj solves the component
labeling problem for the( n

p
)1/2 × ( n

p
)1/2 subpicture

stored byPj . This takes�(n/p) time. Now, the entire
digital picture has its components labeled.

The running time of the algorithm is as follows:
• �( n

p
+ p1/2 Tsort(n

1/2p1/2, p)), in general.
• �(n/p), if X is naturally mapped into a meshG. �
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The time of the algorithm above for the digital picture
mapped naturally to the mesh,�(n/p), is optimal, since
the sequential version of the problem has an optimal�(n)-
time solution[MiBo00]. The time for the general case is
optimal whenp1/2 Tsort(n

1/2p1/2, p) = O(n/p). Since our
general upper bound for sorting time is the sequential bound,
it follows that our general case running time is optimal if
p4 = O( n

log2 n
).

A different approach yields an asymptotically optimal al-
gorithm for theCGM(n, p) for the larger range of proces-
sors 1< p3�n, without the requirement of naturally map-
ping to a mesh architecture. The assumptionp3�n implies
n1/2p1/2�n/p, so a set of sizeO(n1/2p1/2) can be gath-
ered into one processor. The numberN of foreground border
pixels satisfies

N�
[

4

(
n

p

)1/2

− 4

]
p = �(n1/2p1/2) = O(n/p). (6)

Theorem 5.3. Suppose we havep3�n. Given ann1/2 ×
n1/2 digitized binary picture, viewed as a black image on a
white background, the connected components of the black
pixels can be uniquely labeled on aCGM(n, p) in optimal
�(n/p) time.

Proof. We give the following algorithm.
1. In parallel, every processor solves the component la-

beling problem for the( n
p
)1/2 × ( n

p
)1/2 section of the

binary image stored by the processor, so that local com-
ponents in distinct processors get distinct labels. This
should be done so that every foreground pixel that is
on the border of its processor’s rectangle gets a local
component label that is a nonnegative integer less than
4n/p. This is possible, in light of inequality (6). This
takes�(n/p) time [MiBo00].

2. By inequality (6), we can gather the foreground pixels
that are on the border of their processor’s subpicture,
with their local component labels, into one processor,
say,P1. This takes�(N) time.

3. Use the algorithm of Lemma5.1 to obtain, inP1, the
correct component labels of every processor’s border
pixels in�(N) time.

4. In �(N) time, scatter the border pixels fromP1 with
their correct component labels.

5. In parallel, each processorPi now solves its local com-
ponent labeling problem inO(n/p) time.

It follows from inequality (6) that our algorithm uses
�(n/p) time, which is optimal, since the problem can be
solved sequentially in optimal�(n) time [MiBo00]. �

5.2. Convex hull

In this section, we give a solution to the problem of com-
puting the convex hull of a binary image. That is, we wish to

mark those black pixels that represent the extreme points of
the convex hull of the set of black pixels in a binary picture.
Note the set of black pixels need not be connected.

Theorem 5.4. The convex hull of ann1/2×n1/2 binary dig-

ital picture, stored in row-major fashion, �( n
1/2

p
) rows per

processor, can be computed on aCGM(n, p) in O(n/p)
time, which is optimal.

Proof. We give the following algorithm.
1. In parallel, every processor uses a simple scan opera-

tion to find the leftmost and rightmost black pixels (if
they exist) for each of the�( n

1/2

p
) rows stored in the

processor. These are the only pixels in their respective
rows that can be extreme points of the convex hull. This
step takesO(n/p) time.

2. Note the setS of row extrema has at most 2n1/2 =
O(n/p) points in the entire image. Therefore, we can
gather the setS into one processor, say,P1, in O(n1/2)

time.
3. InO(n1/2) time,P1 can compute the convex hull from
Sas follows.

• Use the BinSort algorithm[MiBo00] to sort the row
extrema by row inO(n1/2) time.

• Use the post-sorting steps of the Graham sweep algo-
rithm [Grah72,MiBo00], starting with the right lowest
row extreme point and proceeding through the right ex-
trema, then back through the left extrema, to solve the
Convex Hull problem for these row extrema in an ad-
ditionalO(n1/2) time. A row extreme point that is the
only extreme point in its row is not eliminated as a can-
didate for a hull extreme point unless it is eliminated as
both a right candidate and a left candidate; as described
in [Grah72,MiBo00], a right or left candidate is elimi-
nated from consideration as a hull extreme point if the
path from the predecessor candidate to the current can-
didate to the successor candidate fails to turn leftward
at the current candidate.

4. Scatter the data gathered above so that every member
of Sis returned to its original processor with knowledge
as to whether or not it is a vertex of the convex hull, in
O(n1/2) time.

Sincen1/2 = O(n/p), the running time of this algo-
rithm is O(n/p). This is optimal, since the image convex
hull problem has an optimalO(n)-time sequential solution
[MiBo00]. �

5.3. Distance problems

We assume in this section that the distance functiond for
our grid of pixels is theL1 metric d1, defined for a pair of
points in the Euclidean plane by

d1((x0, y0), (x1, y1)) = |x0 − x1| + |y0 − y1|.
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We have the following properties of theL1 metric.

Lemma 5.5(Shonkwiler[Shon89]). Let y be a black pixel in
a binary digital picture. Letx0, x1 be pixels(not necessarily
black) in the digital picture. Supposex0 and y are in the
same rowr0 andx0 andx1 are in the same column. Using
the metricd1, if y is a closest black pixel tox0 among the
pixels in rowr0, then y is a closest black pixel tox1 among
the pixels in rowr0.

Corollary 5.6 (Corrigendum to[BxMi00]). Consider a
range of row indices

R = {r | rmin�r�rmax}

for pixels of a binary digital picture X. Let y be a black
pixel of X with row index in R. Letx0, x1 be pixels of X(not
necessarily black). Supposex0 has row index in R, x0 and
x1 are in the same column, and x1 has row indexr1 /∈ R.
Using the metricd1, if x0 is a closest pixel tox1 among the
pixels with row index in R(that is, if x1 has row index less
thanrmin thenx0 has row indexrmin; otherwise, x0 has row
index rmax) and y is a closest black pixel tox0 among the
pixels with row index in R, then y is a closest black pixel to
x1 among the pixels with row index in R.

5.3.1.L1 distance transform
A distance transform (DT)[RoPf68] computes, for each

pixel (black or white) of a binary digital picture, the distance
to a nearest black pixel. Applications of this operation are
listed in [BxMi00] .

In this section, we give an algorithm for computing the
L1 DT on a meshCGM(n, p).

Theorem 5.7. Consider ann1/2 × n1/2 binary digital pic-
ture X mapped naturally to a meshCGM(n, p) G such that
every processor stores a square subpicture of(n/p)1/2 ×
(n/p)1/2 pixels of X. Then theL1 distance transform for X
can be computed in�(n/p) time, which is optimal.

Proof. We give the following algorithm.
1. Each pixelx of X learns a nearest black pixel (if one

exists) ofX in the segment of its row stored in the same
processor. This is done as follows.
In parallel, each processorP does the following.

(a) P performs a prefix operation so that every pixel
x of X learns a nearest black pixel (if one exists)
not to its right, in the same row and processor.
This takes�(n/p) time.

(b) Pperforms a postfix operation so that every pixel
x of X learns a nearest black pixel (if one exists)
not to its left, in the same row and processor.
This takes�(n/p) time.

(c) In P, each pixel compares its nearest not-right
and its nearest not-left black pixel to find a near-
est black pixel in its row and processor. This
takes�(n/p) time.

End parallel
2. Every pixelx0 learns a nearest black pixel ofX stored

in the same row asx0 (if any), over all processors. A
nearest black pixel in the same row tox0 is either a
nearest black pixel in the same row and processor, or
else a nearest black pixel to a processor-border pixel in
the same row but in a different processor. We achieve
this as follows.

(a) Sincen1/2�n/p, O(n1/2) data can be gathered
into one processor. In parallel, each row of pro-
cessors performs a gather operation to collect
all the column border pixels of the subpictures
stored by this row of processors. Each proces-
sor has at most 2( n

p
)1/2 foreground border col-

umn pixels, so each row ofp1/2 processors has
O(n1/2) foreground border column pixels that
are gathered into one processor of the block in
O(n1/2) time.

(b) By parallel sweep operations, the column bor-
der pixels gathered into one processor learn
nearest not-left and nearest not-right foreground
pixels in their respective rows, inO(n1/2)

time.
(c) In parallel scatter operations, each row of pro-

cessors sends the column border pixels to their
original processors. This takesO(n1/2) time.

(d) By simple sweep operations, the column border
pixels distribute their closest not-left and not-
right black pixels to all pixels in the same row
that are stored in the same processor, so each
pixel can determine a closest black pixel in the
same row (by comparing any previously marked
closest foreground point in the segment of the
row stored in the same processor with the at most
4 closest points received from the column border
pixels). This takes�(n/p) time.

3. Every pixelx0 learns a nearest black pixel over all rows
ofX in the same row of processors asx0. By Lemma 5.5,
this may be achieved by comparing the nearest black
pixel in the row ofx0 with all nearest black pixels to
x1 in the row ofx1, for all x1 in the same column and
processor asx0. This is done by performing prefix and
postfix computations over every segment of a column
stored in the same processor, for all columns. At the
end of this step, every pixelx0 knows a nearest black
pixel of X (if any) stored in the same row of processors
asx0. This takes�(n/p) time.

4. Mimic the steps above, interchanging the roles of rows
and columns, to distribute data within columns so that,
by Corollary 5.6, every pixel knows a nearest black
pixel in X. This takes�(n/p) time.
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Sincen1/2�n/p, the algorithm takes�(n/p) time. This
is optimal, since the DT can be computed in optimal sequen-
tial �(n) time (Corrigendumto [BxMi00]). �

5.3.2. Hausdorff Metric
The Hausdorff metricmeasures how well two com-

pact nonempty subsets of a metric spaceS approximate
each other’s location inS. Although two sets may have
similar location and yet have very different geometric
properties, the fact that the Hausdorff metric is often
efficiently computed has led many researchers to con-
sider it as a tool for computational geometry and image
analysis [ABB91,Atal83,Boxe97,BCMR91,BMR98,ChR96,
CK92,Doug90,HuK90,HuKK92,PuRa81,Rote91,Shon89].

Let d(a, b) be a metric forS. We abuse notation and write

d(z,A) = min{d(z, a) | a ∈ A}.
The “non-symmetric" or “one-way" Hausdorff measure is

H ∗(A,B) = max
a∈A d(a, B).

The Hausdorff metricH(A,B) is defined[Nadl78] by

H(A,B) = max{H ∗(A,B),H ∗(B,A)}.
It is easily seen that computing the distance transform is

a useful tool for computing the Hausdorff metric. We have
the following.

Theorem 5.8(Shonkwiler[Shon89]). Let X andY ben1/2×
n1/2 binary digital pictures. ThenH(X, Y ) can be computed
with respect to theL1 metric in serial�(n) time.

We give a CGM algorithm to compute the Hausdorff met-
ric for two n1/2 × n1/2 binary digital picturesX andY.

Theorem 5.9. Let X and Y ben1/2 × n1/2 binary digital
pictures, each mapped naturally to a meshCGM(n, p) such
that every processor has corresponding square subpictures
of (n/p)1/2×(n/p)1/2 pixels of both X andY.The Hausdorff
distanceH(X, Y ) betweenn1/2×n1/2 binary digital pictures
X and Y can be computed with respect to theL1 metric in
�(n/p) time, which is optimal.

Proof. We give the following algorithm.
1. Compute theL1 distance transform so that every black

pixel xof X learns a nearest black pixel ofY. By Theorem
5.7, this takes�(n/p) time.

2. Perform a semigroup (maximum) operation to find
H ∗(X, Y ), the maximum over all black pixelsx of X
of the distance fromx to a nearest black pixel ofY. By
Theorem4.4, this takes�(n/p) time. At the end of this
operation, every processor has the value ofH ∗(X, Y ).

3. Repeat the operations above with the roles ofX andY
interchanged to findH ∗(Y,X) in �(n/p) time. At the

end of these operations, every processor has the values
of H ∗(X, Y ) andH ∗(Y,X).

4. In �(1) time, every processor computes

H(X, Y ) = max{H ∗(X, Y ),H ∗(Y,X)}.
Thus, the algorithm uses�(n/p) time. This is optimal, in
light of the optimal sequential result of Theorem 5.8.�

6. Pattern matching problems

Problems discussed in this section take the following
form. Given two stringsP andT (respectively, known as the
patternand thetext) such that

|P | = m�n = |T | (7)

find every instance of a copy (exact or approximate) ofP in
T. Note that[Gusf97]uses

|P | = n�m = |T |.
We prefer the notation of statement (7) in order to preserve
the convention that the volume of input to the problem is
�(n).

We have not obtained solutions for the full range
1�m�n. Although it is theoretically desirable to do so,
note that typical applications are in search operations of
word processors and other popular software applications,
and in molecular biologists’ efforts to recognize strands of
DNA in a genome. In such applications, typicallym � n.
In the following, we therefore assume thatm = O(n/p).

6.1. Exact matching

In this section, we give a solution to the exact matching
problem for coarse grained parallel computers. This is the
pattern matching problem as described above for which we
require exact copies ofP in T. For sequential computers,
a naive algorithm solves this problem inO(m(n − m))

time [Gusf97]. However, this is far from optimal. There
exist solutions (including those known as theKnuth–
Morris–Pratt, Boyer–Moore, and Apostolico–Giancarlo
algorithms), that solve the problem in optimal�(n) time
[ApGi86,BoyM77,Gusf97,KMP77]. We have the following.

Theorem 6.1. Let T be a text of n letters evenly distributed
among the processors of aCGM(n, p)G so that the portion
of T in each processor is a substring of T. Let P be a pattern
of m letters, wherem = O(n/p). Then every exact copy
of P in T can be identified in a running time satisfying the
following.
• In optimal�( n

p
) time, if for all i we havePEi andPEi+1

adjacent.
• In general, in O( n

p
+ Tsort (mp, p)) time.
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Proof. We give the following algorithm. To simplify the
exposition, we assume processorPEi has the substring
T [ (i−1)n

p
+ 1, . . . , in

p
] of T = T [1, . . . , n], i ∈ {1, . . . , p}.

1. Broadcast the patternP so that every processor has a
copy of P. By Theorem4.2, this takesO(m + p) =
O(n/p) time.

2. Perhaps a copy ofP starts at an entry ofT stored inPEi
and ends inPEi+1. Use the algorithm of Proposition
4.6to send them−1 entriesT [ (i+1)n

p
+1, . . . , (i+1)n

p
+

m− 1] of T from PEi+1 to PEi , i ∈ {1, . . . , p − 1}.
• If for all i we havePEi andPEi+1 adjacent, this

takes�(m) time.
• More generally, this takes�(Tsort(mp, p)) time.

At the end of this step, processorPEi has the substring

Si = T

[
(i − 1)n

p
+ 1, . . . ,

in

p
+m− 1

]
,

i ∈ {1, . . . , p − 1};
PEp hasSp = T [ (p−1)n

p
+ 1, . . . , n].

3. In parallel, each processorPEi applies a linear-time
sequential algorithm to the textSi and the patternP.
This takes�( n

p
) time.

We summarize the running time of our algorithm as follows.
• If for all i we havePEi andPEi+1 adjacent, the algo-

rithm runs in optimal�( n
p
) time.

• In general, the algorithm uses�( n
p

+ Tsort(mp, p)) time.
This reduces to optimal�( n

p
) time if Tsort(mp, p) =

O( n
p
). Since the best general upper bound for sort-

ing time is the sequential bound, it follows that
the general case has optimal running time when
mp2 log mp = O(n). �

6.2. Approximate string matching

Given integersk,m, n such that 0�k�m�n, a pattern
P of sizem > 0, and a textT of sizen�m, it is often use-
ful to allow k mismatches in the string matching problem.
That is, we seek all substringsP ′ of T such that|P ′| = m

andP ′ is a copy ofP except for at mostkmismatched char-
acters. This is thek-approximate matching problem. Note
the k-approximate matching problem generalizes the exact
matching problem; fork = 0, the two problems are identi-
cal.

The problem of finding approximate matches is closely
related to thematch-count problem, in which, for every sub-
string T ′ of T such that|T ′| = m, we find the number of
characters ofT ′ that match the corresponding character of
P. There is a sequential algorithm for the match-count prob-
lem based on the fast Fourier transform (FFT)[Gusf97]. The
algorithm runs inTseq = O(n log n) time. We give an
efficient parallel solution below.

Theorem 6.2. Suppose T is a text of n characters distributed
evenly in aCGM(n, p) G, and P is a pattern of sizem =

O(n/p) stored in G. Thematch-count problem can be solved
in G as follows:
• In O(n log n

p
) time, if for all i we havePEi andPEi+1

adjacent.
• In O(n log n

p
+ Tsort(mp, p)) time, in general.

Proof. We give the following algorithm.
1. BroadcastP so every processor has a copy. By Theorem

4.2, this takesO(m+ p) = O(n/p) time.
2. SendT [ (i+1)n

p
+ 1, . . . , (i+1)n

p
+ m − 1] from PEi+1

to PEi soPEi hasT [ in
p

+ 1, . . . , (i+1)n
p

+m− 1]. By
Proposition4.6, this takes�(m) = O(n/p) time, if for
all i we havePEi andPEi+1 adjacent. In the general
case, the time required is�(Tsort(mp, p)).

3. In parallel, eachPEi solves the match-count problem
for P andT [ in

p
+ 1, . . . , (i+1)n

p
+m− 1]. The time for

this step isO(n log(n/p)
p

), which simplifies asO(n log n
p
),

sincep = O(n1/2).
It follows that the running time of our algorithm is as claimed
above. �

Notice that our algorithm for the match count prob-
lem achieves the goal of Eq. (1) if for all i we have
PEi and PEi+1 adjacent; also, in the general case, if
Tsort(mp, p) = O(

n log n
p
).

Corollary 6.3. For integersm, n, pattern P, and text T as
described above, aCGM(n, p) can solve the k-approximate
matching problem for any k satisfying0�k�m as follows.
• In O(n log n

p
) time, if for all i we havePEi andPEi+1

adjacent.
• In O(n log n

p
+ Tsort(mp, p)) time, in general.

Proof. We give the following algorithm:
1. Solve the match-count problem, using the algorithm of

Theorem6.2.
2. For eachmatches[i], compute

mismatches[i] = m − matches[i].
This takesO(n/p) time. Note for each indexi, the sub-
string ofT of lengthmstarting atT [i] is ak-approximate
match forP if and only if mismatches[i]�k.

Since the running time of this algorithm is dominated by
the first step, the assertion follows. �

6.3. String matching with differences

More general that the approximate string matching prob-
lem is the problem ofstring matching with k differences,
described in[LaVi88]. In this problem, a patternP of length
m, a textT of lengthn, and an integerk�0 are input. Output
consists of identification of all substringsP ′ of T such that
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P ′ matchesP with at mostk differences of the following
kinds:
• A character ofP corresponds to a different character of
P ′ ⊂ T . A difference of this kind is amismatchbetween
the corresponding characters.

• A character ofP corresponds to no character ofP ′. A
difference of this kind is aninsertion.

• A character ofP ′ corresponds to no character ofP. A
difference of this kind is adeletion.

Since theedit distancebetween stringsP andP ′ is the min-
imum number of character substitutions, insertions, or dele-
tions necessary to transformP to P ′ [Gusf97], our problem
is to find all substringsP ′ of T such that the edit distance be-
tweenP andP ′ is at mostk. A sequential algorithm for this
problem is given in[LaVi88] with running timeO(m+nk2),
assuming an alphabet of fixed size.

We have the following.

Theorem 6.4. Let T be a text of n characters on an alphabet
of fixed size, distributed evenly among the processors of a
CGM(n, p) G. Let P be a pattern of m characters stored
in G, wherem = O(n/p). Let k be an integer such that
0�k�m. Let Tseq be the running time of the sequential
algorithm of[LaVi88], i.e., Tseq = O(m+ nk2). Then the
string matching with k differences problem can be solved in
the following time.
• �( Tseq

p
), if for all i we havePEi andPEi+1 adjacent.

• �( Tseq
p

+ Tsort(mp, p)), generally.

Proof. Note sincem = O(n/p), Tseq = O(nk2). We give
the following algorithm.

1. BroadcastP so every processor has a copy. By Theorem
4.2, this takesO(m+ p) = O(n/p) time.

2. SendT [ (i+1)n
p

+1, . . . , (i+1)n
p

+m−1+k] fromPEi+1

toPEi soPEi hasT [ in
p

+1, . . . , (i+1)n
p

+m−1+k] for
i < p. Since the edit distance between two strings is at
least the difference of the strings’ lengths,PEi now has
every substring ofT starting inT [ in

p
+ 1, . . . , (i+1)n

p
]

that can matchPwith at mostkdifferences. Sincek�m,
by Proposition4.6, this takes�(m) = O(n/p) time,
if for all i we havePEi andPEi+1 adjacent. In the
general case, the time required is�(Tsort(mp, p)).

3. In parallel, each processorPEi solves the problem for
the textT [ (i−1)n

p
+1, . . . , in

p
+m−1+k] and the pattern

P. This takes�( Tseq
p
) time.

Clearly, the running time of the algorithm is as claimed
above. �

7. Further remarks

We have shown that theCGM(n, p) yields efficient to
optimal algorithms for data movement and computational

problems, fundamental problems for binary digital pictures,
and important string matching problems.
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