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Abstract. Distributing a packet of data from a source processor to all pro-
cessors in a parallel computer is a fundamental operation. The efficiency of this
operation depends on the configuration of the processors. We show that the
sets of architectures A allowing efficient distribution for coarse grained multi-
computers include those satisfying the hypothesis that there exists a constant
ca such that every member of A has a spanning tree in which all vertices
have degree less than c4. We give a simple example of a set A that does not
satisfy this hypothesis and whose members cannot distribute a packet of data
efficiently. We discuss applications of this result to string pattern recognition

problems.
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1. Introduction

An important problem in coarse grained parallel computation is that of effi-
ciently copying a small- to moderate-sized packet of data from one processor to all
others. In this paper, we obtain a solution to this problem that is efficient on many
architectures, and we apply this solution to problems in string pattern matching.

Coarse grained models have been studied in many recent papers. The Coarse
Grained Multicomputer (CGM) model was introduced in [7]. Computational geom-
etry algorithms for the CGM have been presented in [1, 3, 4, 7, 10, 8]; also see [6].
Image processing and string pattern matching algorithms for the CGM were pre-
sented in [2]. Other computational models for coarse grained parallel computers
include [17, 5, 13].

As is the case for fine-grained parallel computing, it is also true for coarse-grained
parallel computing that architecture often makes an asymptotic difference in the
running time of an algorithm. This is illustrated in [2], in which the analysis of
some of the algorithms presented depends on the architecture of the CGM on which
they are implemented; and it is true of the problems we study in this paper.

When we design a parallel algorithm for a problem with an efficient sequential
solution, we try to achieve

(1) Tpar(n) = O(Tseq(n)/ q)

where n is the size of the problem (typically, the amount of data processed), g is the
number of processors used by the parallel computer, Tseq(n) is the running time of
the best sequential algorithm to solve the problem we'’re studying, and T}, (n) is the
running time of our parallel algorithm (we note this goal is not always achievable).
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The problem of distributing an array of data D from a source processor to all
other processors arises in a variety of problems (see [2]). Suppose, for example, a
solution of problem X on a CGM (n, q) requires such a distribution operation, and
X has a sequential solution with running time of Tieq(n) = O(n). To achieve the
goal of equation (1) for problem X, it is therefore necessary that our problem of
distributing D to all processors have a solution that runs in O(n/q) time.

The remainder of the paper is organized as follows.

e In Section 2, we give background material. Section 2.1 discusses our model
of computation, the coarse grained multicomputer. In Section 2.2, we state
the problem that this paper is concerned with. In Section 2.3, we give an
example that shows that our goal of efficient distribution of a packet of data
(as defined in Section 2.2) is not achievable on all parallel architectures.

e In Section 3, we state a simple algorithm for the distribution of a packet
of data on a coarse grained multicomputer, and show that for many archi-
tectures, this algorithm can be implemented efficiently. Indeed, we have a
simple condition, Hypothesis 3.1, satisfied by many architectures for which
efficient implementation is possible.

e In Section 4, we give applications of our algorithm for distributing a packet
of data among processors to several problems in string pattern matching.
We show that for architectures that satisfy Hypothesis 3.1, we can imple-
ment efficient parallel versions of several classical sequential algorithms in
exact and approximate string pattern matching.

e In Section 5, we give some concluding remarks.

2. Preliminaries

2.1. Model of Computation. The coarse grained multicomputer, or CGM (n, q),
is described in [7]. A CGM(n,q) has a set of ¢ processors that operate on O(n)
data items. Every processor has (n/q) local memory cells, each of ©(logn) bits.
“Coarse grained” means the size (n/q) of each local memory is “considerably
larger” than ©(1); customarily, we interpret “considerably larger” to mean that
n/q > q (equivalently, n > ¢?), as we do in the current paper. The processors may
share memory or may be arranged in some interconnection network.

We assume that processors may communicate data without sorting. Any directly
connected pair of processors may exchange a unit of data in ©(1) time. Similarly,
in a shared memory system, any pair of processors may exchange a unit of data in
O(1) time.

We regard a CGM(n, q) as a connected graph G in which the vertex set is the
set of processors and the edge set is the set of communications links that join pairs
of processors (if the CGM(n,q) is a shared memory machine, we regard it as a
complete graph, i.e., every pair of processors is regarded as joined by an edge).

We design the algorithms of this paper to be scalable, i.e., they are described so
they may be implemented over the full range of processors, 1 < ¢ < n'/2, in terms
of which the coarse grained models are described.

2.2. The problem. The problem we study is the following. Let D be a packet of
data (we may think of D as an array, D = [d1,...,dy]) with |[D| = m = O(n/q),
such that D is initially stored in one processor, Py, of a CGM(n,q). Devise an
efficient algorithm to distribute a copy of D to each processor. It was shown in [2]
that this is a useful operation for CGM algorithms for string pattern matching.

If we assume Py must sequentially communicate each member of D to at least
one other processor, and all other processors must sequentially receive the members
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of D, perhaps after some delay, then an algorithm to solve this problem will require
Q(m + §), where § represents the maximum delay for a processor awaiting data,
and is at least proportional to the communication diameter of the CGM (n, q). The
worst case architecture with respect to 0 is a linear array, for which § = ©(qg).
Thus, our goal is to find an algorithm that can solve this problem in O(m + q)
time. Since m = O(n/q) and q < n/q, the time required would then be O(n/q).

2.3. Counterexample. It was incorrectly claimed in [2] that the goal stated in
Section 2.2 can be met for any CGM architecture. A counterexample to this claim is
found in the star architecture, in which one processor, say, Py, is directly connected
to each of the other processors Pi,...,P,_q; but if 4,5 € {k}z;, i # j, then
processors P; and P; are not directly connected. If the array D is initially in Py,
then Py must sequentially send copies of D to all of its ¢ — 1 neighboring processors
in ©(mgq) time.

If m = n/q, the star architecture gives a running time of ©(n). This is un-
desirable, as it implies that no problem requiring ©(n/q) data to be distributed
from one processor to all other processors can be solved in sublinear time on a star
CGM(n,q).

3. Solutions for various architectures

The problem statement in Section 2.2 is a generalization of the problem of broad-
casting a unit of data from one processor to all other processors. It follows that for
many parallel architectures, this problem may be solved by having data flow along
the lines of a standard broadcast algorithm.

3.1. CR PRAM. For a parallel random access machine (PRAM) with the con-
current read (CR) property, we achieve our goal by using the following algorithm.

e The source processor writes D into the shared memory. This takes ©(m)
time.
e In parallel, every other processor reads D from shared memory. This takes
©O(m) time.
The algorithm takes ©(m) = O(n/q) time.
The case of the PRAM with the exclusive read (ER) property is covered by the
discussion in Section 3.2.

3.2. Other models. We will show that the following hypothesis is satisfied by
many sets of architectures A whose members can distribute a packet of data ef-
ficiently (by architecture we mean a connected graph in which vertices represent
processors and edges represent communications links).

The degree of a vertex v in a graph G is the number of edges of G incident on v.

Hypothesis 3.1. There is a positive constant c4 such that for every G € A there
is a known spanning tree T of G such that every vertex of T has degree less than
cy. A

Notice the set of inefficient star architectures discussed in the example of Sec-
tion 2.3 fails to satisfy Hypothesis 3.1.

Actually, we can replace, in the algorithms of Section 4, the hypothesis of the
spanning tree being known by the weaker hypothesis that such a tree can be deter-
mined in O(n/q) time.
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Theorem 3.2. Let A be a set of parallel computers used as CGMs. Suppose a
processor of a member of A can send a unit of data to only one neighboring pro-
cessor at a time (i.e., there is no bus and no CR shared memory). If A satisfies
Hypothesis 3.1, then a member of A can distribute a copy of an array D such that
|D| = m = O(n/q) from any source processor to all other processors in O(n/q)
time.

Proof: The following algorithm can be executed on any parallel architecture. We
are particularly interested in its implementations on sets of architectures A that
satisfy Hypothesis 3.1.

In parallel, all processors act as described below.
e The source processor P does the following.
Fori=1tom
For each neighbor P; to which P, would send data in a broadcast operation
send d; to P;
End For each
End For ¢
e All other processors P, do the following.
Fore=1tom
Receive d;
For each neighbor P; to which P, would send data in a broadcast operation
send d; to P;
End For each
End For ¢
End Parallel

The running time of this algorithm is analyzed, assuming Hypothesis 3.1, as
follows.

e Excluding waiting time, the actions of each processor P, take time jointly
proportional to m and to the number of neighboring processors with which
P, communicates in a broadcast operation.

e Processors other than the source processor must wait for the first data
value d; to arrive. If no processor sends data to more than c4 neighboring
processors, the waiting time in the worst case is proportional to the length
of a longest path in the spanning tree, described in Hypothesis 3.1, between
the source processor and other processors, and is therefore O(q).

Thus, if Hypothesis 3.1 is satisfied, this algorithm requires O(m + ¢) time. Since
m = 0(n/q) and ¢ < n/q, the running time is O(n/q). B

Thus, for the following architectures, each of which satisfies Hypothesis 3.1, we
achieve the goal of an algorithm that distributes m = O(n/p) data from one pro-
cessor to all other processors of a CGM (n,q) configured in the given architecture,
in O(n/q) time, as each of these has a broadcast algorithm that is implemented in
a spanning tree in which each processor-vertex has a bounded number of neighbors
(see [16] for broadcast algorithms for these architectures).

e ER PRAM. Note that an ER, PRAM can execute the algorithm as it would
be executed on a binary tree architecture.

e Linear array, mesh, binary tree, pyramid, mesh-of-trees.

e Hypercube. Although the “standard” broadcast algorithm for a hypercube
(see [16]) has the source processor sending its data to each of its log, ¢
neighboring processors, we can use an alternate broadcast algorithm for the
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hypercube that makes use of a binary tree, rooted at the source processor,
as a spanning tree.

4. Applications to string pattern matching

Above, we studied the problem of distributing a packet of data, of small to
moderate size, from one processor to all other processors of a CGM(n,q). We
showed that

this operation can be performed efficiently on many, but not all, models of

parallel computing. In particular, it can be performed efficiently on sets of
architectures satisfying Hypothesis 3.1.

Theorem 3.2 corrects Theorem 4.2 of [2]. Therefore, the assertions of dependent
claims, the Theorems and Corollary numbered 6.1 through 6.4 of [2], must be
restricted to those architectures for which a CGM (n, q) can distribute a packet D
of data, such that

|D| = m = O(n/q), from a source processor to all other

processors, within the running times claimed for the respective algorithms. The
arguments given for these assertions in [2] include steps for construction of a span-
ning tree; however, we can omit this step in the presence of Hypothesis 3.1 (this
is useful, for example, in the case of hypercubes, as discussed above, since the
spanning tree constructed in [2] need not satisfy Hypothesis 3.1). Correct versions,
including proofs, of these assertions follow.

We say a gathering of a set S of data items, initially distributed among the
processors of a parallel computer, to the processor PFE;, is an operation that places
a copy of each member of S in PFE;. We have the following.

Theorem 4.1. [2] Let S be a set of m data items such that m = Q(q) and

m = O(n/q), and suppose

S is distributed among the processors of a CGM(n,q), G. Then a gathering of
S to any processor of G can be performed in

©(m) time, which is optimal in the worst case. B

We use the following.

Proposition 4.2. [2] Let T be a text of n characters evenly distributed among
the processors of a CGM (n,q) G so that the portion of T in each processor is a
substring of T. Let m be a positive integer such that m = O(n/q). Then, in parallel,
substrings of m characters apiece of T stored in PE;,, can be sent
from PE; ;1 to PE;, i € {1,...,q— 1}, in the following time.
o In ©(m) time, if for all i we have PE; and PE;
adjacent.
e In ©(Tsori(mg, q)) time, in general. A

String pattern matching problems are at the core of searches performed by word
processors and Web search engines, as well as the searches of molecular biologists
for strands of DNA in a genome or for protein building blocks in complex proteins.
In the following sections, we obtain efficient coarse grained parallel algorithms for
several string pattern matching problems, using Theorem 3.2.

For simplicity, we will assume all string pattern matching problems discussed
use an alphabet of fixed size. To simplify the exposition, we assume processor PE;
initially has the substring

Q = =

q q
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of T=T[1,...,n],i€{l,...,q}.
The algorithm of the following Lemma is an efficient implementation of data
movement operations we will use in several string pattern matching algorithms.

Lemma 4.3. Let A be a set of connected graphs satisfying Hypothesis 8.1. Let T
be a text of n characters evenly distributed among the processors of a CGM (n,q)
G € A so that the portion of T in each processor is a substring of T. Let P be
a pattern of m characters, where m = O(n/q). Then every processor can have a
copy of P, and i < q implies PE; can receive from PE;;1 a substring of T that has
O(m) characters, in time satisfying the following.

e In O(n/q) time, if for all i we have PE; and PE;1; adjacent.
e In general, in O(n/q + Tsort(mq,q)) time.

Proof: We give the following algorithm.

(1) Gather P to one processor, say, PE;. By Theorem 4.1, this takes ©(m) =
O(n/q) time.

(2) Broadcast the pattern P from PE; so that every processor has a copy of
P. By Theorem 3.2, this takes O(n/q) time.

(3) Use the algorithm of Proposition 4.2 to send the desired substring of O(m)
characters of T from PE;; to PE;, i € {1,...,q — 1}. (We observe that
this might be motivated by the possibility of finding a match for P in a
substring of T that is not entirely contained in one processor.)

o If for all i we have PE; and PFE;; adjacent, this takes ©(m) = O(n/q)
time.
e More generally, this takes ©(Tso¢(mg, q)) time.

Clearly, the running time is as claimed. B

Note the running time of this algorithm is O(n/q) if for all ¢ we have PE; and
PE;; adjacent, or if Tsori(mg,q) = O(n/q).

4.1. Exact string pattern matching. The exact string pattern matching prob-
lem is as follows. Given a text string T’ and a pattern string P, find all substrings P’
of T such that P’ is an exact copy of P. There are linear-time sequential solutions
to this problem [12].

The following corrects Theorem 6.1 of [2].

Theorem 4.4. Let A be a set of connected graphs satisfying
Hypothesis 8.1. Let T be a text of n characters evenly distributed among the
processors of a CGM(n,q) G € A so that the portion of T in each processor is a
substring of T. Let P be a pattern of m characters, where m = O(n/q).
Then every exact copy of P inT can be identified in a running time
satisfying the following.
e In optimal O(n/q) time, if for all i we have PE; and PE;,, adjacent.
e In general, in O(n/q + Tsort(mq,q)) time.

Proof: We give the following algorithm.

(1) Use the algorithm of Lemma 4.3 so that every processor has a copy Qf P
and processor PE;, i € {1,...,q — 1}, gets the substring R; = T[% +
L., +m—1] of T from PEj;1.

e If for all ¢ we have PE; and PE;; adjacent, this takes O(n/q) time.
e More generally, this takes O(n/q + Tsori(mg, ¢)) time.
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At the end of this step, processor PE; has the substring
1 .
S;i = QiUR; = T[u—kl,...,ﬁ—}-m—l], 1€ {1,...,q—1};
q q

PE, has S; = Q4. Note S; is the smallest substring of 7" that must be
examined to find all matches to P in T starting in Q;.

(2) In parallel, each processor PE; applies a linear-time sequential algorithm
for exact string pattern matching to the text S; and the pattern P. This
takes O(n/q) time.

We summarize the running time of our algorithm as follows.

e If for all ¢ we have PE; and PE;; adjacent, the algorithm runs in O(n/q)
time. This is optimal in the worst case, since the sequential version of the
problem has a worst case optimal running time of ©(n) [12].

o In general, the algorithm uses O(n/q + Tsore(mg, q)) time. W

Thus, our algorithm for the exact string matching problem achieves the goal
of equation (1) on sets of graphs that satisfy
Hypothesis 3.1 if either we have PE; and PFE;; adjacent for all 7, or if T, (mgq,q) = O(n/q).

4.2. Approximate matching with mismatches. We quote from [2]:

Given integers k, m,n such that 0 < £ < m < n, a pattern P of size
m, and a text T of size n, it is often useful to allow k& mismatches
in the string
matching problem. That is, we seek all substrings
P’ of T such that |P’| = m and P’ is a copy of P except for
at most k£ mismatched characters. This is the
k-approximate matching problem....
The problem of finding approximate matches is closely related
to
the match-count problem, in which, for every substring 7" of
T such that || = m, we find the number of characters of 7"
that match the corresponding character of P.
In this section, we obtain two efficient coarse grained parallel solutions to the
k-approximate matching problem, based on two different sequential solutions.
A sequential algorithm for the match-count problem based on the Fast Fourier
Transform (FFT) [9, 11, 12] runs in Tyeq(k, m,n) = O(nlogn) time. The following
corrects Theorem 6.2 of [2].

Theorem 4.5. Let A be a set of connected graphs satisfying Hypothesis 3.1. Sup-
pose T is a text of n characters distributed evenly in a CGM (n,q) G € A, and P is
a pattern of size m = O(n/q) stored in G. The match-count problem can be solved
in G as follows.

e In O("l‘?%) time, if for all i we have PE; and PE;1, adjacent.

o In O("l‘?% + Tsort(mg,q)) time, in general.

Proof: We give the following algorithm.

(1) Use the algorithm of Lemma 4.3 so that every processor has a copy of P
and processor PE;, i € {1,...,q — 1}, gets the substring R; = T[? +
L., 2 +m-— 1] of T from PE; ;. This takes O(n/q) time, if for all ¢
we have PE; and PFE;,; adjacent. In the general case, the time required is
e(Tsu'r‘t (mQ7 q))
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(2) In parallel, each PE; solves the match-count problem for P and the text

o .
(Gl O O
q

S; = QiUR; = T|
(except for PE,, which solves the match-count problem for P and the text
Qq), using the sequential algorithm discussed above. The time for this step

is O("l%("/‘n), which is 0("1"%), since ¢ = O(n'/?).
It follows that the running time of our algorithm is as claimed above. B

Thus, our algorithm for the match-count problem achieves the goal of equa-
tion (1), relative to the sequential algorithm discussed above, on sets of graphs that
satisfy Hypothesis 3.1 if either we have PE; and PE,,; adjacent for all 7, or if
Tsart(mQ7 q) = O(nlo%)

The following corrects Corollary 6.3 of [2].

Corollary 4.6. Let A be a set of connected graphs satisfying
Hypothesis 3.1.
For integers k, m,n, pattern P, and text T as described above,
a CGM(n,q) G € A can solve the k-approzimate matching problem for any k
satisfying
0 <k <m as follows.
o In O("kj%) time, if for all i we have PE;
and PE; 1 adjacent.
o In O("l‘?% + Tsort(mg,q)) time, in general.

Proof: We give the following algorithm.

(1) Solve the match-count problem, using the algorithm of
Theorem 4.5.
(2) For each matches|i], compute

mismatches[i] = m — matches[i].
This takes ©(n/q) time. Note for each index i,

the substring of T' of length m starting at T7i] is a
k-approximate match for P if and only if mismatches|i] < k.

By Theorem 4.5, the running time of this algorithm is dominated by the first
step, and the assertion follows.

Thus, our algorithm for the k-mismatches problem achieves the goal
of equation (1), relative to the analogous sequential algorithm, on sets of graphs
that satisfy
Hypothesis 3.1 if either we have PE; and PE;; adjacent for all ¢, or if T, (Mg, q) = O("l"%).
A different sequential algorithm for the k-approximate matching problem has
running time Tyeq(k,m,n) = O(k(mlogm + n)) [14]. We use this algorithm as
the basis of a coarse grained solution, as follows.

Theorem 4.7. Let A be a set of connected graphs satisfying Hypothesis 3.1. Sup-
pose T is a text of n characters distributed evenly in a CGM(n,q) G € A, P is
a pattern of size m = O(n/q) stored in G, and 0 < k < m. The k-approzimate
matching problem can be solved in G as follows.

e In O(k(mlogm + n/q)) time, if for all i we have PE; and PE; 1 adjacent.
o In O(k(mlogm + n/q) + Tsort(Mmq,q)) time, in general.
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Proof: We give the following algorithm.

(1) Use the algorithm of Lemma 4.3 so that every processor has a copy of P
and processor PE;, i € {1,...,q — 1}, gets the substring R; = T[% +
1,..., % +m — 1) of T from PE;,;. This takes O(n/q) time, if for all i
we have PE; and PFE;,; adjacent. In the general case, the time required is

O(TL/Q + Tsort(mQa q))
(2) In parallel, each PE; uses the algorithm of [14] to solve the k-approximate
matching problem for P and the text
1 .
u4—1,...,ﬂ+m—1]
q q

(except for PE,, which solves the k-approximate matching problem for P
and the text @Q4). The time for this step is O(k(mlogm + n/q)).

It follows that the running time of our algorithm is as claimed above. B

Si = Q.,;URi = T[

Thus, our algorithm for the k-approximate matching problem achieves the goal
of equation (1), relative to the algorithm of [14], on sets of graphs that satisfy
Hypothesis 3.1 if mlogm = O(n/q) and either we have PE; and PFE; ; adjacent
for all 4, or if Tsore(mg,q) = O(kn/q).

4.3. String matching with differences. We quote from [2]:

More general that the approximate string matching problem is the
problem
of string matching with k differences.... In this problem, a pat-
tern P of length m, a text T of length n, and an integer k£ > 0 are
input. Output
consists of identification of all substrings P’ of T such that
P’ matches P with at most k differences of the following kinds:
e A character of P corresponds to a different character of
P’ c T. A difference of this kind is a mismatch
between the corresponding characters.
e A character of P corresponds to no character of P'. A differ-
ence of this kind is an insertion.
e A character of P’ corresponds to no character of P. A differ-
ence of this kind is a deletion.
Since the edit distance between strings P and P’ is the
minimum number of character substitutions, insertions, or dele-
tions
necessary to transform P to P’ [12], our problem is to
find all substrings P’ of T such that the edit distance between
P and P’ is at most k.

In the following, we use the sequential algorithm of [15] for string matching with
k differences. The running time of this algorithm is O(kn). The algorithm uses
©(kn) memory for a certain matrix. Correspondingly, we use a CGM (kn, q), rather
than our usual CGM (n, q), but we continue to use the restriction 1 < ¢ < n/q. The
following both corrects and improves on the running time asserted in Theorem 6.4
of [2].

Theorem 4.8. Let A be a set of connected graphs satisfying
Hypothesis 3.1.
Let T be a text of n characters on an alphabet of fized size,
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distributed evenly among the processors of a CGM(kn,q) G € A, 1 < q < n/q.
Let P be a pattern of m characters stored in G, where m = O(n/q). Let k be an
integer such that 0 < k < m. Then the string matching with k differences problem
can be solved in the following time.

e O(kn/q), if for all i we have PE; and
PE,; 1 adjacent.
e O(kn/q + Tsort(mg,q)), generally. M

Proof: We give the following algorithm.
(1) Since k < m, we can use the algorithm of Lemma 4.3 so that every processor
has a copy of P and processor PE;, i € {1,...,q — 1}, gets the substring
R = T[%’ + 1,...,%’ +m+k—1] of T from PE;.;. PE; now has the
smallest substring of 7', namely
(i—1Dn
q
Sq = g, that must be examined to find all substrings of 1" starting in
@; that can match P with at most k differences. By Proposition 4.2, this
takes O(n/q) time, if for all i we have PE; and PE;;; adjacent. In the
general case, the time required is O(n/q+Tsort(mg, q)). Note S; has ©(n/q)
characters, for all .
(2) In parallel, each processor PE; uses the algorithm of [15] to solve the prob-
lem for P and the text S;. This takes O(kn/q) time.

Clearly, the running time of the algorithm is as claimed above. B

S; = QiUR, = T| +1,...,%n+m+k—1]fori<q,

Thus, our algorithm for the k-differences problem achieves the goal of equa-
tion (1), relative to the algorithm of [15], on sets of graphs that satisfy Hypothe-
sis 3.1 if either we have PE; and PE; 1 adjacent for all 4, or if Tt (mgq, q) = O(kn/q).

5. Further remarks

We have studied the problem of efficient distribution of an array, initially stored
in one processor of a coarse grained multicomputer, to all other processors. We have
shown that the efficiency of any solution to this problem depends on the architecture
of the computer. In particular, we showed that if A is a set of connected graphs
and the array D satisfies |D| = m = O(n/q), then this distribution can be done
in O(n/q) time for all G € A (with G regarded as a CGM(n,q)) if A satisfies
Hypothesis 3.1, i.e., there is a constant c4 such that each G € A has a spanning
tree T such that every vertex (processor) v of Tg has degree less than c4. We
use this result to obtain efficient coarse grained solutions to several string pattern
matching problems for sets of CGM'’s satisfying Hypothesis 3.1.
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