Scaleable Parallel Algorithms for Lower Envelopes with Applications^∗

Laurence Boxer^† Russ Miller^‡ Andrew Rau-Chaplin^§

Abstract This paper considers a variety of geometric problems based in description of the lower envelope function, on input sets of size n using a coarse grained multicomputer model consisting of p processors with Ω(^n_p ) local memory each (i.e., Ω(^n_p ) memory cells of Θ(log n) bits apiece), where the processors are connected to an arbitrary interconnection network. We give an efficient scaleable parallel algorithm for computation of the lower envelope and use this algorithm to obtain efficient solutions for a variety of geometric problems, including

• the minimization of the Hausdorff distance between two finite sets on the real line when one is subject to translation;

• the Common Intersection Problem for vertically convex planar polygons; and • several problems in Dynamic Computational Geometry, in which we consider geometric questions for systems of moving objects.

All of the algorithms presented are scaleable in that they are applicable and efficient over a very wide range of ratios of problem size to number of processors. In addition to the practicality imparted by scaleability, these algorithms are easy to implement in that all required communications can be achieved by a small number of calls to standard global routing operations.

Key words and phrases: parallel algorithms, computational geometry, scaleable algorithms, coarse grained multicomputer, lower envelope

1 Introduction

Computational geometry is an important area of research with applications in computer image pro-

cessing, pattern matching, manufacturing, robotics, VLSI design, and so forth. A typical problem

∗Journal of Parallel and Distributed Computing 53 (1998), 91-118 †Department of Computer and Information Sciences, Niagara University, NY 14109, USA, and Department of Computer Science, State University of New York at Buffalo. E-mail: boxer@niagara.edu. Research partially supported by a grant from the Niagara University Research Council.

‡Department of Computer Science, State University of New York at Buffalo, Buffalo, New York 14260, USA. E-mail: miller@cs.buffalo.edu. Research partially supported by NSF grant IRI9412415.

§Faculty of Computer Science, Dalhousie University, P.O. Box 1000, Halifax, Nova Scotia, Canada B3J 2X4. Email: arc@cs.dal.ca. Research partially supported by Natural Sciences and Engineering Research Council of Canada.

in parallel computational geometry calls for an efficient solution to a query involving n geometric objects on a parallel computer with p processors. Most previous theoretical work in parallel computational geometry has assumed fine grained parallelism, i.e.,^n_p = Θ(1), for machine models including the PRAM, mesh, hypercube, and pyramid computer [A&L93, M&S96]. However, since most commercial parallel computers are coarse grained, it is desirable that parallel algorithms be scaleable, i.e., implementable and efficient over a wide range of ratios of^n_p . Recently, there has been growing interest in developing scaleable parallel algorithms for solving geometric problems on coarse grained machines (see [De&Dy95, DFR93, FRU95, DDDFK95]). This paper continues this effort by describing new scaleable algorithms for a variety of problems based in computing a description of a lower envelope function.

The paper is organized as follows.

• Section 2: We define the model of computation and discuss fundamental data movement operations.

• Section 3: We give a nearly-optimal scaleable parallel algorithm that yields a description of the lower envelope of polynomials of bounded degree.

• Section 4: Given two finite sets A and B in the Euclidean line, we give an efficient scaleable parallel algorithm to compute a translation T of A that minimizes the Hausdorff distance between T (A) and B.

• Section 5: We give an efficient scaleable parallel algorithm to determine whether or not there is a common intersection point among the members of a set of vertically convex planar polygons.

• Section 6: We give efficient scaleable parallel algorithms to solve a number of geometric questions concerning systems of moving point-objects.

• Section 7: We give some concluding remarks.

Some researchers feel that a “good” parallel algorithm is one with work (product of running time and number of processors) the same as, or perhaps only slightly more than, that of the best serial algorithm for the same problem. We note this goal is often impossible on certain parallel architectures; e.g., on a fine grained mesh of n processors, optimal semigroup operations and sorting of evenly distributed data take Θ(n^{3/2}) work [M&S96]; while, for problems of size n, serial semigroup operations require Θ(n) work and sorting requires Θ(n log n). We feel that in the world of applications, users of parallel computers are often more interested in speed than in conservation of work efficiency. We feel that all algorithms presented in this paper are efficient, in that their running times are typically bounded above by an expression no larger than the sorting time for the volume of output or the sorting time of a slightly larger volume of seemingly crucial intermediate data. In section 2.3, we comment further on why we feel this is an appropriate standard of efficiency. All our algorithms show significant speedup as compared with the best serial solutions to their respective problems.

Preliminary versions of this paper appear in [BMR96a, BMR96b]. Some of the results presented in the current paper improve (in some cases, by correcting errors; in others, by sharper analysis yielding faster running times) results of [BMR96a, BMR96b].

2 Preliminaries

2.1 Model of Computation

The Coarse Grained Multicomputer model, or CGM(n, p) for short, considered in this paper consists of a set of p processors with Ω(^n_p ) local memory each (i.e., Ω(^n_p ) memory cells of Θ(log n) bits apiece in every processor), either connected to some arbitrary interconnection network or sharing global memory. Commonly used interconnection networks for a CGM include the 2D-mesh (e.g., Intel Paragon), 3D-mesh (e.g., Cray T30), hypercube (e.g., Intel iPSC/860) and the fat tree (e.g., Thinking Machines CM-5). Each processor may exchange messages of O(log n) bits with any one of its immediate neighbors in constant time. For determining time complexities, we will consider both local computation time and interprocessor communication time, in the standard way. The term “coarse grained” refers to the fact that the size Ω(^n_p ) of each local memory is assumed to be “considerably larger” than Θ(1). Our definition of “considerably larger” will be that^n_p ≥ p. This implies that each processor has at least enough local memory to store the ID number of every other processor. Typically, commercial Coarse Grained Multicomputers like the IBM SP2, Cray T30, Intel Paragon, or TMC CM-5 have local memories ≥ 32 Mbytes. For a more detailed description of the model and its associated operations, see [DFR93].

Recently, there has been a growing interest in coarse grained computational models [Vali90, CKPSSSSE, H&K93] and the design of coarse grained geometric algorithms [DFR93, FRU95, DDDFK95]. The work on computational models has tended to be motivated by the observation that “fast algorithms” for fine-grained models rarely translate into fast code running on coarse grained machines. The BSP model, described by Valiant [Vali90], uses slackness in the number of processors and memory mapping via hash functions to hide communication latency and provide for the efficient execution of fine grained PRAM algorithms on coarse grained hardware. Culler et al. [CKPSSSSE] introduced the LogP model which, using Valiant’s BSP model as a starting point, focuses on the technological trend from fine grained parallel machines towards coarse grained systems and advocates portable parallel algorithm design. Other coarse grained models, including the C^3 [H&K93] and the Coarse Grained Multicomputer (CGM) model used in this paper [DFR93], focus more on utilizing local computation and minimizing global operations.

The assumption^n_p ≥ p (equivalently, n ≥ p^2) implies, for example, that for a machine to process 100,000 data items over 100 processors, each processor must have a capacity of at least 1,000 data items. This is in contrast to the fine-grained model, in which each processor is expected to store only a small (e.g., less than 10) number of data items.

2.2 Terminology, Notation, Assumptions

Throughout the paper, we use R^d to denote Euclidean d−dimensional space.

Sorting is used in most of the algorithms presented in this paper. We therefore assume that our data sets may be linearly ordered in some fashion that should be clear from context.

A set of k−tuples X = {(x_1, x_2, . . . , x_k)} is in lexicographic order if (x_1, . . . , x_k) < (x^′_1, . . . , x^′_k) means

• x_1 < x^′_1; or

• for some integer j, 1 ≤ j < k, x_1 = x^′_1 and x_2 = x^′_2 and . . . and x_j = x^′_j and x_{j+1} < x^′_{j+1}.

2.3 Fundamental Operations

For a given problem, suppose T_{seq} and T_{par} are, respectively, the running times of the problem’s best sequential and best parallel solutions. If T_{par} = Θ(^{Tseq}_p ), then the parallel algorithm is optimal, to within a constant factor. In practice, analysis of a CGM algorithm usually must account for the time necessary for interprocessor communications and/or data exchanges (e.g., in global sorting operations) in order to evaluate T_{par}. The time for these communications may be asymptotically greater than Θ(^{Tseq}_p ).

We denote by T_{sort}(n, p) the time required by the most efficient algorithm to sort Θ(n) data on a CGM(n, p). Sorting is a fundamental operation that has been implemented efficiently on all models of parallel machines (theoretical and existing). Sorting is important not only in its own right, but also as a basis for a variety of parallel communications operations. In particular, each of the following data movement operations can be implemented via sorting.

• Multinode broadcast: Every processor sends the same Θ(1) data to every other processor.

• Total exchange: Every processor sends (not necessarily the same) Θ(1) data to every other processor.

• Semigroup operation: Let X = {x_1, . . . , x_n} be data distributed evenly among the processors and let ∘ be a binary operation on X that is associative and that may be computed in Θ(1) serial time. Compute x_1 ∘ x_2 ∘ . . . ∘ x_n. Examples of such operations include total, product, minimum, maximum, and, and or.

• Parallel prefix: Let X = {x_1, . . . , x_n} be data distributed evenly among the processors and let ∘ be a binary operation on X that is associative and that may be computed in Θ(1) serial time. Compute all n members of {x_1, x_1 ∘ x_2, . . . , x_1 ∘ x_2 ∘ . . . ∘ x_n}.

• Merge: Let X and Y be lists of ordered data, each evenly distributed among the processors, with |X| + |Y | = Θ(n). Combine these lists so that X ∪ Y is ordered and evenly distributed among the processors.

The following result will be useful in comparing the resources required by problems of different sizes.

Lemma 2.1 For positive integers k, n, p, we have k · T_{sort}(n, p) = O(T_{sort}(kn, p)) on a CGM(kn, p). Proof: This follows from the fact that the work in sorting is superlinear in the amount of data being sorted. ■

Since p^2 ≤ n, the running times in the next result improve the T_{sort}(n, p) times of [DFR93] for the same operations.

Proposition 2.2 The following operations may be performed on a CGM(n, p) in T_{sort}(p^2, p) time.

• Multinode broadcast; • Total exchange.

Proof: We give a proof for multinode broadcast. A proof for total exchange is similar and is left to the reader. We give the following algorithm.

1. Let x_i be the data value to be sent by processor P_i, i ∈ {1, . . . , p}, to all processors. In parallel, every processor P_i creates records (x_i, 1), (x_i, 2), . . . , (x_i, p). This takes Θ(p) time.

2. Sort the p^2 records created above by the second component, so that (x_i, j) ends up in P_j . This takes T_{sort}(p^2, p) time.

The assertion follows. ■

The following improves the T_{sort}(n, p) running time of [BMR96a].

Proposition 2.3 A semigroup operation on evenly distributed data x_1, . . . , x_n may be implemented in time Θ(^n_p ) + T_{sort}(p^2, p) on a CGM(n, p). At the end of this operation, all processors have the value of X = x_1 ∘ . . . ∘ x_n.

Proof: We give the following algorithm.

1. Without loss of generality, processor P_k, k ∈ {1, . . . , p}, has the data values x (k−1)n_{p +1}, x (k−1)n_{p +2}, . . . , x kn_p .

In parallel, each processor P_k computes its partial product g_k = x (k−1)n_{p +1} ∘ x (k−1)n_{p +2} ∘ . . . ∘ x kn_p . This takes Θ(^n_p ) time.

2. Perform a multinode broadcast, in which processor P_k sends g_k to all processors. By Proposition 2.2, this takes T_{sort}(p^2, p) time.

3. Each processor computes g_1 ∘ g_2 ∘ . . . ∘ g_p in Θ(p) time. Since p ≤ n/p, the assertion follows. ■

The following improves the T_{sort}(n, p) running time of [BMR96a].

Proposition 2.4 A parallel prefix operation may be implemented in time Θ(^n_p ) + T_{sort}(p^2, p) on a CGM(n, p). At the end of the operation, the prefix x_1 ∘ x_2 ∘ . . . ∘ x_i is in the same processor as x_i, i ∈ {1, 2, . . . , n}. Proof: We give the following algorithm.

1. Without loss of generality, processor P_k, k ∈ {1, . . . , p}, has the data values x (k−1)n_{p +1}, x (k−1)n_{p +2}, . . . , x kn_p . In parallel, each processor P_k computes its prefixes r (k−1)n_{p +i}, i ∈ {1, 2, . . . ,^n_p }, defined by r (k−1)n_{p +1} = x (k−1)n_{p +1}, r (k−1)n_{p +i} = r (k−1)n_{p +i−1} ∘ x (k−1)p_{n +i}, i ∈ {2, . . . , n p }. This takes Θ(^n_p ) time. Observe processor P_1 now has its desired prefixes, r_1, r_2, . . . , r^n_p .

2. Perform a multinode broadcast operation in which processor P_k sends r kn_p to all processors.

By Proposition 2.2, this takes T_{sort}(p^2, p) time.

3. In parallel, each processor P_k, 2 ≤ k ≤ p, computes the prefixes s_k and t_{k,i}, i ∈ {1, 2, . . . ,^n_p } given by s_k = r^n_p ∘ r 2n_p ∘ . . . ∘ r (k−1)n_p , t_{k,i} = s_k ∘ r (k−1)n_{p +i}, i ∈ {1, 2, . . . , n p }. This is done in Θ(^n_p ) time. The prefixes t_{k,i} are the results desired of the algorithm that weren’t already computed in the first step.

The assertion follows. ■

Proposition 2.5 Let X and Y each be lists of ordered data, evenly distributed among the processors of a CGM(n, p), where |X| + |Y | = Θ(n). Then X and Y may be merged in T_{sort}(n, p) time.

Proof: Sort the list Z = X ∪ Y in T_{sort}(n, p) time. ■

3 Describing the Lower Envelope of Polynomials

Let S be a set of polynomial functions. Finding the lower envelope or minimum of S (equivalently, the upper envelope or maximum) is fundamental to the solution of a variety of interesting problems. The lower envelope of S = {f_i : R^1 → R^1 | i = 1, . . . , n} is the function LE : R^1 → R^1 defined by LE(x) = min{f_i(x) | i = 1, . . . , n}. We will abuse notation and refer to this function as LE(S). We say a piece of LE(S) is a pair (f_i, I), where f_i ∈ S and I is a maximal interval on which LE(x) = f_i(x) identically. Thus, the problem of describing LE(x) is that of determining an ordered (by intervals) list of the pieces of LE(x).

Let k be a fixed positive integer. Suppose the members of S are all polynomial functions of degree at most k. Then the maximal number of pieces of LE(S) is denoted by λ(n, k). It was shown in [Atal85a] that λ(n, s) is the maximal length of a Davenport-Schinzel sequence [D&S65] defined by parameters n and s as follows.

Definition 3.1 [Atal85a] Let n and s be positive integers. Let C_n = {c_1, . . . , c_n} be an alphabet of n distinct symbols. Let L_{n,s} be the set of strings over C_n that do not contain any c_ic_i as a substring and that do not contain as a subsequence of their characters any of the following “forbidden sequences” E^s_{ij} , i ≠ j, defined for positive integer p by

E^s_{ij} = c_ic_j c_i if s = 1 E^{s−1}_{ij} c_j if s = 2p E^{s−1}_{ij} c_i if s = 2p + 1.

The strings in L_{n,s} are called Davenport-Schinzel sequences. ■

Notice that the presence of some E^s_{ij} as a subsequence of the characters of a string z, not necessarily as a substring of z, is sufficient to disqualify z from membership in L_{n,s}. For example, z = c_1c_2c_3c_1c_2 ∉ L_{3,2}, since z contains as a subsequence of its characters the sequence E^2_{12} = c_1c_2c_1c_2, which is forbidden to members of L_{3,2}.

The following is a generalization of Lemma 2.4 of [B&M89a].

Lemma 3.2 For all positive integers k, n, p, if p is a factor of n then pλ(n/p, k) ≤ λ(n, k). Proof: The lemma is stated in the form in which it will be used later in the paper. We note it suffices to prove the equivalent statement,

pλ(n, k) ≤ λ(np, k), for all positive integers k, n, p. (1)

The proof of statement (1) is given by induction on p. For p = 1, the truth of statement (1) is obvious.

Now suppose statement (1) is true for p ≤ u, for some positive integer u. Recall the alphabet of L_{n,k} is C_n = {c_1, . . . , c_n}. Let m = λ(nu, k). Let a ∈ L_{nu,k} be such that |a| = m. Let a = a_1 . . . a_m where a_i ∈ C_{nu}, 1 ≤ i ≤ m. Let m^′ = λ(n, k). Let z ∈ L_{n,k} be such that |z| = m^′. Let z = z_1 . . . z_m′ where z_i ∈ C_n, 1 ≤ i ≤ m^′. Let z^′ = z^′_1 . . . z^′_m′ where

z^′_i = c_{nu+j} if z_i = c_j , 1 ≤ i ≤ m^′.

Then z^′ ∈ L_{n,k} is defined over the alphabet C^′_n = {c_{nu+1}, c_{nu+2}, . . . , c_{n(u+1)}}, which is disjoint from the alphabet C_{nu} on which z is defined, and |z^′| = m^′. Hence z^{′′} = az^′ ∈ L_{n(u+1),k} and λ(n(u + 1), k) ≥ |z^{′′}| = |a| + |z^′| = m + m^′ = λ(nu, k) + λ(n, k)

≥ (by inductive hypothesis) uλ(n, k) + λ(n, k) = (u + 1)λ(n, k), as desired. This completes the proof. ■

The function λ(n, k) is, at worst, slightly more than linear in n. In the following, α(n) is the extremely slowly growing inverse Ackermann function (c.f., [H&Sh86]). We have the following. Theorem 3.3 The following results concerning the function λ(n, k) are known.

• λ(n, 1) = n and λ(n, 2) = 2n − 1 [D&S65]. • λ(n, 3) = Θ(n α(n)) [H&Sh86]. • λ(n, 4) = Θ(n 2^{α(n)}) [Agar91]. • For s > 4,

λ(n, s) = { O(n · 2^{O([α(n)](s−2)/2 )}) if s is even; O(n · 2^{O([α(n)](s−3)/2 log(α(n)))}) if s is odd [AShSh89]. ■

In the following, we assume that k is a positive integer and that S is a set of functions, polynomials of degree at most k (or more generally, k-intersecting [Hersh89], i.e., each pair of members of S has graphs that intersect in at most k points). As was done in [Atal85a, B&M89a, B&M89b, Hersh89], we also assume that for {f_i, f_j } ⊂ S, i ≠ j, all solutions of the equation f_i(x) = f_j (x) may be determined in Θ(1) serial time. We note that somewhat different resources are required for the case of functions with a common interval domain than for the more general case. Theorem 3.4 [Atal85a] Let k be a fixed positive integer and let S be a set of polynomial functions, each of degree at most k. If all members of S are defined on the same interval, then the lower envelope of S has at most λ(n, k) pieces generated by members of S and may be described in O(λ(n, k) log n) serial time. ■

Theorem 3.5 [H&Sh86, Wi&Sh88] Let k be a fixed positive integer and let S be a set of polynomial functions, each of degree at most k. If the domain of each member of S is an interval of R^1 (not necessarily the same interval for each member of S), then the lower envelope of S has at most λ(n, k + 2) pieces generated by members of S. ■

Theorem 3.6 [Hersh89] Let k be a fixed positive integer and let S be a set of polynomial functions, each of degree at most k. If the domain of each member of S is an interval of R^1 (not necessarily the same interval for each member of S), then a description of the lower envelope of S may be computed in O(λ(n, k + 1) log n) serial time. ■

Theorem 3.6 is perhaps surprising, in light of Theorem 3.5. One might expect that the serial time needed to produce the ordered list of O(λ(n, k + 2)) pieces that describe the lower envelope would be O(λ(n, k + 2) log n). However, the algorithm of [Hersh89] uses a clever insight to reduce, slightly, the running time to O(λ(n, k + 1) log n).

For the following, it is useful to observe that 1 < p ≤ n^{1/2} implies log^n_p = Θ(log n). We therefore will use the simpler log n in asymptotic expressions. We have the following (compare [DFR93]).

Theorem 3.7 Let k be a fixed positive integer and let S be a set of polynomial functions, each of degree at most k. Assume that, initially, descriptions of the members of S are stored O(^n_p ) per processor. Then the lower envelope of S may be described using the following resources.

• O[λ(λ(^n_p , k), k + 1) log n + T_{sort}(pλ(^n_p , k), p)] time on a CGM(p λ(λ(^n_p , k), k + 2), p), if there is an interval J ⊂ R^1 such that J is the domain of each member of S.

• O[λ(λ(^n_p , k+2), k+1) log n + T_{sort}(pλ(^n_p , k+2), p)] time on a CGM(p λ(λ(^n_p , k+2), k+2), p)), if the domain of each member of S is an interval in R^1 (not necessarily the same interval for each member of S).

Proof: The following algorithm solves the problem for both cases. We analyze the cases separately.

1. Let S_j be the subset of S whose members are stored initially in processor P_j . In parallel, each processor P_j computes sequentially LE(S_j ).

• If all members of S have the same interval domain, there are O(λ(^n_p , k)) pieces of LE(S_j ) stored in P_j . The time required is O(λ(^n_p , k) log n), by Theorem 3.4.

• If all members of S have some (not necessarily the same) interval for domain, there are O(λ(^n_p , k + 2)) pieces of LE(S_j ) stored in P_j . The time required is O(λ(^n_p , k + 1) log n), by Theorem 3.6.

2. Globally sort the collection of pieces of ∪^p_{j=1}LE(S_j ) by the left endpoints of their intervals. In the case of a common interval domain for members of S, each processor P_j now has a new set V_j of O(λ(^n_p , k)) pairs (f_i, I) as described above, where each pair is a piece of some LE(S_j′ ); in the more general case under consideration, O(λ(^n_p , k + 2)) such pairs. As a result of the sort, if j < j^′, (f_i, I_j ) ∈ V_j and (f_i′ , I_j′ ) ∈ V_j′ , then the left endpoint of I_j is less than or equal to the left endpoint of I_j′ .

• For members of S having common interval domain, this step requires T_{sort}(p λ(^n_p , k), p) time.

• For the more general case, this step requires T_{sort}(p λ(^n_p , k + 2), p) time.

3. In parallel, each processor P_j computes sequentially LE(V_j ). Since the members of V_j need not have the same domain, we use the algorithm of Theorem 3.6 for both cases under consideration.

• If the members of S have a common interval domain, the time required for this step is O(λ(λ(^n_p , k), k + 1) log n), and LE(V_j ) has O(λ(λ(^n_p , k), k + 2)) pieces.

• In the more general case, this step takes O(λ(λ(^n_p , k + 2), k + 1) log n) time, and LE(V_j ) has O(λ(λ(^n_p , k + 2), k + 2)) pieces.

4. Let R_j = (f_{ij} , I_j ) be the rightmost piece of LE(V_j ). This is the only piece of LE(V_j ) whose interval can intersect with the interval of a piece of LE(V_j′ ) for j^′ > j. Perform a multinode broadcast so that processor P_j sends R_j to all other processors. Hence, each processor now stores all of R_1, . . . , R_p. By Proposition 2.2, this step requires T_{sort}(p^2, p) time.

5. In parallel, each processor describes LE({R_1, . . . , R_p}) in O(λ(p, k + 1) log p) time, using the algorithm of Theorem 3.6. The number of pieces of LE({R_1, . . . , R_p}) is O(λ(p, k + 2)).

6. By our choice of the R_j , we can describe pieces of LE(S) as follows. In parallel, each processor P_j merges the pieces of LE(V_j ) with those of LE({R_1, . . . , R_p}).

• If the members of S have a common interval domain, this step takes O(λ(λ(^n_p , k), k + 2)) time, which, by Theorem 3.3, is O(λ(λ(^n_p , k), k + 1) log n).

• In the more general case we consider, this step takes O(λ(λ(^n_p , k +2), k +2)) time, which, by Theorem 3.3, is O(λ(λ(^n_p , k + 2), k + 1) log n).

7. There may be adjacent pieces with the same function, i.e., the previous step may have created pieces (f_i, I) and (f_j , I^′) such that i = j and the right endpoint of I coincides with the left endpoint of I^′. Wherever this happens, we combine the pairs into a single piece (f_i, I ∪ I^′). This can be done via a parallel prefix operation. In the following, we use Proposition 2.4 to justify our claimed running times.

• If the members of S have a common interval domain, the time required for this step is O( p λ(λ(^n_p , k), k + 2) p ) + T_{sort}(p^2, p) = O( λ(λ( n p , k), k + 2)) + T_{sort}(p^2, p) = (as above) O[λ(λ( n p , k), k + 1) log n + T_{sort}(pλ( n p , k), p)]. • In the more general case we consider, the time required for this step is O( p λ(λ(^n_p , k + 2), k + 2) p ) + T_{sort}(p^2, p) = O( λ(λ( n p , k + 2), k + 2)) + T_{sort}(p^2, p)

= (as above) O[λ(λ( n p , k + 2), k + 1) log n + T_{sort}(pλ( n p , k + 2), p)]. Thus, the required resources are as follows.

• For the case in which the members of S have the same interval domain, the algorithm uses O[ λ(λ(^n_p , k), k + 1) log n + T_{sort}(pλ(^n_p , k), p)] time on a CGM(pλ(λ(^n_p , k), k + 2), p).

• For the case in which we assume that the members of S have (not necessarily the same) interval domains, the algorithm uses O[ λ(λ(^n_p , k + 2), k + 1) log n + T_{sort}(pλ(^n_p , k + 2), p)] time on a CGM(pλ(λ(^n_p , k + 2), k + 2), p). ■

In the algorithm of Theorem 3.7, we produce a sorted (by intervals) list of

• O(λ(n, k)) pieces in the case of all members of S having the same interval domain;

• O(λ(n, k + 2)) pieces in the case of all members of S having (not necessarily the same) interval domains.

It follows by Theorem 3.3 and Lemma 3.2 that the time and memory resources required by our algorithm are very close to optimal.

In the following, we discuss several applications of Theorem 3.7. We will use the following abbreviations. T_{env} (n, k, p) = λ(λ( n p , k), k + 1) log n + T_{sort}(pλ( n p , k), p); CGM_{env} (n, k, p) = CGM(p λ(λ( n p , k), k + 2), p); T^g_{env} (n, k, p) = λ(λ( n p , k + 2), k + 1) log n + T_{sort}(pλ( n p , k + 2), p); CGM^g_{env} (n, k, p) = CGM(p λ(λ( n p , k + 2), k + 2), p). Following [Atal85a], we say the function f(t) has a jump discontinuity at u if both lim_{t→u}+ f(t) and lim_{t→u}− f(t) exist, and lim_{t→u}+ f(t) ≠ lim_{t→u}− f(t); and the function f(t) has a transition at t_0 if f(t) switches between being defined and undefined on either side of t_0.

The next result is a generalization of the complexity bound for lower envelope functions to functions with transitions and jump discontinuities.

Lemma 3.8 [B&M89a] Let k be a positive integer. Let f_1, . . . , f_n be real-valued functions of time, such that (a) every f_i is continuous except for at most p_i jump discontinuities, (b) every f_i has at most q_i transitions, where (c) p_i + q_i ≤ k, and (d) no pair of distinct functions f_i and f_j intersect more than s times. Then h(t) = min{f_1(t), . . . , f_n(t)} has no more than λ(n, s+2k) pieces generated by {f_1, . . . , f_n}. ■

Theorem 3.9 Let s and k be positive integers. Let f_1, . . . , f_n be as in Lemma 3.8. Assume also that the f_i satisfy

• each f_i has a Θ(1) storage description;

• each value f_i(t) may be computed in Θ(1) time by a single processor; and

• for i ≠ j, there are at most s distinct real solutions to the equation f_i(t) = f_j (t), all of which can be found by a single processor in Θ(1) time.

Then the function h(t) = min{f_1(t), . . . , f_n(t)} can be constructed in T_{env}(n, s + 2k, p) time by a CGM_{env} (n, s + 2k, p). Proof: The assertion may be proved by an argument that is virtually identical to that given for Theorem 3.7. ■

The next two lemmas will be useful when we combine piecewise defined functions.

Lemma 3.10 [B&M89a] Let f(t) and g(t) be functions from R^1 to R^1. Let m and n be positive integers. Suppose f(t) has m pieces and g(t) has n pieces. Then the intervals of pieces of f(t) have, altogether, at most m + n nondegenerate intersections with the intervals of pieces of g(t). ■

Lemma 3.11 [B&M89a] Let m and k be positive integers. Let f(t) and g(t) be functions from R^1 to R^1. Suppose that for every piece of both f(t) and g(t), the function of the piece is a polynomial whose degree is at most k. Assume that the intervals of the pieces of f(t) have m nondegenerate intersections with the intervals of the pieces of g(t). Then the function min{f(t), g(t)} has at most m(k + 1) pieces. ■

4 Minimization of Hausdorff Distance

The Hausdorff distance [Nadl78] is a measure of how well two sets A and B resemble each other with respect to their locations; if A and B are nonempty finite subsets of a Euclidean space, regarded as statistical populations, this measure is an alternative to more common statistical measures of population similarity. When A is subjected to a translation T so that h = H(T (A), B) is minimized, h may be regarded as a measure of how well an image A matches a template B.

In this section, we let d(a, b) = |a − b| be the Euclidean metric for R^1. We abuse notation and write d(z, A) = min{d(z, a) | a ∈ A}.

The “nonsymmetric” or “one-way” Hausdorff measure is H^∗(A, B) = max_{a∈A} d(a, B). Thus, we have the following.

Proposition 4.1 Let A ∪ B ⊂ R^1, |A| = m, and |B| = n. Then H^∗(A, B) = max{H^∗({a}, B) | a ∈ A}. ■ The Hausdorff metric H(A, B) is defined [Nadl78] by H(A, B) = max{H^∗(A, B), H^∗(B, A)}. For A ⊂ R^1, t ∈ R^1, let A + t = {a + t | a ∈ A}. In [Röte91], a serial algorithm is given to solve the following problem: Let A and B be finite subsets of the real line. Find a translation t of A so that the Hausdorff distance H(A + t, B) is minimized. The algorithm of [Röte91] is dominated by the description of the function H(A + t, B), which is an upper envelope problem. We give in Theorem 4.7 an efficient algorithm to solve this problem on a coarse grained multicomputer.

It will be useful to assume the members of A and those of B are ordered: a_1 < a_2 < . . . < a_m, b_1 < b_2 < . . . < b_n.

There is no loss of generality in making such an assumption, since if not initially known to be true, this state can be achieved in T_{sort}(m, p) + T_{sort}(n, p) time on a CGM(m + n, p). In order to prove Theorem 4.7, we use the following.

Lemma 4.2 [Röte91] Let A ∪ B ⊂ R^1, |A| = m, and |B| = n. Suppose a_1 = b_1. Then, for all t ∈ R^1, H(A + t, B) ≥ |t|. ■

For each a ∈ A, let f_a : R^1 → R^1 be the function f_a(t) = H^∗({a + t}, B).

The assertions of the following Lemma are found in [Röte91]. We give a proof to clarify our methods.

Lemma 4.3 Let a ∈ A. Then f_a is a continuous, piecewise linear function for which the graph of each linear piece has slope in {−1, 1}.

Proof: First, we show f_a is piecewise linear, with slopes in {−1, 1}. We consider the following cases.

1. Suppose a + t_0 ≤ b_1. Then t_0 belongs to an interval I_0 on which f_a(t) = b_1 − (a + t). Thus, on I_0, f_a has slope −1.

2. Similarly, if a + t_1 ≥ b_n, then t_1 belongs to an interval I_1 on which f_a has slope 1.

3. The only remaining possibility is that there are consecutive members b_i, b_{i+1} of B such that b_i ≤ a + t ≤ b_{i+1}. This requires consideration of two subcases.

• If t_3 is such that b_i ≤ a + t_3 ≤ (b_i + b_{i+1})/2, then t_3 belongs to an interval I_3 on which f_a(t) = a + t − b_i. Hence, on I_3, f_a has slope 1.

• If t_4 is such that (b_i + b_{i+1})/2 ≤ a + t_4 ≤ b_{i+1}, then t_4 belongs to an interval I_4 on which f_a(t) = b_{i+1} − (a + t). Hence, on I_4, f_a has slope −1.

Thus, for all t ∈ R^1, t belongs to an interval on which the graph of f_a has slope −1 or 1.

That f_a is continuous follows from the fact that common endpoints of intervals discussed above must belong to one of the following cases.

• a + t = b_i ∈ B. Then the formulas for both of the pieces of f_a whose intervals intersect at such a value of t give f_a(t) = 0.

• a+t = (b_i +b_{i+1})/2 for some pair b_i, b_{i+1} of consecutive members of B. Then the formulas for both of the pieces of f_a whose intervals intersect at such a value of t give f_a(t) = (b_{i+1} −b_i)/2. ■

Lemma 4.4 Let a ∈ A.

• Suppose there exists t_0 ≥ 0 such that f_a(t_0) ≤ t_0. Then, for all t ≥ t_0, f_a(t) ≤ t.

• Suppose there exists T_0 ≤ 0 such that f_a(T_0) ≤ |T_0|. Then, for all t ≤ T_0, f_a(t) ≤ |t|.

Proof: Let t_0 ≥ 0 be such that f_a(t_0) ≤ t_0. Let I be the interval of the linear piece of f_a such that t_0 ∈ I. First, we claim that

for all t ∈ I such that t ≥ t_0, f_a(t) ≤ t. (2)

This claim follows from Lemma 4.3.

Suppose there is a t_1 > t_0 such that f_a(t_1) > t_1. It follows from statement (2) that t_0 and t_1 belong to intervals of distinct pieces of f_a. Let t_2 be the left endpoint of the interval of f_a containing t_1. Without loss of generality, we may assume t_2 is minimal among endpoints t of intervals I of pieces of f_a such that t > t_0 and such that I has a point t_∗ satisfying f_a(t_∗) > t_∗.

Then t_2 is a right endpoint of a piece of f_a on whose interval f_a(t) ≤ t, by (2). On the interval [t_2, t_1], f_a is continuous and differentiable, and^{fa(t1 )−fa(t2 )}_{t1 −t2} > 1. It follows from the Mean Value Theorem of calculus that there exists t_3 such that t_2 < t_3 < t_1 and f^′_a(t_3) > 1. This contradicts Lemma 4.3. It follows that t > t_0 implies f_a(t) ≤ t.

The proof of the second assertion is similar and is omitted. ■ Let F : R^1 → R^1 be a piecewise-defined function and let (f, I) be a piece of F . Let H : R^1 → R^1 be a piecewise-defined function. We say (f, I) contributes to H if there is a subinterval J of I such that H(t) = f(t) for all t ∈ J.

We define the following functions:

• id : R^1 → R^1 is defined by id(t) = t for all t ∈ R^1.

• −id : R^1 → R^1 is defined by −id(t) = − t for all t ∈ R^1.

• For a fixed a ∈ R^1, α_{a,i} : R^1 → R^1 is defined by α_{a,i}(t) = a + t − b_i, for all t ∈ R^1.

• For a fixed a ∈ R^1, β_{a,i} : R^1 → R^1 is defined by β_{a,i}(t) = b_{i+1} − (a + t), for all t ∈ R^1.

The following Proposition is essentially found in [Röte91], where it is stated in somewhat lesser detail than is given below.

Proposition 4.5 Let A ∪ B ⊂ R^1, |A| = m, and |B| = n. Suppose a_1 = b_1. Then we have the following.

• If a < b_1, the piece of f_a that may contribute to H(A + t, B) is (β_{a,0}, (−∞, b_1 − a]).

• If a = b_1, the pieces of f_a that may contribute to H(A + t, B) are (−id, (−∞, 0]) and (id, [0, b_2 − b_1 2 ]). • If a = b_i for i ∈ {2, . . . , n − 1}, the pieces of f_a that may contribute to H(A + t, B) are (−id, [− b_i − b_{i−1} 2 , 0]) and (id, [0, b_{i+1} − b_i 2 ]). • If a = b_n, the pieces of f_a that may contribute to H(A + t, B) are (−id, [− b_n − b_{n−1} 2 , 0]) and (id, [0, ∞)).

• If b_i < a < b_{i+1}, the pieces of f_a that may contribute to H(A + t, B) are (α_{a,i}, [−(a − b_i), b_i + b_{i+1} 2 − a]) and (β_{a,i}, [ b_i + b_{i+1} 2 − a, b_{i+1} − a]). • If a > b_n, the piece of f_a that may contribute to H(a + t, B) is (α_{a,n}, [−(a − b_n), ∞)). Proof: That the pieces claimed indeed are pieces of f_a may easily be checked by the reader. That no other pieces of f_a may contribute to H(a + t, B) follows from Lemma 4.2 and Lemma 4.4. ■

Proposition 4.6 Let A ∪ B ⊂ R^1, |A| = m, and |B| = n. Suppose a_1 = b_1. Then a description of the function H(A + t, B) may be computed in O[λ(λ( m p , 3), 2) log m + λ(λ( n p , 3), 2) log n + T_{sort}(λ(m, 3) + λ(n, 3), p)]

time on a CGM^g_{env} (m + n, 1, p), and this function has O(λ(m, 3) + λ(n, 3)) pieces.

Proof: We give the following algorithm.

1. For each a ∈ A, compute the (at most) two pieces of f_a that can contribute to H(A + t, B) described in Lemma 4.5. Let us denote these pieces by f_{a,1} and f_{a,2}. This is done via a parallel search step in which each a ∈ A finds the corresponding b_i and b_{i+1} discussed in Proposition 4.5, followed by sequential (within processors executing in parallel) construction of the pieces, in T_{sort}(m + n, p) time.

2. Compute a description of the function H_A : R^1 → R^1, defined as the upper envelope of {f_{ai,1}, f_{ai,2}}^m_{i=1}. By Theorem 3.7, this requires T^g_{env}(m, 1, p) time, and H_A has O(λ(m, 3)) pieces. Note H_A(t) may not be identically equal to H^∗(A + t, B); however, it follows from Proposition 4.1 and Proposition 4.5 that any piece of H(A + t, B) that is contributed by a piece of H^∗(A + t, B) is contributed by a piece of H_A(t).

3. Note that the function H^∗(B, A + t) is identical to the function H^∗(B − t, A). Therefore, we may similarly execute analogs of the previous steps to compute a description of the function H_B : R^1 → R^1, analogous to H_A, from the (at most) two pieces of f_{b,1} and f_{b,2}, for all b ∈ B, that may contribute to the function H(A + t, B). This requires T_{sort}(m + n, p) + T^g_{env} (n, 1, p) time, and the function H_B has O(λ(n, 3)) pieces. The function H_B (t) has a similar relationship with H^∗(B, A + t) as that between H_A and H^∗(A + t, B).

4. Compute the function H(A + t, B), which is the upper envelope of the functions H_A and H_B .

This step can be performed by a merge-like operation of the pieces of H_A and those of H_B in T_{sort}(λ(m, 3) + λ(n, 3), p) time, followed by a parallel prefix operation to combine adjacent pieces with the same function description into a single piece, in O( λ(m, 3) + λ(n, 3) p ) + T_{sort}(p^2, p) = (by Theorem 3.3) O(T^g_{env} (m, 1, p) + T^g_{env}(n, 1, p)) time. By Lemma 3.10, the function H(A + t, B) has O(λ(m, 3) + λ(n, 3)) pieces.

It follows from our definition of T^g_{env} (n, k, p) that the time required by our algorithm is O[λ(λ( m p , 3), 2) log m + λ(λ( n p , 3), 2) log n + T_{sort}(λ(m, 3) + λ(n, 3), p)]. ■ We now prove the main result of this section.

Theorem 4.7 Let A ∪ B ⊂ R^1, |A| = m, and |B| = n. Then a translation t of A that minimizes the Hausdorff distance H(A + t, B) may be described on a CGM^g_{env} (m + n, 1, p) in O[λ(λ( m p , 3), 2) log m + λ(λ( n p , 3), 2) log n + T_{sort}(λ(m, 3) + λ(n, 3), p)]

time.

Proof: We give the following algorithm.

1. Translate A by t_0 = b_1 − a_1 to A^′ = A + t_0 = {a_i + t_0 | i = 1, . . . , m}. Let a^′_i = a_i + t_0, i = 1, . . . , m. Note that a^′_1 = b_1. This is done as follows.

• Broadcast the values of a_1 and b_1 to all processors. This requires O(p) time. • In parallel, all processors compute t_0. This takes Θ(1) time.

• In parallel, every processor adds t_0 to each of its members of A to obtain the corresponding members of A^′. This requires Θ(^m_p ) time.

2. Compute a description of the function H(A^′ + t, B) via the algorithm of Proposition 4.6. This takes O[λ(λ( m p , 3), 2) log m + λ(λ( n p , 3), 2) log n + T_{sort}(λ(m, 3) + λ(n, 3), p)]

time, and there are O(λ(m, 3) + λ(n, 3)) pieces.

3. In parallel, every processor computes the minimum value attained by each of its pieces of H(A^′ + t, B) and notes the value of t that yields the minimum value for the piece. Since every piece is a linear function on an interval, it takes Θ(1) time to determine the minimum value of a piece of H(A^′ + t, B). Hence, this step requires O(^{λ(m,3)+λ(n,3)}_p ) time.

4. Let t_1 be a value of t that yields a minimum value for the function H(A^′ + t, B). The value of t_1 is determined by performing a minimum operation on the piecewise minima determined in the previous step. By Proposition 2.3, this takes O(^{λ(m,3)+λ(n,3)}_p ) + T_{sort}(p^2, p) time.

5. A translation parameter t_2 such that H(A + t_2, B) = min{H(A + t, B) | t ∈ R^1} is now obtained via t_2 = t_0 +t_1. Since all processors have the values of t_0 and t_1, all processors compute t_2 in Θ(1) time.

Thus, the time required by our algorithm is O[λ(λ( m p , 3), 2) log m + λ(λ( n p , 3), 2) log n + T_{sort}(λ(m, 3) + λ(n, 3), p)]. ■ 5 Common Intersections of Polygons

In [Reic88, B&M90], serial and fine-grained parallel algorithms are given to solve the Common Intersection Problem for vertically convex polygons (a polygon P is vertically convex if for every pair of points {x, y} ∈ P , if x and y are on the same vertical line segment s, then s ⊂ P ). The Common Intersection Problem is that of determining whether a collection of subsets of the Euclidean plane R^2 has a common intersection, and, if so, describing the intersection. We have the following. Theorem 5.1 Let S be a set of vertically convex polygons in R^2 whose boundaries have a total of n line segments. Then the Common Intersection Problem for S can be solved on a CGM^g_{env} (n, 1, p) in O[λ(λ( n p , 3), 2) log n + T_{sort}(λ(n, 3), p)] time.

Proof: We assume input to the problem consists of a description of n line segments representing the boundaries of k vertically convex polygons, F_1, . . . , F_k, where 1 ≤ k < n, with each line segment labeled by the polygon to which it belongs, such that the line segments of the same polygon are consecutive in the input and are given in circular order. Our algorithm follows.

1. For each F_i, determine a leftmost and a rightmost vertex, l_i and r_i, respectively. Since the edges are given in circular order within polygons, associate with each edge of F_i the values of l_i and r_i. This is done via parallel prefix operations in Θ(^n_p ) + T_{sort}(p^2, p) time.

2. Use l_i and r_i to determine the upper and lower boundaries U_i and L_i of F_i. Each of U_i and L_i is a connected union of edges of F_i that forms a path from l_i to r_i. Since the edges of F_i are in circular order, this may be done in Θ(^n_p ) + T_{sort}(p^2, p) time via parallel prefix operations.

3. Compute a description of the lower envelope function f(t) of the edges in ∪^k_{i=1}U_i and a description of the upper envelope function g(t) of the edges in ∪^k_{i=1}L_k. By Theorem 3.7, this takes T^g_{env} (n, 1, p) time, and by Theorem 3.5, each of these envelope functions has O(λ(n, 3)) pieces.

4. A point (t_0, y) ∈ ∩^k_{i=1}F_i if and only if (t_0, y) is below (or on) the graph of f(t) and above (or on) the graph of g(t), with B ≤ t_0 ≤ C, (3) where B and C are the abscissas of the rightmost of {l_i}^k_{i=1} and the leftmost of {r_i}^k_{i=1}, respectively. We determine whether such a point exists, as follows.

• Compute a description of the function f(t) − g(t). This may be done by a merge-like operation on the pieces of f and the pieces of g, in T_{sort}(λ(n, 3), p) time. By Lemma 3.10, f(t) − g(t) has O(λ(n, 3)) pieces.

• Compute each of B and C. This may be done in O(^n_p ) + T_{sort}(p^2, p) time via semigroup operations. At the end of this step, every processor has the values of B and C.

• Examine the O(λ(n, 3)) pieces of f(t) − g(t) to see if there is a piece that attains a nonnegative value at some t_0 satisfying inequalities (3). Since f(t)−g(t) has linear pieces, it takes Θ(1) time for a processor to examine one piece. Hence, each processor examines its share of the pieces in O(^{λ(n,3)}_p ) time. A description of the common intersection points may be obtained by noting, on each piece of f(t) − g(t), the subinterval J of the piece satisfying (a) t ∈ J implies B ≤ t ≤ C, and (b) t ∈ J implies f(t) − g(t) ≥ 0.

It follows from Lemma 3.2 and our definition of T^g_{env}(n, k, p) that the time our algorithm requires is O[λ(λ( n p , 3), 2) log n + T_{sort}(λ(n, 3), p)]. ■

Next, we give a slight generalization of Theorem 5.1 that may be used to solve the Common Intersection Problem for planar figures with curved boundaries, e.g., circular disks or figures whose boundaries are graphs of polynomial functions. The proof is not given, as it is virtually identical with that given for Theorem 5.1.

Theorem 5.2 Let k, m, n be integers, 0 < k < n. Let f_1, . . . , f_m be real-valued functions of a real variable such that

• each f_i has a Θ(1) storage description;

• each value f_i(x) may be computed in Θ(1) time by a single processor; and

• for i ≠ j, there are at most k distinct real solutions to the equation f_i(x) = f_j (x), all of which can be found by a single processor in Θ(1) time.

Let S be a set of vertically convex subsets of R^2 such that the union of the boundaries of members of S is the union of n pieces of the graphs y = f_i(x), i ∈ {1, . . . , m}. Then the intersection of the members of S may be described on a CGM^g_{env} (n, k, p) in O[λ(λ( n p , k + 2), k + 1) log n + T_{sort}(λ(n, k + 2), p)] time. ■

6 Dynamic Computational Geometry

Problems concerning geometric properties of moving point-objects were considered in [Atal85a, B&M89a, B&M89b]. Sequential algorithms are presented in [Atal85a], while fine-grained parallel algorithms are presented in [B&M89a, B&M89b].

We have obtained efficient scaleable parallel algorithms for many of the problems discussed in the papers cited above. All have running times dominated by description of lower or upper envelopes and data movements of an envelope’s pieces. In this section, we assume that k is a fixed positive integer, and that S = {s_0, s_1, . . . , s_{n−1}} is a set of point-objects moving in the Euclidean space R^d so that for each s_i ∈ S, the location of s_i at time t is described by a vector-valued function

f_i(t) = [f^1_i (t), . . . , f^d_i (t)], such that each Cartesian coordinate function f^j_i is a polynomial in t of degree at most k. We refer to such motion as k−motion [B&M89a].

6.1 Nearest Neighbor

We have the following.

Theorem 6.1 Let d and k be fixed positive integers. Let S be a system of n point-objects, each of which is in k−motion in R^d. Then, as a function of t, a nearest member of S \ {s_0} to s_0 may be described in T_{env} (n, 2k, p) time on a CGM_{env} (n, 2k, p).

Proof: For j ∈ {1, 2, . . . , n − 1}, let d_j (t) = d(f_0(t), f_j (t)), where d indicates the Euclidean distance function. Note [d_j (t)]^2 is a polynomial of degree at most 2k. Since

d_j (t) = min{d_1(t), . . . , d_{n−1}(t)} if and only if [d_j (t)]^2 = min{[d_1(t)]^2, . . . , [d_{n−1}(t)]^2}, it follows that the problem reduces to describing LE({[d_1(t)]^2, . . . , [d_{n−1}(t)]^2}). The assertion follows from Theorem 3.7. ■

6.2 Containment in an Iso-Oriented Hyperrectangle

We have the following.

Theorem 6.2 Let d and k be fixed positive integers. Let X_1, . . . , X_d be fixed positive numbers. Let S be a system of point-objects, each of which is in k−motion in R^d. Then, as a function of t, the time intervals when an iso-oriented hyperrectangle of dimensions X_1, . . . , X_d contains S may be determined in O[λ(λ(^n_p , k), k + 1) log n + T_{sort}(λ(n, k), p)] time on a CGM_{env} (n, k, p).

Proof: We give the following algorithm.

1. For j = 1, . . . , d, let f^j_i (t) be the j^{th} coordinate function of f_i(t). Compute descriptions of all the functions m_j (t) = min{f^j_0 (t), . . . , f^j_{n−1}(t)}, and M_j (t) = max{f^j_0 (t), . . . , f^j_{n−1}(t)}, j = 1, . . . , d. It follows from Theorem 3.7 that all can be described in T_{env} (n, k, p) time.

2. For j = 1, . . . , d, describe all the functions D_j (t) = M_j (t) − m_j (t), j = 1, . . . , d. Since each of the functions M_j and m_j has O(λ(n, k)) pieces, this step can be done by merging the pieces of M_j and those of m_j in T_{sort}(λ(n, k), p) time (Proposition 2.5). Note D_j has O(λ(n, k)) pieces, by Lemma 3.10.

3. For j = 1, . . . , d, describe all the functions w_j (t) = D_j (t) − X_j , as follows. Broadcast the values of X_1, . . . , X_d to all processors in O(p) time. Then, in O(^{λ(n,k)}_p ) time, each processor sequentially computes the appropriate difference in each of its pieces of the members of {D_1(t), . . . , D_d(t)}.

4. For j = 1, . . . , d, describe all the functions W_j (t) = { 1 if w_j (t) ≤ 0; 0 otherwise.

Each piece of w_j generates at most k + 1 constant-valued pieces of W_j in Θ(1) serial time; hence W_j has O(λ(n, k)) constant-valued pieces. This step requires O(^{λ(n,k)}_p ) time.

5. Now describe the product function π(t) of {W_1, . . . W_d}. As above, this function has O(λ(n, k)) pieces and may be described in T_{sort}(λ(n, k), p) time via ⌈log d⌉ = Θ(1) merge-like steps, starting at the lowest level with the pieces of pairs of {W_1, . . . , W_d}. We note that S is contained in an iso-oriented hyperrectangle of the specified dimensions precisely during those intervals of time corresponding to pieces of π when π(t) = 1.

The assertion follows from Lemma 3.2 and the definition of T_{env} (n, k, p). ■

6.3 Smallest Containing Hypercube

A problem related to that discussed in Section 6.2 is the description, as a function of time, of the edgelength of the smallest rectilinear, iso-oriented hypercube that contains S at time t. Here, by “hypercube” we mean a hyperrectangle in which all edges have the same size. We have the following.

Theorem 6.3 Let d and k be fixed positive integers. Let S be a system of point-objects, each of which is in k−motion in R^d. Then the function E(t), the edgelength of the smallest rectilinear, iso-oriented hypercube that contains S at time t, can be described in O[λ(λ( n p , k), k + 1) log n + T_{sort}(λ(n, k), p)] time on a CGM_{env} (n, k, p). Proof: We give the following algorithm.

1. Compute descriptions of all the functions D_1(t), . . . , D_d(t) that represent the edgelengths of the smallest iso-oriented hyperrectangle that contains S. As described in the proof of Theorem 6.2, the union of the pieces of these functions has a cardinality of O(λ(n, k)), and this step may be performed in O[λ(λ(^n_p , k), k + 1) log n + T_{sort}(λ(n, k), p)] time on a CGM_{env} (n, k, p).

2. Note E(t) = max{D_1(t), . . . , D_d(t)}. Therefore, a description of E(t) may now be computed by ⌈log d⌉ = Θ(1) merge-like steps, starting at the lowest level with the pieces of pairs of {D_1, . . . , D_d}. This step may be performed in T_{sort}(λ(n, k), p) time.

The assertion follows. ■

6.4 Vertex of Convex Hull

The convex hull of a set of points S = {P_0, . . . , P_n}, denoted hull(S), is the smallest convex set containing S. A point P_i ∈ S is an extreme point or vertex of hull(S) if P_i ∉ hull(S \ {P_i}). In this section, we develop a CGM algorithm for determining when a given point P_i ∈ S is an extreme point of hull(S), where S is a set of point objects in k−motion in R^2. In doing so, we use some results of [Atal85a, B&M89a].

Let T_{ij} (t) be the angle made by rotating the positively oriented horizontal ray with endpoint P_i about P_i until the ray contains the line segment from P_i to P_j at time t. By convention, −π < T_{ij} (t) ≤ π. Formally, if x_i(t), x_j (t), y_i(t), and y_j (t) are the x and y coordinates of the points P_i and P_j , respectively, at time t, then

T_{ij} (t) = π/2 if x_i(t) = x_j (t) and y_i(t) < y_j (t); −π/2 if x_i(t) = x_j (t) and y_i(t) > y_j (t); arctan (_{yj (t)−yi(t)} x_j (t)−x_i(t) ) if x_i(t) < x_j (t);

arctan (_{yj (t)−yi(t)} x_j (t)−x_i(t) ) + π if x_i(t) > x_j (t) and y_i(t) < y_j (t);

arctan (_{yj (t)−yi(t)} x_j (t)−x_i(t) ) − π if x_i(t) > x_j (t) and y_i(t) > y_j (t);

undefined if x_i(t) = x_j (t) and y_i(t) = y_j (t).

Define G_{ij} (t) = { T_{ij} (t) if T_{ij} (t) ≥ 0; undefined otherwise.

Define B_{ij} (t) = { T_{ij} (t) if T_{ij} (t) < 0; undefined otherwise.

Define the functions a_i, b_i, c_i, and d_i as follows. a_i(t) = min{G_{ij} (t) | 0 ≤ j < n, i ≠ j, G_{ij} (t) is defined}. b_i(t) = max{G_{ij} (t) | 0 ≤ j < n, i ≠ j, G_{ij} (t) is defined}. c_i(t) = min{B_{ij} (t) | 0 ≤ j < n, i ≠ j, B_{ij} (t) is defined}. d_i(t) = max{B_{ij} (t) | 0 ≤ j < n, i ≠ j, B_{ij} (t) is defined}. If at time t, G_{ij} (t) is undefined (respectively, B_{ij} (t) is undefined) for all j, then a_i(t) and b_i(t) (respectively, c_i(t) and d_i(t)) are undefined.

Lemma 6.4 [B&M89a], proof of Lemma 4.4: Let S be a set of n point-objects that are in k−motion, for some positive integer k, and let H : R^1 → R^1 be any of the functions in {G_{ij} , H_{ij} | 0 ≤ i < n, 0 ≤ j < n, i ≠ j} described above. Let q be the number of jump discontinuities of H and let r be the number of transitions of H. Then q + r ≤ k. ■

Define T = {T_{ij} | j ≠ i, 0 ≤ j < n}. Lemma 6.5 [Atal85a, B&M89a] For a system of n point-objects in the Euclidean plane with kmotion, each of the functions a_i, b_i, c_i, and d_i has at most λ(n, 4k) pieces generated by T . ■

Lemma 6.6 [Atal85a] Given a set S of n point-objects in the plane with k−motion, a point P_i is an extreme point of hull(S) at time t if and only if

1. a_i(t) − d_i(t) > π, or

2. b_i(t) − c_i(t) < π, or

3. a_i(t) and b_i(t) are undefined, or

4. c_i(t) and d_i(t) are undefined. ■

The reader may find Figure 1 helpful in understanding Lemma 6.6.

In the following theorem, we give an algorithm to determine the intervals of time over which a given point P_i ∈ S = {P_0, . . . , P_{n−1}} is an extreme point of hull(S). We will again assume that the roots of a polynomial of bounded degree can be determined in Θ(1) time.

Theorem 6.7 Let S = {P_0, . . . , P_{n−1}} be a set of points in the plane with k-motion. Then the ordered intervals of time during which a given point P_i is an extreme point of hull(S) can be determined in O[λ(λ(^n_p , 4k), 4k + 1) log n + T_{sort}(λ(n, 4k), p)] time on a CGM_{env} (n, 4k, p).

Proof: Observe that solving T_{ij} (t) = T_{im}(t) means finding instants at which the directed line segment from P_i to P_j and the directed line segment from P_i to P_m are parallel and similarly oriented. Finding instants when the line segments are parallel requires solving the equation

[y_j (t) − y_i(t)] [x_m(t) − x_i(t)] = [y_m(t) − y_i(t)] [x_j (t) − x_i(t)] (4)

which is a polynomial equation of degree at most 2k. We assume such equations can be solved in Θ(1) time by a single PE. Further, determining whether or not two parallel directed line segments are similarly oriented can be accomplished in Θ(1) serial time. It follows that T_{ij} (t) = T_{im}(t) can be solved by a single processor in Θ(1) time.

Figure 1: Extreme points of the convex hull.

By Lemma 6.4, each G_{ij} (similarly, each B_{ij} ) has at most k values of t that yield jump discontinuities or transitions. It follows from Theorem 3.9 that we can construct the functions a_i(t), b_i(t), c_i(t), and d_i(t) in T_{env}(n, 4k, p) time. It follows from Lemma 6.5 and Lemma 3.10 that each of a_i(t)−d_i(t) and b_i(t)−c_i(t) has O(λ(n, 4k)) pieces generated by differences of members of T . The ordered pieces of the functions a_i(t)−d_i(t) and b_i(t)−c_i(t) are now constructed in T_{sort}(λ(n, 4k), p) time by mergelike operations. Similarly, ordered maximal intervals on which a_i(t) and b_i(t) are both undefined (respectively, on which c_i(t) and d_i(t) are both undefined) are determined in T_{env}(n, 4k, p) time.

Define A_i(t) = { 1 if a_i(t) − d_i(t) ≥ π 0 otherwise and B_i(t) = { 1 if b_i(t) − c_i(t) ≤ π 0 otherwise.

Observe that if I_1 and I_2 are intervals of pieces of a_i and d_i, respectively, where I = I_1 ∩ I_2 is nondegenerate, then a_i|_I (t) − d_i|_I (t) = π implies there are integers j and m determined by I_1 and I_2, respectively, such that a_i|_I = T_{ij} , d_i|_I = T_{im}, and T_{ij} (t) − T_{im}(t) = π. Solving the latter means finding instants at which the directed line segment from P_i to P_j and the directed line segment from P_i to P_m are parallel and oppositely oriented. We noted above that finding instants when the line segments are parallel may be accomplished in Θ(1) serial time, and that there are at most 2k such instants. Determining whether or not two parallel directed line segments are oppositely oriented may also be done in Θ(1) serial time. Every piece of a_i(t) − d_i(t) generated by differences of members of T yields at most 2k + 1 pieces of A_i(t) generated by the set of constant functions {0, 1}. It follows from Lemma 3.11 that A_i(t) has at most (2k +1) 2 λ(n, 4k) = O(λ(n, 4k)) pieces generated by {0, 1}. Similarly, B_i(t) has O(λ(n, 4k)) pieces generated by {0, 1}. The functions A_i(t) and B_i(t) may be constructed in T_{sort}(λ(n, 4k), p) additional time, using merge-like operations.

Similarly, in T_{sort}(λ(n, 4k), p) time we can construct the O(λ(n, 4k)) ordered pieces generated by {0, 1} of C_i(t) = { 1 if both a_i(t) and b_i(t) are undefined 0 otherwise and D_i(t) = { 1 if both c_i(t) and d_i(t) are undefined 0 otherwise.

It follows from Lemma 3.11 that there are O(λ(n, 4k)) pieces generated by {0, 1} of H_i(t) = max{A_i(t), B_i(t), C_i(t), D_i(t)}, which now may be determined in T_{sort}(λ(n, 4k), p) additional time by merge-like operations. Since Lemma 6.6 implies P_i is an extreme point at time t if and only if H_i(t) = 1, the algorithm is complete. The running time of the algorithm is T_{env} (n, 4k, p) + T_{sort}(λ(n, 4k), p), which, by Lemma 3.2 and the definition of T_{env}, is O[λ(λ(^n_p , 4k), 4k + 1) log n + T_{sort}(λ(n, 4k), p)]. ■

7 Further remarks

7.1 Summary

In this paper, we have given an efficient scaleable parallel algorithm for describing the lower envelope function for a set of polynomials of bounded degree. We have used this algorithm to obtain efficient solutions to a variety of related geometric problems.

As far as we know, our algorithms are in all cases the first scaleable parallel algorithms given in solution to their respective problems.

7.2 Acknowledgment

We acknowledge suggestions of the anonymous referees that helped improve the presentation of our results.

References

[Agar91] P.K. Agarwal, Intersection and Decomposition Algorithms for Planar Arrangements, Cambridge University Press, Cambridge, 1991.

[AShSh89] P.K. Agarwal, M. Sharir, and P. Shor, Sharp upper and lower bounds on the length of general Davenport-Schinzel sequences, Journal of Combinatorial Theory Series A 52 (1989), 228-274.

[A&L93] S.G. Akl and K.A. Lyons, Parallel Computational Geometry, Prentice-Hall, New York, 1993.

[Atal85a] M.J. Atallah, Some dynamic computational geometry problems. Computers and Mathematics with Applications 11 (1985), 1171-1181.

[B&M89a] L. Boxer and R. Miller, Parallel dynamic computational geometry, Journal of New Generation Computer Systems 2 (1989), 227-246.

[B&M89b] L. Boxer and R. Miller, Dynamic computational geometry on meshes and hypercubes, Journal of Supercomputing 3 (1989), 161-191.

[B&M90] L. Boxer and R. Miller, Common intersections of polygons, Information Processing Letters 33 (1990), 249-254; Corrigenda in Information Processing Letters 35 (1990), 53. [BMR96a] L. Boxer, R. Miller, and A. Rau-Chaplin, Some scalable parallel algorithms for geometric problems, SUNY at Buffalo Department of Computer Science Technical Report 96-12 (1996).

[BMR96b] L. Boxer, R. Miller, and A. Rau-Chaplin, Some scaleable parallel algorithms for geometric problems, Proceedings IASTED Conference on Parallel and Distributed Computing and Systems (1996), 426-430.

[CKPSSSSE] D. Culler, R. Karp, D. Patterson, A. Sahay, K.E. Schauser, E. Santos, R. Subramonian, and T. von Eicken, LogP: Towards a Realistic Model of Parallel Computation. Proc. 4th ACM SIGPLAN Sym. on Principles of Parallel Programming, 1993.

[D&S65] H. Davenport and A. Schinzel, A combinatorial problem connected with differential equations. Amer. J. Math. 87 (1965), 684-694.

[DFR93] F. Dehne, A. Fabri, and A. Rau-Chaplin, Scalable parallel geometric algorithms for multicomputers, Proc. 9th ACM Symp. on Computational Geometry, (1993), 298-307.

[DDDFK95] F. Dehne, X. Deng, P. Dymond, A. Fabri, and A. Khokhar, A randomized parallel 3D convex hull algorithm for coarse grained multicomputers, Proc. 7th ACM Symp. on Parallel Algorithms and Architectures, (1995), 27-33.

[De&Dy95] X. Deng and P. Dymond, Efficient routing and message bounds for optimal parallel algorithms, Proceedings International Parallel Processing Symposium, (1995), 556- 562.

[FRU95] A. Ferreira, A. Rau-Chaplin, and S. Ubeda, Scalable 2d convex hull and triangulation algorithms for coarse grained multicomputers, Proc. 7th IEEE Symp. on Parallel and Distributed Processing, 1995.

[H&K93] S. Hambrusch, and A. Khokhar, C3: An Architecture-Independent Model For Coarse- Grained Parallel Machines, Purdue University Computer Sciences Technical Report CSD-TR-93-080 (1993).

[H&Sh86] S. Hart and M. Sharir, Nonlinearity of Davenport-Schinzel sequences and of generalized path compression schemes, Combinatorica 6 (1986), 151-177.

[Hersh89] J. Hershberger, Finding the upper envelope of n line segments in O(n log n) time, Information Processing Letters 33 (1989), 169-174.

[M&S96] R. Miller and Q.F. Stout, Parallel Algorithms for Regular Architectures: Meshes and Pyramids, The MIT Press, Cambridge, Mass., 1996.

[Nadl78] S.B. Nadler, Jr., Hyperspaces of Sets, Marcel Dekker, Inc., New York, 1978.

[Reic88] M. Reichling, On the detection of a common intersection of k convex objects in the plane, Information Processing Letters 29 (1988), 25-29.

[Röte91] G. Röte, Computing the minimum Hausdorff distance between two point sets on a line under translation, Information Processing Letters 38 (1991), 123-127.

[Vali90] L.G. Valiant, A Bridging Model for Parallel Computation, Communications of the ACM 33 (1990), 103-111.

[Wi&Sh88] A. Wiernik and M. Sharir, Planar realization of nonlinear Davenport-Schinzel sequences by segments, Discrete and Computational Geometry 3 (1988), 15-47.