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Chapter 2

A Look at Some Nicely Behaved Codes:
Linear Codes

Let us now pause for a bit and think about how we can represent a code. In general, a code
C : {0,1}* — {0,1}" can be stored using n2* bits (n bits for each of the 2¥ codewords). For
constant rate codes, this is exponential space, which is prohibitive even for modest values of k
like k = 100. A natural question is whether we can do better. Intuitively, the code must have
some extra structure that would facilitate a succinct representation of the code. We will now
look at a class of codes called linear codes that have more structure than general codes which
leads to some other nice properties. We have already seen binary linear codes in Section 1.5,
that is, C < {0,1}" is linear code if for all ¢;,¢c, € C, ¢; + ¢, € C, where the “+" denotes bit-wise
EXOR.

Definition 2.0.4 (Linear Codes). Let q be a prime power (i.e. q = p® for some prime p and integer
s=1). C<{0,1,..,qg—1}" is alinear code if it is a linear subspace of {0,1,...,q — 1}". IfC has
dimension k and distance d then it will be referred to as an [n, k, d] 4 or just an [n, k] 4 code.

Of course the above definition is not complete because we have not defined a linear sub-
space yet. We do that next.

2.1 Finite Fields

To define linear subspaces, we will need to work with (finite) fields. We begin with a quick
overview of fields. For a more thorough treatment refer to any standard text on algebra or the
book on finite fields by Lidl and Niederreiter [30].

Informally speaking, a field is a set of elements on which one can do addition, subtraction,
multiplication and division and still stay in the set. More formally,

Definition 2.1.1. A field [ is given by a triple (S, +,-), where S is the set of elements containing
special elements 0 and 1 and +,- are functionsF x F — [F with the following properties:

* Closure: Foreverya,be€ S, we have botha+beSanda-beS.
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 Associativity: + and - are associative, that is, for every a,b,c€ S, a+ (b+c) = (a+b) + c and
a-(b-c)=(a-b)-c.

Commutativity: + and - are commutative, that is, for everya,be S,a+b=b+aanda-b =
b-a.

Distributivity: - distributes over +, that is for every a,b,c€ S, a-(b+c)=a-b+a-c.

|dentities: Foreverya€ S, a+0=aanda-1=a.

Inverses: For every a € S, there exists its unique additive inverse —a such that a+ (—a) = 0.
Also for every a € S\ {0}, there exists its unique multiplicative inverse a™! such that a-a™!
1.

With the usual semantics for + and -, R (set of real number) is a field but Z (set of integers)
is not a field as division of two integers can give rise to a rational number. In this course, we will
exclusively deal with finite fields. As the name suggests these are fields with a finite size set of
elements. (We will overload notation and denote the size of a field |F| = |S|.) The following is a
well known result.

Theorem 2.1.2 (Size of Finite Fields). The size of any finite field is p® for prime p and integer
s=1.

One example of finite fields that we have seen is the field of two elements {0, 1}, which we
will denote by F» (we have seen this field in the context of binary linear codes). For [, addition
is the XOR operation, while multiplication is the AND operation. The additive inverse of an
element in [F; is the number itself while the multiplicative inverse of 1 is 1 itself.

Let p be a prime number. Then the integers modulo p form a field, denoted by F, (and also
by Z,), where the addition and multiplication are carried out mod p. For example, consider
F7, where the elements are {0,1,2,3,4,5,6}. So we have 4+3 mod7=1and 4-4 mod7 = 2.
Further, the additive inverse of 4 is 3 as 3+ 4 mod 7 = 0 and the multiplicative inverse of 4 is 2
as4-2 mod7=1.

More formally, we prove the following result.

Lemma 2.1.3. Let p be a prime. ThenF, = ({0,1,...,p—1},+p,-5,0,1) is a field.

Proof. The properties of associativity, commutativity, distributivity and identities hold for in-
tegers and hence, they hold for [F,. The closure property follows since both the “addition" and
“multiplication" are done mod p, which implies that for any a,b€{0,...,p-1}, a+,b,a-p b€
{0,..., p—1}. Thus, to complete the proof, we need to prove the existence of unique additive and
multiplicative inverses.

Fix an arbitrary a € {0,...., p — 1}. Then we claim that its additive inverse is p—a mod p. Itis
easy to check that a+ p—a =0 mod p. Next we argue that this is the unique additive inverse.
To see this note that the sequence a,a+1,a+2,...,a+ p —1 are p consecutive numbers and
thus, exactly one of them is a multiple of p, which happens for b= p—a mod p, as desired.
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Now fixan a € {1,..., p — 1}. Next we argue for the existence of a unique multiplicative uni-
verse a~'. Consider the set of numbers {a- b}pe(1,., p-1;. We claim that all these numbers are
unique. To see this, note that if this is not the case, then there exist b; # b, € {0,1,..., p—1} such
that a- by = a- b, mod p, which in turn implies that a- (b; — b2) =0 mod p. Since a and b; — b,
are non-zero numbers, which implies that p divides a- (b; — b»). Further, since a and |b; — b|
are both at most p — 1, this implies that factors of a and (b; — b,) mod p when multiplied to-
gether results in p, which is a contradiction since p is prime. Thus, this implies that there exists
aunique element b such that a-b=1 mod p and thus, b is the required a™ . O

One might think that there could be different fields with the same number of elements.
However, this is not the case:

Theorem 2.1.4. For every prime power q there is a unique finite field with q elements (up to
isomorphism').

Thus, we are justified in just using [, to denote a finite field on g elements.

2.2 Linear Subspaces

We are finally ready to define the notion of linear subspace.
Definition 2.2.1 (Linear Subspace). S<F," is a linear subspace if the following properties hold:

1. ForeveryXx,y € S,x+y € S where the addition is vector addition overF; (that is, do addition
component wise over [ g).

2. Foreverya€lF, andxe€ S, a-x€ S where the multiplication is overF .

Here is a (trivial) example of a linear subspace of [Fg:
§1=1(0,0,0),(1,1,1),(2,2,2),(3,3,3), (4,4,4)}. 2.1

Note thate.g. (1,1,1)+(3,3,3) = (4,4,4) € S; and 2- (4,4,4) = (3,3,3) € S; as required by the
definition. Here is another somewhat less trivial example of a linear subspace over [ng
S2=1{(0,0,0),(1,0,1),(2,0,2),(0,1,1),(0,2,2),(1,1,2),(1,2,0), (2,1,0), (2,2, 1). (2.2)
Note that (1,0,1) + (0,2,2) = (1,2,0) € S, and 2- (2,0,2) = (1,0, 1) € S, as required.

Remark 2.2.2. Note that the second property implies that 0 is contained in every linear subspace.
Further for any subspace over [F,, the second property is redundant (note that asc+c = 0 over F,,
the first property guarantees that0 € S).

Before we state some properties of linear subspaces, we state some relevant definitions.

! An isomorphism ¢ : S — S’ is amap (such that F = (S, +,-) and F’ = (S', ®, ) are fields) where for every a;, a; € S,
we have ¢(a; + az) = ¢p(a1) ® Pp(ap) and ¢(a; - az) = Pp(ay) o Play).
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Definition 2.2.3 (Span). Given a set B = {vy,...,v,}. The span of B is the set of vectors
¢
Y a;-vila; €Fg foreveryic[¢] ;.
i=1

Definition 2.2.4 (Linear independence of vectors). We say thatvy,vs,...vy arelinearly indepen-
dent if for every 1 < i < k and for every k — 1-tuple (a1, ay, ..., a;-1, aij+1,-..,ar) € [F’;_l,

ViZaVi+...+ai—1Vi—1 + Aj+1Vi+1 + ...+ ap V.
In other words, v; is not in the span of the set {vy,...,Vi_1,Vit1,...,Vp}.
For example the vectors (1,0,1),(1,1,1) € S, are linearly independent.

Definition 2.2.5 (Rank of a matrix). Therank of matrix in [F’;Xk is the maximum number of lin-

early independent rows (or columns). A matrix in [F’;X” with rank min(k, n) is said to have full
rank.

One can define the row (column) rank of a matrix as the maximum number of linearly inde-
pendent rows (columns). However, it is a well-known theorem that the row rank of a matrix is
the same as its column rank. For example, the matrix below over F3 has full rank:

011

ng(l 0 1).

Any linear subspace satisfies the following properties (the full proof can be found in any
standard linear algebra textbook).

Theorem 2.2.6. IfS<F," is alinear subspace then
1. |S| = g* for some k = 0. The parameter k is called the dimension of S.

2. There exists vy, ..., Vi € S called basis elements (which need not be unique) such that every
X € S can be expressed as X = a\vy + daVy + ... + a,vy, where a; € F4 for1 <i < k. In other
words, there exists a full rank kx n matrix G (also known as a generator matrix) with entries
fromF g such that everyx€ S, x = (ay, az, ...ax) - G where

G=

<—Vk—>

3. There exists a full rank (n — k) x n matrix H (called a parity check matrix) such that for
everyxe S, Hx! =0.

4. G and H areorthogonal, thatis, G- H' = 0.
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Proof Sketch.

Property 1. We begin with the proof of the first property. For the sake of contradiction, let
us assume that qk <|S| < qk“, for some k = 0. Iteratively, we will construct a set of linearly
independent vectors B < S such that |B| = k + 1. Note that by the definition of a linear subspace
the span of B should be contained in S. However, this is a contradiction as the size of the span
of B is atleast g**1 > |S].

To complete the proof, we show how to construct the set B in a greedy fashion. In the first
step pick v; to be any non-zero vector in S and set B — {v;} (we can find such a vector as |S| >
qk > 1). Now say after the step ¢ (for some ¢ < k), |B| = t. Now the size of the span of the current
Bis q' < g* < |S|. Thus there exists a vector v,;1 € S\ B that is linearly independent of vectors
in B. Set B — B U {v41}. Thus, we can continue building B till |B| = k+ 1, as desired.

Property 2. We first note that we can pick B = {vy,..., v} to be any set of k linearly indepen-
dent vectors. (We will argue soon that such a set exists.) This is because the span of B is con-
tained in S. However, since |S| = g* and the span of B has g* vectors, the two have to be the
same. The argument for the existence of B follows from the greedy algorithm in the above para-
graph.

Property 3. Property 3 above follows from another fact that every linear subspace S has a null
space N < " such that for everyx € Sand y € N, (x,y) = 0. Further, it is known that N itself is
a linear subspace of dimension n — k. (The claim that N is also a linear subspace follows from
the following two facts: for every x,y,z € [FZ, (i) x,y+2z) = (X,y) +(x,2) and (ii) for any a € [,
(x, ay) = a-(x,y).) In other words, there exists a generator matrix H for it. This matrix H is called
the parity check matrix of S.

Property4. The proof of this is left as an exercise. O
As examples, the linear subspace S; in (2.1) has as one of its generator matrices
Gi=(11 1)
and as one of its parity check matrices

le(l ! 0).

1 01

Further, the linear subspace S in (2.2) has G, as one of its generator matrices and has the fol-
lowing as one of its parity check matrices

Hy=(1 1 2).
Finally, we state another property of linear subspaces that is useful.
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Lemma 2.2.7. Given matrix G of dimension k x n that is a generator matrix of subspace S, and
matrix H of dimension (n— k) x n that is a parity check matrix of subspace S, such that GH” =0,
then S; = Ss.

Proof. We first prove that S; < S». Given any c € Sy, there exists x such that ¢ = xG. Then,
cH' =xGHT = 0,

which implies that c € Sy, as desired.

To complete the proof note that as H has full rank, its null space (or S») has dimension
n— (n— k) = k (this follows from a well known fact from linear algebra). Now as G has full rank,
the dimension of S; is also k. Thus, as S; € S», it has to be the case that S; = S,.2 O

2.3 Properties of Linear Codes

The above theorem gives two alternate characterizations of an [n, k], linear code C:

* Cis generated by its k x n generator matrix G. As an example that we have already seen,
the [7,4,3], Hamming code has the following generator matrix:

o~ O O
—_ o O O
— - - O

1
0
1
1

S O O -
o O = O
—_— O

e (Cisalso characterized by an (n— k) x n parity check matrix H. We claim that the following
matrix is a parity check matrix of the [7,4, 3], Hamming code:

0001111
H=]0 1 1 0 0 1 1
1 01 01 01

Indeed, it can be easily verified that G- HT = 0. Then Lemma 2.2.7 proves that H is indeed
a parity check matrix of the [7,4, 3], Hamming code.

We now look at some consequences of the above characterizations of an [n, k], linear code
C. We started this chapter with a quest for succinct representation of a code. Note that both the
generator matrix and the parity check matrix can be represented using O(n?) symbols from [
(which is much smaller than the exponential representation of a general code). More precisely,

Proposition 2.3.1. Any [n, k], linear code can be represented with min(nk,n(n — k)) symbols
fromF,.

2Ifnot, S; < S, which implies that that |S2| = |S1] + 1. The latter is not possible if both S; and S, have the same
dimension.
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There is an encoding algorithm for C that runs in O(n?) (in particular O(kn)) time- given a
message m € X, the corresponding codeword C(m) = m- G, where G is the generator matrix of
C.

Proposition 2.3.2. For any [n, kl4 linear code, given its generator matrix, encoding can be done
with O(nk) operations over .

There is an error-detecting algorithm for C that runs in O(n?) (in particular O(n?-nk)) time-
given a received word y € g, check if H -y’ = 0. This is a big improvement over the naive brute
force exponential time algorithm (that goes through all possible codewords ¢ € C and checks if
y=gc¢).

Proposition 2.3.3. For any [n, k4 linear code, given its parity check matrix, error detection can
be performed in O(n(n - k)) operations over[.

Next, we look at some alternate characterizations of the distance of a linear code.

2.3.1 On the Distance of a Linear Code

We start with the following property, which we have seen for the special case of binary linear
codes (Proposition 1.5.4).

Proposition 2.3.4. Foran,k,d], codeC,

d =minwt(c).
ceC,
cZ£0

Proof. To show that d is the same as the minimum weight we show that d is no more than the
minimum weight and d is no less than the minimum weight.

First, we show that d is no more than the minimum weight. We can see this by considering
A(0,c’) where ¢’ is the non-zero codeword in C with minimum weight; its distance from 0 is
equal to its weight. Thus, we have d < wt(c'), as desired.

Now, to show that d is no less than the minimum weight, consider ¢; # ¢z € C such that
A(cy,c2) = d. Note that ¢; — ¢ € C (this is because —cp = —1-¢, € C, where —1 is the additive
inverse of 1 in F; and ¢ — ¢2 = ¢; + (—¢2), which by the definition of linear codes is in C). Now
note that wt(c; —c2) = A(cy, c2) = d, since the non-zero symbols in ¢; — ¢, occur exactly in the
positions where the two codewords differ. Further, since ¢; # ¢, ¢; — ¢z # 0, which implies that
the minimum Hamming weight of any non-zero codeword in C is at most d. O

Next, we look at another property implied by the parity check matrix of a linear code.

Proposition 2.3.5. Forany (n, k,d], code C with parity check matrix H, d is the minimum num-
ber of linearly dependent columns in H.
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Proof. By Proposition 2.3.4, we need to show that the minimum weight of a non-zero codeword
in C is the minimum number of linearly dependent columns. Let ¢ be the minimum number of
linearly dependent columns in H. To prove the claim we will show that t < d and ¢ = d.

For the first direction, Let ¢ # 0 € C be a codeword with wt(c) = d. Now note that, by the
definition of the parity check matrix, H-c” = 0. Working through the matrix multiplication, this
gives us that Z?:l c; H', where

1ot T 1
H=| #H' H? ... H ... H"
Lo l l

and ¢ = (cy, ..., cy). Note that we can skip multiplication for those columns for which the corre-
sponding bit c; is zero, so for this to be zero, those H I with c; # 0 are linearly dependent. This
means that d = ¢, as the columns corresponding to non-zero entries in ¢ are one instance of
linearly dependent columns.

For the other direction, consider the minimum set of columns from H, H, H, ..., H' that
are linearly dependent. This implies that there exists non-zero elements cgl,...,cgt € F4 such
that C;i Hi 4. .+ c;.tH it = . (Note that all the C;,- are non-zero as no set of less than ¢ columns
are linearly dependent.) Now extend ci.l ) c;.t to the vector ¢’ such that c} =0for j&{iy,..., is}.
Note that ¢’ € C and thus, d < wt(c') = t (where recall ¢ is the minimum number of linearly
independent columns in H). O

2.4 Hamming Codes

We now change gears and look at the general family of linear codes due to Hamming. So far
we have seen the [7,4,3], Hamming code. In fact for any r = 2, there is a [2" - 1,2" —r —1,3],
Hamming code. Thus in Section 1.5, we have seen this code for r = 3.

Consider the r x (2" — 1) matrix H, over F», where the ith column Hi, 1<i<2"-1,isthe
binary representation of i (note that such a representation is a vector in {0,1}"). For example,
for the case we have seen (r = 3),

0001111
H;=|0 1 1 00 1 1
1 01 0101
Note that by its definition, the code that has H, as its parity check matrix has block length 2" — 1
and dimension 2" — r — 1. This leads to the formal definition of the general Hamming code.

Definition 2.4.1. The[2" —1,2" — r — 1], Hamming code has parity check matrix H,.

In other words, the general [2"—1,2" —r—1], Hamming code is the code {c € {0, l}zr_1 |H,-c! =
0}.

Next we argue that the above Hamming code has distance 3 (in Proposition 1.5.2 we argued
this for r = 3).
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Proposition 2.4.2. The Hamming code [2" —1,2" — r —1,3], has distance 3.

Proof. No two columns in H, are linearly dependent. If they were, we would have H. + H}. =
0, but this is impossible since they differ in at least one bit (being binary representations of
integers, i # j). Thus, by Proposition 2.3.5, the distance is at least 3. It is at most 3, since (e.g.)
H!+H2+H =0. O

Now note that under the Hamming bound for d = 3 (Theorem 1.6.2), k < n—log,(n+1), so
forn=2" -1, k<2" —r —1. Hence, the Hamming code is a perfect code. (See Definition 1.7.3.)

In Question 1.7.1, we asked which codes are perfect codes. Interestingly, the only perfect
binary codes are the following:

e The Hamming codes which we just studied.
e The trivial [n, 1, n], codes for odd n (which have 0" and 1" as the only codewords)?,
* Two codes due to Golay [13].

The above result was proved by van Lint [44] and Tietavainen [43].

2.5 Family of codes

Till now, we have mostly studied specific codes, that is, codes with fixed block lengths and di-
mension. The only exception was the “family" of [2" —1,2" —r —1, 3], Hamming codes (for r = 2)
that we studied in the last section. We will see shortly that when we do an asymptotic study of
codes (which is what we will do), it makes more sense to talk about a family of codes. First, we
define the notion of family of codes:

Definition 2.5.1 (Family of codes). C = {C;};>1 is a family of codes where C; is a (n;, k;, d;) 4 code
foreach i (and we assume n;1 > n;). The rate of C is defined as
k.
R(C) = lim {—’}
i—oo | N
The relative distance of C is defined as
d.
5(C) = lim {—}
i—oo | N

For example, Cyy the family of Hamming code is a family of codes with n; = 2" —1,k; = 2/ —
i—1,d; =3 and thus,

R(Cp)=lim1l——— =1,

i—o0 2t—1
and
=0.

8(Cp) = lim —

1—00 -

3The proof that this code is perfect is left as an exercise.
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We will mostly work with family of codes from now on. This is necessary as we will study the
asymptotic behavior of algorithms for codes, which does not make sense for a fixed code. For
example, when we say we say that a decoding algorithm for a code C takes O(n?) time, we would
be implicitly assuming that C is a family of codes and that the algorithm has an O(n?) running
time when the block length is large enough. From now on, unless mentioned otherwise, when-
ever we talk about a code, we will be implicitly assuming that we are talking about a family of
codes.

Given that we can only formally talk about asymptotic run time of algorithms, we now also
state our formal notion of efficient algorithms:

We'll call an algorithm related to a code of block length 7 to be efficient, if it runs in time
polynomial in 7.

For all the specific codes that we will study in this book, the corresponding family of codes
will be a “family” in a more natural sense. In other words, all the specific codes in a family of
codes will be the “same" code except with different parameters. A bit more formally, we will con-
sider families {C;};, where given i, one can compute a sufficient description of C; efficiently.*

Finally, the definition of a family of code allows us to present the final version of the the
big motivating question for the book. The last formal version of the main question we consid-
ered was Question 1.4.1, where we were interested in the tradeoff of rate R and distance d. The
comparison was somewhat “unfair" because R was a ratio while d was an integer. A more ap-
propriate comparison should be between rate R and the relative distance 6. Further, we would
be interested in tackling in the main motivating question for families of codes, which results in
the following final version:

Question 2.5.1. What is the optimal tradeoff between R(C) and 6 (C) that can be achieved by
some code family C?

2.6 Efficient Decoding of Hamming codes

We have shown that Hamming code has distance of 3 and thus, by Proposition 1.4.3 can correct
one error. However, this is a combinatorial result and does not give us an efficient algorithm.
One obvious candidate for decoding is the MLD function. Unfortunately, the only implemen-
tation of MLD that we know is the one in Algorithm 1, which will take time 290 \where n is
the block length of the Hamming code. However, we can do much better. Consider the fol-
lowing simple algorithm: given the received word vy, first check if it is indeed a valid codeword.
If so, we are done. Otherwise, we flip each of the n bits and check if the resulting vector is a
valid codeword. If so, we have successfully decoded from one error. (If neither happens, then

“We stress that this is not always going to be the case. In particular, we will consider “random" codes where this
efficient constructibility will not be true.
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we declare a decoding failure.) Algorithm 2 formally presents this algorithm (where Cp, is the
[2" —1,2" - r - 1,3], Hamming code).’

Algorithm 2 Naive Decoder for Hamming Code
INPUT: Received word y
OuTPUT: cif A(y,c) <1elseFail

1: IFy€e Cy,r THEN

2 RETURN y

3: FORi=1...nDO

4: y —y+e; > e; is the ith standard vector
5 IFy € Cy , THEN

6 RETURNY

7: RETURN Fail

It is easy to check that Algorithm 2 can correct up to 1 error. If each of the checksy’ € Cy ,
can be done in T'(n) time, then the time complexity of the proposed algorithm will be O(n T (n)).
Note that since Cy, is a linear code (and dimension k = n— O(logn)) by Proposition 2.3.3, we
have T(n) = O(nlog n). Thus, the proposed algorithm has running time O(n?logn).

Note that Algorithm 2 can be generalized to work for any linear code C with distance 27 + 1
(and hence, can correct up to ¢ errors): go through all possible error vector z (with wt(z) < )
and check if y—z is in the code or not. Algorithm 3 presents the formal algorithm (where
Cis an [n, k,2t + 1]4 code). The number of error patterns z considered by Algorithm 3 is®

Algorithm 3 Decoder for Any Linear Code
INPUT: Received word y
OuTrPUT: ce CifA(y,c) < telseFail

1: FORi=0...tDO
2 FOR S € [n] such that |S| =i DO

3 FORZE [FZ such that wt(zs) = wt(z) = i DO
4: IFy—z€ C THEN

5 RETURN Y —Z

6: RETURN Fail

520 (’l.l)(q —-1)! < 0((ng)"). Further by Proposition 2.3.3, Step 4 can be performed with O(n?)
operations over [,. Thus, Algorithm 3 runs in with O(n”zqt) operations over [, which for g

SFormally speaking, a decoding algorithm should return the transmitted message x but Algorithm 2 actually
returns Cy - (x). However, since Cp, is a linear code, it is not too hard to see that one can obtain x from Cp, (x) in
O(n?) time- the details are left as an exercise.

6Recall (1.14).
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being polynomial small in 7, is n°? operations. In other words, the algorithm will have poly-
nomial running time for codes with constant distance (though the running time would not be
practical even for moderate values of 7).

However, it turns out that for Hamming codes there exists a decoding algorithm with an
O(n?) running time. To see this first note that if the received word y has no errors then H,-y’ = 0.
If not, y = ¢+ e;, where c € C and e; which is the unit vector with the only nonzero element at
the i-th position. Thus, if Hﬁ stands for the i-th column of H,,

Hr-YT: Hr'CT+Hr'(ei)T: Hr'(ei)T:

where the second equality follows as H; .¢! = 0, which in turn follows from the fact that c € C.
In other words, H, -y’ gives the location of the error. This leads to Algorithm 4.

Algorithm 4 Efficient Decoder for Hamming Code
INPUT: Received word y
OUTPUT: cifA(y,c) <1lelseFail

1: b—H,-y’.

2: Let i € [n] be the number whose binary representation is b
3: IFy—e; € Cy THEN

4 RETURN y — €;

5: RETURN Fail

Since Step 1 in Algorithm 4 is a matrix vector multiplication (which can be done in O(nlogn)
time as the matrix is O(log n) x n) and Step 3 by Proposition 2.3.3 can be performed in O(nlogn)
time, Algorithm 4 runs in O(nlogn) time. Thus,

Theorem 2.6.1. The [n=2"-1,2" —r —1,3], Hamming code is 1-error correctable. Further, de-
coding can be performed in time O(nlogn).

2.7 Dual of a Linear Code

Till now, we have thought of the parity check matrix as defining a code via its null space. How-
ever, we are not beholden to think of the parity check matrix in this way. A very natural question
to ask is what happens if we think of the parity check matrix as a generator matrix? The follow-
ing definition addresses this question.

Definition 2.7.1 (Dual of a code). Let H be the parity check matrix of C, then the code generated
by H is called the dual of C and is denoted by C*.

It is obvious from the definition that if C is an [n, k], code then Clisan [n,n- k14 code.
The first example that might come to mind is C3 +» which is also known as the Simplex code
(we will denote it by Cg;,,r). Adding an all 0’s column to H, and using the resulting matrix as
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a generating matrix, we get the Hadamard code (we will denote it by Cy,4,7). We claim that
Csim,r and Cpaq,r are [27 —1,1,2" 71, and [2",1,2"71], codes respectively. The claimed block
length and dimension follow from the definition of the codes, while the distance follows from
the following result.

Proposition 2.7.2. Cs;,,, and Craq,r both have a distance of 2" -1

Proof. We first show the result for Cp,4 . In fact, we will show something stronger: every non-
zero codeword in Cp,4,, has weight exactly 2"~ (the claimed distance follows from Proposi-
tion 2.3.4). Consider a message x # 0. Let its ith entry is x; = 1. x is encoded as

_ HO Hl HZ’—I
c_(xl)x21---yxr)( r’ rrecey r ))

where H; is the binary representation of 0 < j < 2" — 1 (that is, it contains all the vectors in
{0,1}"). Further note that the jth bit of the codeword c is (x, Hﬂ). Group all the columns of the
generating matrix into pairs (u,v) such that v=u+e; (i.e. vand u are the same except in the ith
position). Notice that this partitions all the columns in 2"~! disjoint pairs. Then,

X, v)=&Xu+e;)=(x,w+{Xxe;)=(x,u)+x; =xuy+1.

Thus we have that exactly one of (x,v) and (x,u) is 1. As the choice of the pair (v,u) was arbitrary,
we proved that for any non-zero codeword ¢ € Cpuq, wi(c) =271,

For the simplex code, we observe that all codewords of Cy,4,3 are obtained by padding a
0 to the codewords in Cs;, r, which implies that all non-zero codewords in Cgs;,, also have a
weight of 2”1, which completes the proof. O

We remark that the family of Hamming code has a rate of 1 and a (relative) distance of 0
while the family of Simplex/Hadamard codes have a rate of 0 and a relative distance of 1/2.
Notice that both code families either have rate or relative distance equal to 0. Given this, the
following question is natural special case of Question 2.5.1:

Question 2.7.1. Does there exist a code family C such that R(C) >0 and 6 (C) > 0 hold simul-
taneously?

Codes that have the property above are called asymptotically good.
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