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In the last lecture, we proved part (2) of Shannon’s capacity theorem for the binary symmetric
channel (BSC), which we restate here:

Theorem 0.1. Let 0 < p < % be a real number. For every ) < ¢ < % — p, the following statements
are true for large enough integer n:

1. There exists a real § > 0, and encoding function E : {0,1}" — {0,1}", and a decoding
function D : {0,1}" — {0,1}", where k < |(1 — H ((p + ) n)] such that the following
holds for every m € {0,1}":
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2. If k > [(1— H (p) 4+ ¢) n] then for every encoding function E : {0,1} — {0,1}" and
decoding function D : {0,1}" — {0, 1}k the following is true for some m € {0, 1}k:
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In today’s lecture, we will prove part (1) of Theorem

1 Proof overview

The proof of part (12 of Theorem [0.1]will be accomplished by first randomly selecting an encoding
function E : {0,1}* — {0,1}". That is, for every m € {0,1}" pick £ (m) uniformly and inde-
pendently at random from {0, 1}". D will be the maximum likelihood decoding (MLD) function.
The proof will have the following two steps:

1. Step 1: For any arbitrary m € {0, 1}k, we will show that, for a random choice of E, the
expected probability of failure, over B.SC), noise, is small. This implies the existence of a
good encoding function for any arbitrary message.

2. Step 2: We will show a similar result for all m. This involves dropping half of the code
words. This proof method is called "random coding with expurgation".

Please note that two sources of randomness, or error, exist in this situation:
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Figure 1: Hamming balls of radius (p + ¢’) n and centers £ (m) and £ (m’) for illustrating the
proof of part (2) of Shannon’s capacity theorem for the BSC.

1. Errors resulting from the choice of encoding function, E.

2. Errors resulting from noise.

2  "Proof by picture'' of Step 1

Before proving part (1) of Theorem (0.1} we will provide a pictorial proof of Step 1. We begin by
fixing m € {0, 1}’“. The crucial part of Step 1 is to estimate the following quantity:

E Pr
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By using Hamming balls of radius (p + €’) n to represent the set of values which can be ob-
tained for the received decoded codeword, the probability of error can be expressed as follows:

(D (E (m) +e) 7 m] 3)
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3 Proof of first part of Shannon’s Theorem

In the following proof, the expressions y and £ (m) + e can be used interchangeably, as follows:

y = E(m) +e, ®)

that is, y is the received word when £ (m) is transmitted and e is the error pattern.
We start the proof by restating the left half of part (1) of Shannon’s capacity theorem for the
BSC (Theorem [0.1)):

E [ Pr

choice of E |noiseeof BSC, D (E (m) +e) # m]} = (6)

> Pr ,
y € B(E(m),(p+¢)n) [noiseeofBSCp [y ¢ B(E(m), (p+¢')n)]
E

“choice of E [Ip)zm |y € B(E (m), (p+¢)n)] } G

The above expression is simply a re-statement of the formula for conditional expectation. We
should also note that, by the Chernoff bound, the expectation £ (m) is upper bounded as follows:
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and that the following probability is upper bounded by 1, as stated below:
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We can now continue with the proof
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Before we can continue with the proof, we must make the following calculations. Note that in
the following calculations, y is the received codeword:
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By representing the probability that the received codeword is closer to an erroneous codeword
than the correct codeword using Hamming balls of radius (p + €) n, the probability of error can
be expressed using the following inequality:
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Please see Figure 1, as it enhances the calculations in the above proof. We can now finish the
proof:
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In the above expression, the term 0’ is the distance of the code and is a positive real. We can
now take the expectation with respect to m and place the term E} onto the front of the expression,
resulting in the following expression:

E E Pr
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The order of the summation in the expectation with respect to m and the summation in the
expectation with respect to the choice of E can be switched, resulting in the following expression:

. [D(E (m) +e) # m]H <27 (23)
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By the probabilistic method, we can express the above inequality as follows:
E PT’ ’
JE*s.t. D* (E* <270n 25
“'m {noiseeofBSCp (D™ (E" (m) +e) #m]} - (25)

Preview of next lecture:

In the next lecture, we will prove the following claim, regarding the maximum decoding error
probability over all messages, by using a proof by contradiction:

Order messages by their decoding error probability, as follows:

my,...,Myr

Drop the top 2*~thigher probability messages from the existing code.
We claim that the maximum probability of error for the remaining messages is < 2 - 279,
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