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In the last lecture, we proved the Plotkin bound, except for acouple of geometric lemmas which
we will prove in this lecture.

1 Geometric Lemma

Claim : LetC ⊆ [q]n. There exists a functionf : C −→ Rnq s.t.

1. ∀c ∈ C, ‖ f (c) ‖= 1.

2. ∀c1 , c2 ∈ C, 〈 f (c1), f (c2)〉 = 1− ∆(c1,c2)q
(q−1)n

Lemma 1.1. Let v1, v2, . . . , vm ∈ R
n.

1. If v1, v2, . . . , vm are all non-zero and 〈vi, v j〉 ≤ 0 for all i , j,m ≤ 2n.

2. If v1, v2, . . . , vm are unit vectors and 〈vi, v j〉 ≤ −ε(ε > 0),∀i , j, then m ≤ 1+ 1/ε.

We are going to proof the claim and then the lemma. In the proofof the claim we show that there is
function with the stated properties. Initially we pick aφ : [q] → Rq with certain properties. Then
we useφ to define af : Rq → Rnq which satisfies the claimed properties.

Proof. of the claim

φ : [q] −→ Rq.

φ(i) = 〈
1
q
,
1
q
, . . .
−(q − 1)

q
ith position

, . . .
1
q
〉 (1)

∀i, φ(i)2
=

(q − 1)
q2

+
(q − 1)2

q2
=

(q − 1)
q

(2)

∀i , j, 〈φ(i), φ( j)〉 =
(q − 2)

q2
−

2(q − 1)
q2

=
(−1)

q
(3)

f (c)
△
=

√

q
(q − 1)n

〈φ(c1), φ(c2), . . . , φ(cn)〉 (4)
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Now we will show the defined function satisfies the claim.

‖ f (c)‖2 =
q

(q − 1)n

∑

i

‖φ(i)‖2 = 1 (5)

〈 f (c1, c2)〉 = [∆(c1, c2)(
−1
q

) + (n − ∆(c1, c2))(
q − 1

q
)](

q
q − 1

)(
1
n

) (6)

= 1− ∆(c1, c2)(
q

q − 1
)(

1
n

)[
−1
q
−

q − 1
q

]

= 1− (
q

q − 1
) (7)

(6) is obtained using (3),(2).
�

Proof. of (i) of the lemma.
By induction on n. Whenn = 0X. We have non-zerov1, . . . , vm ∈ R

n such that

〈vi, v j〉 ≤ 0 ∀i , j (8)

Without loss of generalityvm = 〈1, 0, . . . , 0〉. For 1≤ i ≤ m − 1

vi = [αiyi], αi ∈ R, yi ∈ R
n−1 (9)

By (8) αi ≤ 0. Reduce fromm vectors overRn −→ (m − 1) vectors inRn−1

Mini-Claim: At most one ofy1, . . . , yM−1 is not all zero.

If not sayy1 = y2 =
−→
0=⇒ α1, α2 < 0

=⇒ 〈v1, v2〉 = α1 · α2 > 0 This is a contradiction.
〈yi, y j〉 = 〈vi, v j〉 − αi · α j ≤ 〈vi, v j〉 ≤ 0
Reduced problem to≥ m − 2 vectors on dimensionn− 1. Continuing the process we can conclude
that every loss in dimension of the vector results in twice inloss in the numbers of the vectors in
the set. Hence, claim 1 of the lemma is being proved. �

Proof. of (ii) of the lemma

z = v1 + . . . + vm (10)

0 ≤ ‖z‖2 =
m
∑

i=1

‖vi‖
2
+ 2
∑

i< j

〈vi, v j〉 (11)

≤ m + 2 ·
m

(m − 1)
· (−ε) (12)

= m(1− εm + ε)

∴ m(1− εm + ε) ≥ 0

This impliesm ≤ 1+
1
ε

(13)

(14)
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(12) is true asvi are unit vectors and using the fact〈vi.v j〉 ≤ −ε �

2 Johnson Bound

J(n, d, e) = max number of codewords in a Hamming radiuse for any code distance,d and block length,n.
0 ≤ e ≤ n, J(n, d, ⌊ d−1

2 ⌋) = 1
Say for somee > ⌊ d−1

2 ⌋, 0 ≤ e ≤ n, J(n, d, e) is no(1), then list decoding is possible for any code
(atleast combinatorial).
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