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Lecture 17: Proof of a Geometric Lemma
October 5, 2007
Lecturer: Atri Rudra Scribe: Sandipan Kundu & Atri Rudra

In the last lecture, we proved the Plotkin bound, except faple of geometric lemmas which
we will prove in this lecture.

1 GeometricLemma

Claim : LetC C [q]". There exists a functiof : C — R™M s.t.
1. Yce G, || f(©) |I= 1.
2.¥¢; # ¢ € C,(F(cn), F(c)) = 1 - H2p
Lemmal.l. Letvy, Vo, ...V, € R
1. Ifvi,Vy,. .., vy areall non-zero and(v;,v;) < Ofor alli # j,m< 2n.

2. Ifvy, vy, ..., vy areunit vectorsand (v, vj) < —g(e > 0),Vi # j,thenm< 1+ 1/e.

We are going to proof the claim and then the lemma. In the prbtife claim we show that there is
function with the stated properties. Initially we pickpa [g] — R with certain properties. Then
we usep to define af : RY — R™ which satisfies the claimed properties.

Proof. of the claim
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Now we will show the defined function satisfies the claim.

__ 49 I =
1©I = 5= 1)nZII¢(I)II2 =1 (5)
(F (e ) = 18 e(g) + (1= Alew e ©
3 q ., 1.-1 g-1
=1-A(cy, Cz)(q — 1)(5)[E - T]

_ q
=1-(9 ()
@) is obtained usind13)X2).

O
Proof. of (i) of the lemma.
By induction on n. Whem = 0. We have non-zerg,, ..., Vy, € R" such that
(Vi,Vj) <OVi # (8)
Without loss of generality,, = (1,0,...,0). For1<i<m-1
Vi = [aiyi], @ € R,y; e R™ 9)

By @) a; < 0. Reduce fronmvectors oveR" — (m— 1) vectors inR"?
Mini-Claim: At most one ofys, ..., Yyu-1 IS not all zero.

If not sayy; =y, = 6):> a, a2 <0

= (V1,V2) = a1 - a2 > 0 This is a contradiction.
Vi Y =AVi,Vj) —ai-a; <V, Vj) <0
Reduced problem toa m- 2 vectors on dimensiom— 1. Continuing the process we can conclude
that every loss in dimension of the vector results in twicéoss in the numbers of the vectors in
the set. Hence, claim 1 of the lemma is being proved. m|

Proof. of (ii) of the lemma
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(@2) is true aw; are unit vectors and using the fget.vj) < —¢ |

2 Johnson Bound

J(n, d, €) = max number of codewords in a Hamming radafer any code distance and block lengthn.
O<e<n, Jind %) =1

Say for somee > L%J,O < e < n, J(nde) isn°®, then list decoding is possible for any code
(atleast combinatorial).
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