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Recall the following question we have encountered before:

Question 0.1. Is there an explicit asymptotically good code? (that iser&t > 0 and relative
distancey > 0 for smallg).

Here, explicit means:
(i) polynomial time construction (of some representatibthe code),

(ii) “super” explicit (like description of RS code).
We will answer the question at least in the sense of expladies of (i) in this lecture.

1 CodeConcatenation

Code concatenation was first proposed by Foifey[1].qFer2, k£ > 1 andQ = ¢*, consider two
codes which we cabbutercode andnner code:

C(out . [Q]K - [Q]Nv

Cin g — [q™
Note that the alphabet size 6f,,; exactly matchef’;,|. Then givenm = (my, ..., mg) € [Q]¥,
we have the cod€,,; o C;, : [¢]* — [¢]™" defined as

Cout o Czn<m) = (Cz (Cout(m)1>7 ) Cin(Cout<m)N))7

where
Cour(m) = (Coy(m)q, ..., m)y).

This construction is also illustrated in Figlide 1. We nowk@b some properties of a concatenated
codes.

Theorem 1.1. GivenC,,; as an(N, K, D) code andC;, as an(n, k, d), code,Cyy 0 Cyy, is an
(nN,kK,dD), code.



Cuut (m)l Cuut (m)2 777777777 Cout(m)N

\L Cin \L Cin T \L Cin

Cin(Cour(m)1) Cin(Cour(m)2) | 7777777~ Cin(Cour(m)n)

Figure 1: Concatenated codg,; o C;,.

Proof. The claims on the block length, dimension and alphabef'gf o C;,, follow from the
definition. Next we show that the distance is at le&8t Consider arbitraryn! # m? € [Q]*.
Then,

A(Cout(ml)a Cout(m2>> > D. (1)

Thus for each positioh < 7 < N that contributes to the distance above, we have

A(C; (Cout(ml)i)v Cout(mz)i) > d, (2

asC}, has distancd. Since there are at least such positions (from (1)), (2) implies
A(Cip (Coue(m1)), Core(m?)) > dD.
The proof is complete as the choicesnf andm? were arbitrary. O

Remark 1.2. If C;, and C,,, are linear codes, then so i§,,; o C;,, which can be proved for
example, by defining a generator matrix 10f,; o C;,, in terms of the generator matrices 6f,,
andC,,;. The proof is left as an exercise.

Suppose&’,,,; meets the Singleton bound with rate Bf i.e. C,,; has relative distancé >
1 — R. Note that we have a chicken and egg problem here. In orde€’fgro C;, to be an
asymptotically good codé;;,, needs to have rate> 0 and relative distancg,, > 0 (i.e. C;, also
needs to be an asymptotically good code). However the sayrane will be that: can be much
smaller than the block length of the concatenated code.

Suppose&”;,, meets the GV bound with rate ofand thus with relative distaneg, > Hq—l(l —
r) —¢e,e >0, thenCyy o Cy, has rate of R andd = (1 — R)(H, (1 —r) — ¢). ExpressingR as
a function ofé, , we get the following:
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Figure 2. The Zyablov bound. For comparison, the GV boundsis plotted.

Then optimizing over the choice of we get that rate of the concatenated code satisfies

R > 1 0
max T — .
T 0<r<l—Hgy(6+¢) H Y (1—r)—¢

This lower bound is the so called Zyablov bound (the bound af1 — H,(é + ¢) is necessary to
ensure thak > 0). See Figuré&l2 for a plot of this bound.

Note that the Zyablov bound implies that for eveéry> 0, there exists a (concatenated) code
with rate R > 0. Thus, a natural question to ask is the following:

Question 1.1. Can we construct such a code in polynomial time?

We will focus on linear codes in seeking an answer to the gqueabove because linear codes
have polynomial size representation. L&t be an N, K], Reed-Solomon code wheiée = ()—1
(evaluation points beinfjy, with Q) = q*, thenk = ©(log N). However we still need an efficient
construction of an inner code that lies on the GV bound. Thezdwo options:

e Perform an exhaustive search among all generator matricesne satisfying the required
property forC;,. One can do this because the Varshamov bound states thatetkists a
linear code which lies on the GV bound. This will tak@*™ time. Usingk = rn (or
n = O(k)), we getg®*n) = ¢O**) — NOUeN) \which is upper bounded by N)Cles(nN)

a quasi-polynomial time bound.

e The second option is to construcy, in ¢°*) time and thus us@:N)°() time overall. This
can be achieved by using the method of conditional expectath the proof that random
linear code lies on the bound with high probability.

Thus, we can construct a code that achieves the Zyablov boymalynomial time. In particular,
we can construct explicit asymptotically good code (ovens@lphabets) in polynomial time.
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