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Lecturer: Atri Rudra Scribe: Yang Wang

1 Derandomized GMD algorithm

We introduced the GMD algorithm in the last lecture. Notibattwe give a randomized version
last time and today we will introduce the derandomized wgrsObviously we can obtain this by
doing an exhaustive search féar However, there are uncountable choice# becausé < [0, 1].
But this can be solved by a clever observation.

Define@ = {0,1} U {#x,... 24~} Then because for ea¢hw; = min(A(y!, y;),d/2), we
have

Q=H{0,1}U{q, -, qra}

whereq; < g2 < -+ < qra . Notice that for every € [¢;, ¢;i+1), the step 1 of GMD algorithm
output the sameg’. We change the step 1(c) and step 2 of GMD algorithm as follows

Step 1: (c) for every € @

(1) if 0 < 22, y; 7
(2) run error and erasures decoding algorithm@gy; and letCy be the returned codeword.

Step 2: returrCy that is closest ty.

As before we can decode half Zyablov bound.

2 Achieving capacity of BSC,

The following table summarized the results we have learned:

Shannon| Hamming Unique decodingHamming list decoding
Existence| 1 — H(p) > GV bound<MRRN 1— H(p)
Explicit ? Zyablov bound ?
Algorithm ? half Zyablove bound ?

Question 2.1. Can we achievereliable transmission over B.SC,, with explicit codes that have rate
of 1 — H(p) —e,e > 07?

We claim that there exist linear codes of rate H(p) — e such that decoding error probability
is not more tharz—", § = ©¢? realized by concatenated codes with the following property
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(i) Cou: block length ofn over Fyy, b = O(logn).

(i) Cj,: dimension b, rate of — H(p) —¢/2 andD,,, is a decoding algorithm that runs, (b)
time and has decoding error probability no more thatover BSC,,.

Suppos&* = C,,; 0 Cj,. Then

rate(C7) = (1= S)(1 = H(p) = 5) = 1= H(p) <.

The decoding algorithm fof™* works as following. Givery = (vecy,, - -+ ,yn) € F}' received,
Step 2: RunD,,,, ony:.

Then encoding takes time 6f(n?) + O(nb?) = O(n?). Decoding takes timeT;, (b) + T, (n) =
n°M as long ad,,;(n) = n°W, T}, (b) = 200,
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