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Abstract

The LABEL-COVER problem, defined by S. Arora, L. Babai, J. Stern, Z. Sweedyk [Proceedings of 34th IEEE Symposium
on Foundations of Computer Science, 1993, pp. 724-733], serves as a starting point for numerous hardness of approximation
reductions. It is one of six ‘canonical’ approximation problems in the survey of Arora and Lund [Hardness of Approximations,
in: Approximation Algorithms for NP-Hard Problems, PWS Publishing Company, 1996, Chapter 10]. In this paper we present a
direct combinatorial reduction from low error-probability PCP [Proceedings of 31st ACM Symposium on Theory of Computing,
1999, pp. 29-40] to hBEL-COVER showing it NP-hard to approximate to withife®@m*°"  This improves upon the best
previous hardness of approximation results known for this problem.

We also consider the MIMUM-MONOTONESATISFYING-ASSIGNMENT (MMSA) problem of finding a satisfying
assignment to a monotone formula with the least number of 1's, introduced by M. Alekhnovich, S. Buss, S. Moran, T. Pitassi
[Minimum propositional proof length is NP-hard to linearly approximate, 1998]. We define a hierarchy of approximation
problems obtained by restricting the number of alternations of the monotone formula. This hierarchy turns out to be equivalent
to an AND/OR scheduling hierarchy suggested by M.H. Goldwasser, R. Motwani [Lecture Notes in Comput. Sci., Vol. 1272,
Springer-Verlag, 1997, pp. 307-320]. We show some hardness results for certain levels in this hierarchy, andggace L
COVER between levels 3 and 4. This partially answers an open problem from M.H. Goldwasser, R. Motwani regarding the
precise complexity of each level in the hierarchy, and the placeagfElL -CovERin it.
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1. Introduction (u,v) € E, a relationlT, , € B1 x B2 consisting of
admissible pairs of labels for that edge.l#@belling
The LABEL-COVER problem is a combinatorial ~ (f1, f2) is a pair of functionsf; : U — 281, fo: vV —
graph labelling problem defined as follows. The in- 282 \ {¢} assigning a subset of labels to each ver-
put is a bipartite graptG = (U, V, E), two sets of tex. A labellingcoversan edge(u, v) if for every la-
labels, By for U and B, for V, and for each edge belay € f2(v) there is a labek; € fi(u) such that
(a1,a2) € I1, . The goal is to find a labelling that
T Corre _ covers all edges such that tihg norm of the vec-
orresponding author.
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This problem was shown (implicitly in [10] and  »® hardness result for a related problem: that of finding
more formally in [2]) quasi-NP-hard to approximate to the minimum weight assignment for a circuit whose
within a factor of 2109m* for any constané > 0 by set of accepting strings is monotone. In that problem
showing a specific two-prover one-round interactive the circuit itself is not necessarily given by a formula

proof protocol, which reduces toABEL-COVER. that is written over a monotone basis, so the hardness
We prove that IABEL-COVER is NP-hard to ap-  result does not carry over to our case.
proximate to within #°91° wheres = (loglogn)—¢ We show that the MMSA problem can be viewed

for any ¢ < 1/2. This improves the best previously as a generalization of theABEL-COVER problem.
known results achieving NP-hardness rather than quasiWWe examine a hierarchy of approximation problems
NP-hardness, and obtaining a larger factor for which formed by restricting the depth of the monotone
hardness-of-approximation is proven. Our result also formula in the MMSA problem. This hierarchy is
immediately strengthens the results of [6,1] and shows equivalent to a hierarchy of AND/OR scheduling
that the following problems are NP-hard to approxi- pointed out in [6]. A monotone formula is said to be

mate to within a factor of 29" " tor anve < of depthi if it hasi — 1 alternations between AND
1/2: MMSA, MINIMUM -L ENGTH-FREGE-PROOF, and OR. A depth-formula is calledrT; (%;) if the
MINIMUM -LENGTH-RESOLUTION-REFUTATION, first level of alternation is an AND (OR). It is easy
AND/OR SCHEDULING, LINEAR-REMOVE-PART, to see that the complexity of MMSA restricted to
REMOVE-PART, SEPARATE-PAIR, ;41 formulae is equivalent the complexity of MMSA
FuLL-DISASSEMBLY, REMOVE-SET, and restricted tal7; formulae, denoted MMSA
SEPARATE-SET. Each MMSA is at least as hard to approximate

as MMSA_;. MMSA is trivially solvable in poly-
nomial time. MMSA, is already quite harder, and
actually a simple approximation-preserving reduction
from SET-COVER to MMSA, was shown in [1], im-
plying that MMSA is NP-hard to approximate to
within logarithmic factors [12]. In fact, the two prob-
lems can be easily shown to be equivalent, thus the
same greedy algorithm foreS-CoveR [7,9] approx-
imates MMSA to within a factor of Im. We know of
no previous hardness result for MM$SAA reduction
from LABEL-COVERto MMSA4 was shown indepen-
dently in [1] and [6].

We show how to translate MMSAto LABEL-
COVER, altogether placing hBeL-COVER some-
where between levels 3 and 4 in this hierarchy. This

Remark. In [2], LABEL-COVER was reduced to the
CLOSESFVECTOR problem, the MAREST CODE-
WORD problem, MAX-SATISFY, MIN-UNSATISFY,
learning half-spaces in the presence of errors, and a
number of other problems. Unfortunately, their reduc-
tion, is not from general hBEL-COVER, but rather
relies on a special additional property of thedeL-
CoVER instance that they construct. Namely that the
relations associated with each edge are partial func-
tions: every label for can be covered by at most one
label forv. This property is inherently missing in our
reduction, and indeed hardness results for the afore-
mentioned problems seem to require more work than
is present in our direct reduction.

A formula-depth hierarchy partially answers an open question from [6] of whether
or not LABEL-COVER is equivalent to level 4 in the

We also consider a related pr0b|em callednm hierarChy. Furthermore, we examine the (preViOUSIy
MUM-MONOTONE-SATISFYING-ASSIGNMENT unknown) hardness of MMSAand via a reduction
(MMSA) that was defined in [1], and shown there from PCP to MMSA show that it is NP-hard to ap-

to be as hard asABEL-COVER. Given a formulap proximate to within the above large factors. This im-

over a monotone basis, the problem is to find a sat- mediately carries over for MMSAfor everyi > 3
isfying assignment fop with a minimum number of ~ and for LABEL-COVER. Our reductions all involve
1's. This problem was considered in [1] since it re- a polynomial sized blow-up, thus the hardness-of-
duces to the problem of finding the length of a propo- approximation ratios are polynomially related. For the
sitional proof, a problem of considerable interest in asymptotic approximation ratios discussed here, this
proof-theory. Subsequently, Umans [13] obtained an polynomial blow-up is irrelevant.
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Table 1 LABEL-CoOVERthus placing laABEL-COVER between
Formula depth  Approximation algorithm  NP-hardness factor  1€Vels 3 _and 4 in the ‘MMSA hierarchy. This also
re-establishes the hardness result faBEL-COVER

MMSA; 1 - _ .
MMSA» Inn Q(logn) already shown in Section 2.
MMSA >3 n ologt =W n

) ) ) . 2. L abel-cover
If we denote the relatioreducible with a polynomi-

ally related approximation-ratiby < we can write: The LABEL-COVER problem is defined as follows.

PCP<« MMSA LABEL-COVER « MMSA
< 3 < 4 Definition 1 (LABEL-COVER (LC,)). The input to

K- KMMSA,. the label-cover problem is a bipartite gragh =
We summarize the above in Table 1. (U, V, E), two sets of labelsB; for U and B, for V,
and for each edgé:, v) € E, a relationlI, , € B1 X
B> consisting of admissible pairs of labels for that
edge.
A labelling (f1, f2) is a pair of functionsf1: U —

Technique

We show a direct reduction toABEL-COVERfrom 5 _ 3 Py
low error-probability PCP with parameters and . 2%, f2:V — 272\ {4} assigning a subset of labels to
Namely, we begin with a gap-SAT instance consist- each vertex. Thg,-cost of the labelling is thg, nolr/m
ing of Boolean constraints. These constraints each Of the vectorl fiua)l, | AAwa)l. ... | fulum)]) € 21\,
depend onD variables, and the variables take val- A labelling coversan edge(u, v) if for every la-
ues in{1,...,[1/e]}. The PCP theorem states that bel az € f2(v) there is a labehk; € f1(w) su.ch that
it is NP-hard to distinguish between the ‘yes’ case (41,42) € I1u.v. A total-coverof G is a labelling that
where all of the constraints are satisfiable, and the ‘no’ COVers every edge. The problem . to find a total-
case where every assignment satisfies no more tharcVer with minimal,-cost (1< p < c0).

an ¢ fraction of the constraints. The focus of [4] was ) ) ) )
on D = O(1), and thus only an error-probability of In this section we show a direct reduction from PCP

to LABEL-COVER with [, norm, 1< p < oo, such

g = 2-(0gm™™ for any constant > 0 was claimed. hat th i ation f . d
This alone strengthens the hardness®$EL-COVER that the approxmatmr; actorIs preserved.
ef 2|ogl—1/|og|og€n

from quasi-NP-hardness to NP-hardness, but with the  Let us denote.(n) = ", Our reduc-
same hardness-factor as before. For our purposes howdion will imply that LABEL-COVER is NP-hard to ap-
ever, the best result is obtained by choosihg= proximate to within factog.(n) for anyc < 1/2. Our
loglogt n for any ¢ < 1/2 and g = 209" ¥°?'n starting point is the PCP theorem from [4].

These parameters give the result claimed above. No-

tice that our direct reduction immediately implies that Theorem 1 (PCP Theorem [4])Let ¢ < 1/2 be ar-

a stronger PCP characterization of NP—e.g., one with bitrary and letD < loglog n. Let¥ = {yr1, ..., ¥}

a polynomially-small error-probability and constant be a system of boolean constraints over variables
depend as conjectured in [3]—would immediately X = {x1,...,x,} such that each boolean constraint

give NP-hardness for approximating\BEL-COVER depends orD variables, and each variable takes val-
to within n¢ for some constant > 0. ues inF where|F| = 02009 ) "t is NP-hard
to distinguish between the following two cases
Structure of the paper Yes: There is an assignment to the variables such
that all y1, . .., ¥, are satisfied.
Our main result for lABEL-COVER is proven in No: No assignment can satisfy more thafl) /| F|

Section 2. The hardness result for MM$SB proven fraction of they;’s.
in Section 3, via a reduction from PCP. We then
show, in Section 4 a reduction from MMSAto The following is the main theorem in this section.
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Theorem 2. For any ¢ < 1/2, and anyl < p < oo, Proof. Let (f1, f2) be alabelling foiG that is a total-
LABEL-COVER,, is NP-hard to approximate to within  cover with/.-costg, i.e.,
a factor ofg = g.(n). ma><(|f1(v,-)|) —g.

i

Proof. The proof follows by reduction from Pcp. We define a random assignmedtor the variablesy
Choose somer < ¢ < 1/2, let F be such that by choosing for every variable; a value uniformly
|F| = ®(gw(n)), and let¥ = {yn1, ..., ¥} beaPCcp &t random fr.omfl(u) V\_/hereu € U(x) is an arbi-
instance as in the above Theorem 1. For a constraintfary Vertex inU(x;). Since the labelling is a total-
¥ € ¥ and a variabler € X, we writex € ¥ wheny cover, each label € f>(v;) corresponds to an assign-

def ment that satisfieg/; and such that|,, € f1(u) for
depends on, and denot&, = {y e ¥ | x € ¥/}.

] . every vertexu € U(x;) and variablex; appearing in
We construct from¥ a bipartite graptG = (U, V., ;. Thus, a constraing; is satisfied with probability

f :
E) as follows. LetU de {u1,...,u,p} have a vertex | f2(v)1/gP = g™, so the expected fraction of con-

for every appearance of a variabledn and letV def strajnts satisfied byl i_s also> g~ P. There must bg an
[n] have a vertex for every constrainit € ¥. We aSS|gnm_eDnt that. attains the expegtathn, and satisfies at
denotelU(x) C U the set of vertices corresponding |€aStag™" fraction of the constraints i#. W
to the variablex. A vertex j € V is connected tall Note that for theg = gc(n) chosen/abovg >
appearances of all of the variablesjin. Formally, _O(l)/I}"‘I b:a_caus&ﬂ = O(ge'(m) for ¢ > ¢, thus¥
is not a ‘no’ instance. O
def .
E={(,j)lueU(x) andy €y}, We next show that if is a ‘no’ instance, then
def def ) any label-cover hag cost more tharg. This again,
We setB; = F and B, = 7~. For an edge s formulated in a contrapositive manner as follows.
(u, j) € E, assumex € U (x) andx is theith variable
in ¥, and define Proposition 3 (Soundness. If there is a total-cover
for G with /1-costg - n D, then there is an assignment
Myj={(ai, (@,....ap)) | ¥j(a,....ap) =True}.  sqatisfvings (1/2)-(1/(2D - g)P) > O(1)/| ] frac-
tion of w.
Proposition 1 (Completeness)f there is a satisfying
assignment fow, then there is a total-cover foG Proof. Let(f1, f2) be atotal-cover witly costg-nD.

i . . def
with /o, costl, and/; costn - D. For every variabler, defineA (x) = Nuev o 1) S

F (this set is nonempty sindggf, f2) is a total cover).
Proof. Let A: X — F be an assignment satisfying Recall that¥, C ¥ denotes the set of constraints that

all of w. Define for each: € U(x), fi(u) def [A()) dependonx. If u € U(x) then|A(x)| < | f1(u)|, hence

def /
and for eachj € V, f2(j) = {(A(xip), ..., Axip)) | .
¥ depends on;,, ..., x;,} (these are both singleton Z W |- [AG) | < Z!fl(”” =g-nD. (+)
sets). This is a total-cover df, cost 1 and/1-cost i=1 ) uey )
n-D. O Consider the random procedure of choosing a

constrainty € g ¥ uniformly at random and then
choosing a variable € g ¢ uniformly at random. The
probability of choosingx is [¥,|/(nD). EQ. () is
equivalenttoE (|A(x)|) < g whereE (JA(x)|) denotes
the expectation ofA(x)| for x chosen by the above
random procedure.

Proposition 2 (Soundnesg). If there is a total-cover We call a variablex for which [A(x)| > 2D - g, a
for G with [, costg, then there is an assignment badvariable. By the Markov inequality

satisfying ag—? > O(1)/|F| fraction of & (so ¥ is

not a ‘no’ instance. Ijr[|f1(x)| >2D-E(|A)])] <

We next show that if is a ‘no’ instance, then
any label-cover hag,, cost more thang. This is
formulated in a contrapositive manner as follows.

1
2D
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which means that the probability of hitting a bad cost is 1 org. As for other/, norms 1< p < oo,
variable is less than/12D). the same reduction gives an inapproximability gap of
1 ' {/g for anyl, norm with 1< p < oo. This follows
2D > wewprxew[x is bad since in the completeness case a ‘'yes’ PCP instance
T , it translates into a zero-one vector, whdgenorm is
- MPRrwW contains a bad variable YnD. Inthe soundness case, sincefat Z", ||x||1 =
x Pr[x is bad |y contains a bad variabjle Y Ixil < X Ixil? = |lx |, any total-cover whosé,
xey norm is at most{/gnD hasi; norm at mostgnD
and the soundness argument for thecase carries
through. The inapproximability gap thus obtained is
Multiplying by D, we deduce that at least half of the {gnD/{/nD = /g, which, for constanp, is of the
constraintsy € ¥ contain no bad variable. Next, Same order of magnitude as before.
define a random assignmedtfor ¥ by choosing, for

. . 1
> Pr [¢ contains a bad variable—.
Y ERY D

. def
every variabler, a randomvalue € A(x), A(x) = a. 3. Reducing PCP to MM SA3
For a constrainty; and a valuer € f>(v;), the
probability that each variable € v; was assigned The MINIMUM -MONOTONE-SATISFYING-AS-

a=rl|is erw,-(l/M(x)D (recall thatr satisfies
Y¥; so this is a lower bound on the probability that
Y; is satisfied by.A). For constraints that contain
no bad variable, this probability i& 1/(2D - g)P.
Hence the expected fraction of constraints (of those
containing no bad variable) that are satisfied Ay
is > 1/(2D - g)P. Thus, there exists an assignment
A that attains this expectation, i.e., that satisfies a
> 1/(2D - )P fraction of the constraints that contain
no bad variables. Thud satisfies a> 1/2(2D - g)”
fraction of all of the constraints.

Let us see that for the above chosgr= g.(n),
1/(2- (2D - g)P) > O(1)/|F|. Indeed taking inverses
and considering the loglog of both sides,

SIGNMENT (MMSA) problem is defined as follows,

Definition 2 (MMSA. Given a monotone formula
¢(x1,...,x;) over the basigA, v}, find a satisfy-

ing assignmentA :{x1,...,xx} — {0,1} (i.e., such

that p(A(x1),..., A(xx)) = True), minimizing the

weight ¥_1 A(x;).

MMSA,; is the restriction of MMSA to formulae
of depthi. For example, MMSA is the problem of
finding a minimal-weight assignment for a formula
written as an AND of ORs of ANDs.

In this section we show a direct reduction from PCP
to MMSAg3, that preserves the approximation factor.
loglog2- (2D - g)?

< O(log D) + log logg Theorem 3. For anyc < 1/2, |td|§ NP-hard to approx-

1 imateMMSA3 to within g (n) & 209" "9 "n_
= O(logloglogn) + (l — ﬁ) loglogn
(loglogn) Proof. Again, our starting point is the low error-
< loglog(gc (m)) probability PCP theorem, Theorem 1. Fgx= g.(n),
=loglog| F]|. and fixc < ¢’ < 1/2 arbitrarily. TakeF to be such that

|F| = ©(g(n)), andD = O(loglogf n). Let ¥ be a
PCP instance as in Theorem 1. For a fixed ¥, we
denote the set of satisfying assignments foR jt C
FP. For an assignmente Ry and a variabler €
we writer|, € F to denote the restriction afto x.

We construct the monotone formuth over the
' following set of literals

ThusY is not a ‘'no’ instance. O

Propositions 1 and 3 imply that distinguishing
between the case where there is a total-cover for
G whose!l; cost isnD or g - nD would enable
distinguishing between ‘yes’ and ‘no’ PCP instances
hence it is NP-hard. Similarly, Propositions 1 and
2 imply the same about distinguishing between the . def U (TLx,y.al| ¥ € ¥, aeF).

case where there is a total-cover f6r whosel =
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This set has cardinalityD - | F|. The pair of variable
x and assignment for it will be represented by the

conjunctionL[x, a] def /\1//elllx T[x, v, a] that can be
read as ¢ is assigned toc”. We define the formula
@ (T) by

oM E N\ \/ N Lx.rll.

VeV reRy xey

This is a depth-3 formula, since the conjunction of
conjunctions is still a conjunction.

Proposition 4 (Completeness)t ¥ is satisfiable, then
there is a satisfying assignment @, whose weight is
n-D.

Proof. Let A:X — F be a satisfying assignment
for w. Define an assignmet : T — {Tr ue, Fal se}
for the literals of® by setting A’ (T [x, ¥, a]) = Tr ue

iff A(x) = a. This assignment clearly satisfiés and
has weight exactlyD. O

Proposition 5 (Soundness)lf there is a satisfying
assignment ford whose weight ignD, then there
is an assignment satisfying B (2(2Dg)?) fraction

of v.

The proof of this proposition is very similar to the
proof of Proposition 3.

Proof. Let Ag:T — {True, Fal se} be a weight-
gnD satisfying assignment fo®. For each variable

xeX, let A) & ja e F | Ao(Lx,al) = Tr ue).
A(x) is nhonempty since: appears in some constraint
¥, and for eachy € ¥ there must be somefor which
/\xew Lix,r|x]=Tr ue becaused, satisfiesd.

L[x,a] contains|¥,| literals that, ifa € A(x),
are by definition set tdr ue. These are distinct for
distinctx’s, thus

Y o1l [A| < g -nD.
xeX

Consider the procedure of choosing a constraint
¥ € g ¥ uniformly at random and then choosing a
variablex € r ¥ uniformly at random. The probability
of choosingx is |¥,|/(nD). The above equation is
thus equivalent toE(|A(x)]) < g where E(JA(x)])
denotes the expectation A (x)| wherex is chosen
by the above procedure.

I. Dinur, S. Safra / Information Processing Letters 89 (2004) 247-254

We call a variablex for which |[A(x)| > 2D - g, a
badvariable. The Markov inequality yields

Pr A 2D-E(|A —
P[AW)]| > 2D E(JAW])] < 5
which means that the probability of hitting a bad
variable is less than/12D).

Pr

=
vew,xe

Pr [v contains a bad varialdle
Y eR¥Y

2D w[x is bad

X Plrp[x is bad| ¥ contains a bad variabjle
xXe

. . 1
> Pr [¢ contains a bad varialjle—.
YeERY D

Multiplying by D, we deduce that at least half of the
constrainta/ € g ¥ contain no bad variable.

Next, we define a random assignmehfor ¥ by
choosing, for every variable, a random value: €

A(x), A(x) dzefa. For each constraint € ¥ there is
at least one value€ Ry with /\xew Ao (L[x,r|x]) =
True since Ay satisfies®. The probability that
each variablex € ¥ was assignedi = r|, € A(x)

is erw(1/|A(x)|). For constraints that contain no
bad variable, this probability is 1/(2D - g)P. Hence
there is an assignment that satisfies at least

1 1
2 (2D-g)P
fraction of the constraints.

Since ¥ (2(2Dg)?) > O(1)/|F|, we deduce tha¥
is not a ‘no’ PCP instance.O

We saw in Proposition 4 that# is a PCP ‘yes’ in-
stance then there is a weigh satisfying assignment
for @. On the other hand, # is a PCP ‘no’ instance
(i.e., any assignment satisfies no more thaif® Q.F|
fraction of the constraints), then there cannot be even
a weightgn D satisfying assignment fo®. Other-
wise Proposition 5 would imply that there is an as-
signment satisfying a/2 - (2Dg)? > O(1)/|F| frac-
tion of the constraints (the last inequality holds be-
causec’ > c). Thus, distinguishing between the case
where the monotone formula has a satisfying assign-
ment of weight: D or gnD is NP-hard because it en-
ables distinguishing between ‘yes’ and ‘no’ PCP in-
stances. This completes the proof of the theorem.
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4, Reducing MM SA3 to LABEL-COVER

In this section we show a reduction from MMSA
to LABEL-COVER. This shows that MMSA is no
harder than BWBEL-COVER, and (together with the
reduction from [1]) places ABEL-COVER between
level 3 and 4 in the ‘MMSA-hierarchy’. It also

253

Proof. Let. A be a weightt satisfying assignment for
@. Define a cover as follows. For evey € U set
A )def {0,1,..., W} AXX;) =True,
u = .
1 {0} otherwise

def .
For everyv; », € V let fo(viw) = {j*} where* is
the smallest index for which

re-establishes the result in Section 2 showing NP- ¢

hardness for approximatingABEL-COVER.
An instance of MMSA is a formula

I J

K
@ ZAV AT

i=1j=1k=1

where theT; ; ¢ are literals from the sefixy, ..., X}
for someL < I-J - K (by repeating literals we may

assume wlog that all conjunctions are of the same size,

and similarly all disjunctions). We construct a bipartite

. . f
graphG = (U, V, E) with verticesU de {ug,...,ur}
for the literals, and

f

vE L I 1<w<w1<i<)

for W copies of the disjunctions (wheréV is chosen
large enough, sayw = L). The edges inE connect
every literal to the disjunctions in which it appears,

def .
E = {(u,viw) | 3j.k T jx =%}

The sets of possible labels aBg def {0,1,..., W} for

U anded:Ef{l,...,J}forV.

Forj=1,...,J, denote
Tij={Tijx 1 1<k <K}

If a vertexv = v; ,, is labelled byj, we differentiate
between two kinds of neighbotg of v: those with
X; € T;,j and those withy; ¢ T; ;. For an edge: =
(u1, vi,w), We construct the relatiofi, so that the two
kinds of neighbors are ‘covered’ differently,

1, % w, jy 1 e T UL ) Ix ¢ T ).

Note that for every labeJ for v there is at least one
u; for which x; € T; ;, thus labellinguy, . .., u; with
0 cannot be a total-cover.

Proposition 6 (Completeness)f there is a satisfying
assignment fo® whose weight ig, then there is a
total-cover forG with /g costL +¢t- W =(t+1) - W.

/\ .A(T,',j*,k) =True

k=1

(such an indexj* exists becaused satisfies ®).
Obviously f1, f» are nonempty, and thig cost of the
labelling is exactlyL +¢ - W.

Let us show that the labellingfi, f2) is a total
cover. Lete = (u;,vi») be an arbitrary edge, and
let j € f2(viw). By definition of f2, j is such that
A(x;) = True for all x; € T; ;. Thus, for an index
I with x; € T; j, by definition f1(u;) = {0,1,..., W}
ande is covered by(w, j). If x; ¢ T; ; then(0, j)
I1, soe is covered becaused f1(u;). O

Proposition 7 (Soundness)lf there is a total-cover
for G with 11 costtW, then there is a satisfying
assignment fob whose weight is.

Proof. Let (f1, f2) be a total cover withi; cost:W.
Sincevu e U f1(u) €{0,1,..., W}, and

> 1AW =tW,

uelU

there must be at least one* > 0 for which |{u |

w* € fi(w)} < t. We claim that the assignmemt

defined by assigning; the valueTr ue if and only if

w* € f1(u;), satisfiesd. Note thatA4’s weight cannot
exceed.

Fix i. We will show that theith disjunction is
satisfied. Consider the vertax ,~ and a labelj €
fo(viw) # 0. As before, definel; ; = (T; j« | k =
1,...,K}. We will show that thejth conjunction
of the ith disjunction is satisfied (thus satisfying the
whole disjunction). For this purpose we need to show
that every literalx; € T; ; is assignedlr ue, or in
other wordsw* € f1(u;). But this is immediate since

there is no other way of covering the edge&f
(w1, vi.w+), and(f1, f2) is a total-cover. O

Summarizing Propositions 6 and 7, we see that if
the original formula® had a satisfying assignment
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of weight g, then the lABEL-COVER instance has a  strengthen the known hardness results for the afore-
total-cover whosé;-cost isW (o + 1). If, on the other mentioned problems in [6,1].

hand, every satisfying assignment fér has weight We know that laBEL-CoVER resides between lev-
>t = g.(n) - 1o, then every total-cover hag-cost  els 3 and 4 in this hierarchy. However, the inapprox-
> gc(n) - Wro. imability factor of LABEL-COVER is the same as that

In the previous section we saw that it is NP-hard of MMSA, for i > 3. Is this an indication that the hi-
to distinguish between the case where the minimum erarchy collapses, or is there really a difference in the

weight assignment is at mos or at leastg.(n) - o, hardness of hierarchy levels foe 3?
thus it is NP-hard to approximateABEL-COVER to

within a factor ofg.(n)Weg/W(to+1) > g.(n)/2 =
Q2009 ?y where D = (loglogn)¢ for any ¢ <
1/2. The proof for othet, norms follows, as before,
since 1< p < oo norms approximate each other for
integer-valued vectors.
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