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Abstract

The LABEL-COVER problem, defined by S. Arora, L. Babai, J. Stern, Z. Sweedyk [Proceedings of 34th IEEE Symp
on Foundations of Computer Science, 1993, pp. 724–733], serves as a starting point for numerous hardness of app
reductions. It is one of six ‘canonical’ approximation problems in the survey of Arora and Lund [Hardness of Approxim
in: Approximation Algorithms for NP-Hard Problems, PWS Publishing Company, 1996, Chapter 10]. In this paper we p
direct combinatorial reduction from low error-probability PCP [Proceedings of 31st ACM Symposium on Theory of Com

1999, pp. 29–40] to LABEL-COVER showing it NP-hard to approximate to within 2(logn)1−o(1)
. This improves upon the be

previous hardness of approximation results known for this problem.
We also consider the MINIMUM -MONOTONE-SATISFYING-ASSIGNMENT (MMSA) problem of finding a satisfying

assignment to a monotone formula with the least number of 1’s, introduced by M. Alekhnovich, S. Buss, S. Moran, T
[Minimum propositional proof length is NP-hard to linearly approximate, 1998]. We define a hierarchy of approxim
problems obtained by restricting the number of alternations of the monotone formula. This hierarchy turns out to be e
to an AND/OR scheduling hierarchy suggested by M.H. Goldwasser, R. Motwani [Lecture Notes in Comput. Sci., Vo
Springer-Verlag, 1997, pp. 307–320]. We show some hardness results for certain levels in this hierarchy, and placeABEL-
COVER between levels 3 and 4. This partially answers an open problem from M.H. Goldwasser, R. Motwani regard
precise complexity of each level in the hierarchy, and the place of LABEL-COVERin it.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction (u, v) ∈ E, a relationΠu,v ⊆ B1 × B2 consisting of
l
in-

e

admissible pairs of labels for that edge. Alabelling

er-

t

erved
The LABEL-COVER problem is a combinatoria
graph labelling problem defined as follows. The
put is a bipartite graphG = (U,V,E), two sets of
labels,B1 for U andB2 for V , and for each edg
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(f1, f2) is a pair of functionsf1 :U → 2B1, f2 :V →
2B2 \ {φ} assigning a subset of labels to each v
tex. A labellingcoversan edge(u, v) if for every la-
bel a2 ∈ f2(v) there is a labela1 ∈ f1(u) such that
(a1, a2) ∈ Πu,v . The goal is to find a labelling tha
covers all edges such that thelp norm of the vec-
tor (|f1(u1)|, |f1(u2)|, . . . , |f1(um)|) ∈ Z

|U | is mini-
mized.

.
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This problem was shown (implicitly in [10] and
more formally in [2]) quasi-NP-hard to approximate to
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nε hardness result for a related problem: that of finding
the minimum weight assignment for a circuit whose
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within a factor of 2(logn)1−δ
for any constantδ > 0 by

showing a specific two-prover one-round interact
proof protocol, which reduces to LABEL-COVER.

We prove that LABEL-COVER is NP-hard to ap-
proximate to within 2(logn)11−δ

whereδ = (log logn)−c
for any c < 1/2. This improves the best previous
known results achieving NP-hardness rather than q
NP-hardness, and obtaining a larger factor for wh
hardness-of-approximation is proven. Our result a
immediately strengthens the results of [6,1] and sh
that the following problems are NP-hard to appro

mate to within a factor of 2(logn)1−1/(log logn)c

for anyc <
1/2: MMSA, MINIMUM -LENGTH-FREGE-PROOF,
MINIMUM -LENGTH-RESOLUTION-REFUTATION,
AND/OR SCHEDULING, LINEAR-REMOVE-PART,
REMOVE-PART, SEPARATE-PAIR,
FULL -DISASSEMBLY, REMOVE-SET, and
SEPARATE-SET.

Remark. In [2], L ABEL-COVER was reduced to th
CLOSEST-VECTOR problem, the NEAREST CODE-
WORD problem, MAX -SATISFY, MIN-UNSATISFY,
learning half-spaces in the presence of errors, an
number of other problems. Unfortunately, their red
tion, is not from general LABEL-COVER, but rather
relies on a special additional property of the LABEL-
COVER instance that they construct. Namely that
relations associated with each edge are partial fu
tions: every label foru can be covered by at most on
label forv. This property is inherently missing in ou
reduction, and indeed hardness results for the af
mentioned problems seem to require more work t
is present in our direct reduction.

A formula-depth hierarchy

We also consider a related problem called MINI -
MUM -MONOTONE-SATISFYING-ASSIGNMENT

(MMSA) that was defined in [1], and shown the
to be as hard as LABEL-COVER. Given a formulaϕ
over a monotone basis, the problem is to find a
isfying assignment forϕ with a minimum number o
1’s. This problem was considered in [1] since it r
duces to the problem of finding the length of a prop
sitional proof, a problem of considerable interest
proof-theory. Subsequently, Umans [13] obtained
-

set of accepting strings is monotone. In that prob
the circuit itself is not necessarily given by a formu
that is written over a monotone basis, so the hardn
result does not carry over to our case.

We show that the MMSA problem can be view
as a generalization of the LABEL-COVER problem.
We examine a hierarchy of approximation proble
formed by restricting the depth of the monoto
formula in the MMSA problem. This hierarchy
equivalent to a hierarchy of AND/OR schedulin
pointed out in [6]. A monotone formula is said to b
of depthi if it has i − 1 alternations between AND
and OR. A depth-i formula is calledΠi (Σi ) if the
first level of alternation is an AND (OR). It is eas
to see that the complexity of MMSA restricted
Σi+1 formulae is equivalent the complexity of MMS
restricted toΠi formulae, denoted MMSAi .

Each MMSAi is at least as hard to approxima
as MMSAi−1. MMSA1 is trivially solvable in poly-
nomial time. MMSA2, is already quite harder, an
actually a simple approximation-preserving reduct
from SET-COVER to MMSA2 was shown in [1], im-
plying that MMSA2 is NP-hard to approximate t
within logarithmic factors [12]. In fact, the two prob
lems can be easily shown to be equivalent, thus
same greedy algorithm for SET-COVER [7,9] approx-
imates MMSA2 to within a factor of lnn. We know of
no previous hardness result for MMSA3. A reduction
from LABEL-COVER to MMSA4 was shown indepen
dently in [1] and [6].

We show how to translate MMSA3 to LABEL-
COVER, altogether placing LABEL-COVER some-
where between levels 3 and 4 in this hierarchy. T
partially answers an open question from [6] of whet
or not LABEL-COVER is equivalent to level 4 in the
hierarchy. Furthermore, we examine the (previou
unknown) hardness of MMSA3 and via a reduction
from PCP to MMSA3 show that it is NP-hard to ap
proximate to within the above large factors. This i
mediately carries over for MMSAi for every i � 3
and for LABEL-COVER. Our reductions all involve
a polynomial sized blow-up, thus the hardness
approximation ratios are polynomially related. For
asymptotic approximation ratios discussed here,
polynomial blow-up is irrelevant.
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Table 1

Formula depth Approximation algorithm NP-hardness factor
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LABEL-COVER thus placing LABEL-COVER between
levels 3 and 4 in the ‘MMSA’ hierarchy. This also
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MMSA1 1 –
MMSA2 lnn �(logn)

MMSA�3 n 2log1−o(1) n

If we denote the relationreducible with a polynomi
ally related approximation-ratioby 
 we can write:

PCP
 MMSA3 
 LABEL-COVER
 MMSA4


 · · · 
 MMSAi .

We summarize the above in Table 1.

Technique

We show a direct reduction to LABEL-COVERfrom
low error-probability PCP with parametersD andε.
Namely, we begin with a gap-SAT instance cons
ing of Boolean constraints. These constraints e
depend onD variables, and the variables take v
ues in {1, . . . , �1/ε�}. The PCP theorem states th
it is NP-hard to distinguish between the ‘yes’ ca
where all of the constraints are satisfiable, and the
case where every assignment satisfies no more
an ε fraction of the constraints. The focus of [4] w
on D = O(1), and thus only an error-probability o
ε = 2−(logn)1−δ

for any constantδ > 0 was claimed.
This alone strengthens the hardness of LABEL-COVER

from quasi-NP-hardness to NP-hardness, but with
same hardness-factor as before. For our purposes
ever, the best result is obtained by choosingD =
log logc n for any c < 1/2 and ε = 2− log1−1/O(D) n.
These parameters give the result claimed above.
tice that our direct reduction immediately implies th
a stronger PCP characterization of NP—e.g., one w
a polynomially-small error-probability and consta
depend as conjectured in [3]—would immediate
give NP-hardness for approximating LABEL-COVER

to within nc for some constantc > 0.

Structure of the paper

Our main result for LABEL-COVER is proven in
Section 2. The hardness result for MMSA3 is proven
in Section 3, via a reduction from PCP. We th
show, in Section 4 a reduction from MMSA3 to
-

re-establishes the hardness result for LABEL-COVER

already shown in Section 2.

2. Label-cover

The LABEL-COVER problem is defined as follows

Definition 1 (LABEL-COVER (LCp)). The input to
the label-cover problem is a bipartite graphG =
(U,V,E), two sets of labels,B1 for U andB2 for V ,
and for each edge(u, v) ∈ E, a relationΠu,v ⊆ B1 ×
B2 consisting of admissible pairs of labels for th
edge.

A labelling (f1, f2) is a pair of functionsf1 :U →
2B1, f2 :V → 2B2 \ {φ} assigning a subset of labels
each vertex. Thelp-cost of the labelling is thelp norm
of the vector(|f1(u1)|, |f1(u2)|, . . . , |f1(um)|) ∈ Z

|U |.
A labelling covers an edge(u, v) if for every la-
bel a2 ∈ f2(v) there is a labela1 ∈ f1(u) such that
(a1, a2) ∈Πu,v . A total-coverof G is a labelling that
covers every edge. The problem LCp is to find a total-
cover with minimallp-cost (1� p � ∞).

In this section we show a direct reduction from P
to LABEL-COVER with lp norm, 1� p � ∞, such
that the approximation factor is preserved.

Let us denotegc(n)
def= 2log1−1/ log logc n n. Our reduc-

tion will imply that LABEL-COVER is NP-hard to ap-
proximate to within factorgc(n) for anyc < 1/2. Our
starting point is the PCP theorem from [4].

Theorem 1 (PCP Theorem [4]).Let c < 1/2 be ar-
bitrary and letD � log logc n. LetΨ = {ψ1, . . . ,ψn}
be a system of boolean constraints over variab
X = {x1, . . . , xn′ } such that each boolean constrai
depends onD variables, and each variable takes va
ues inF where|F | = O(2(logn)1−1/O(D)

). It is NP-hard
to distinguish between the following two cases:

Yes: There is an assignment to the variables s
that allψ1, . . . ,ψn are satisfied.

No: No assignment can satisfy more thanO(1)/|F |
fraction of theψi ’s.

The following is the main theorem in this section
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Theorem 2. For any c < 1/2, and any1 � p � ∞,
LABEL-COVERp is NP-hard to approximate to within

.
t

aint

g

g

n

Proof. Let (f1, f2) be a labelling forG that is a total-
cover withl∞-costg, i.e.,
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a factor ofg = gc(n).

Proof. The proof follows by reduction from PCP
Choose somec < c′ < 1/2, let F be such tha
|F | =$(gc′(n)), and letΨ = {ψ1, . . . ,ψn} be a PCP
instance as in the above Theorem 1. For a constr
ψ ∈ Ψ and a variablex ∈X, we writex ∈ ψ whenψ

depends onx, and denoteΨx
def= {ψ ∈Ψ | x ∈ ψ}.

We construct fromΨ a bipartite graphG= (U,V,

E) as follows. LetU
def= {u1, . . . , unD} have a vertex

for every appearance of a variable inΨ , and letV
def=

[n] have a vertex for every constraintψ ∈ Ψ . We
denoteU(x) ⊂ U the set of vertices correspondin
to the variablex. A vertex j ∈ V is connected toall
appearances of all of the variables inψj . Formally,

E
def= {

(u, j) | u ∈U(x) andx ∈ ψj
}
.

We set B1
def= F and B2

def= FD . For an edge
(u, j) ∈E, assumeu ∈ U(x) andx is theith variable
in ψj , and define

Πu,j = {(
ai, (a1, . . . , aD)

) |ψj (a1, . . . , aD)= True
}
.

Proposition 1 (Completeness).If there is a satisfying
assignment forΨ , then there is a total-cover forG
with l∞ cost1, andl1 costn ·D.

Proof. Let A :X → F be an assignment satisfyin

all of Ψ . Define for eachu ∈ U(x), f1(u)
def= {A(x)}

and for eachj ∈ V , f2(j)
def= {(A(xi1), . . . ,A(xiD )) |

ψj depends onxi1, . . . , xiD } (these are both singleto
sets). This is a total-cover ofl∞ cost 1 andl1-cost
n ·D. ✷

We next show that ifΨ is a ‘no’ instance, then
any label-cover hasl∞ cost more thang. This is
formulated in a contrapositive manner as follows.

Proposition 2 (Soundness∞). If there is a total-cover
for G with l∞ costg, then there is an assignmentA
satisfying ag−D > O(1)/|F | fraction ofΨ (soΨ is
not a ‘no’ instance).
max
i

(∣∣f1(vi)
∣∣) = g.

We define a random assignmentA for the variablesX
by choosing for every variablexi a value uniformly
at random fromf1(u) whereu ∈ U(xi) is an arbi-
trary vertex inU(xi). Since the labelling is a tota
cover, each labelr ∈ f2(vj ) corresponds to an assig
ment that satisfiesψj and such thatr|xi ∈ f1(u) for
every vertexu ∈ U(xi) and variablexi appearing in
ψj . Thus, a constraintψj is satisfied with probability
|f2(vj )|/gD � g−D , so the expected fraction of co
straints satisfied byA is also� g−D . There must be an
assignment that attains the expectation, and satisfi
least ag−D fraction of the constraints inΨ .

Note that for theg = gc(n) chosen aboveg−D >
O(1)/|F | because|F | = O(gc′(n)) for c′ > c, thusΨ
is not a ‘no’ instance. ✷

We next show that ifΨ is a ‘no’ instance, then
any label-cover hasl1 cost more thang. This again,
is formulated in a contrapositive manner as follows

Proposition 3 (Soundness1). If there is a total-cover
for G with l1-costg · nD, then there is an assignme
A satisfying� (1/2) ·(1/(2D · g)D) >O(1)/|F | frac-
tion ofΨ .

Proof. Let (f1, f2) be a total-cover withl1 costg ·nD.

For every variablex, defineA(x)
def= ⋂

u∈U(x) f1(u)⊆
F (this set is nonempty since(f1, f2) is a total cover).
Recall thatΨx ⊆ Ψ denotes the set of constraints th
depend onx. If u ∈U(x) then|A(x)| � |f1(u)|, hence

n′∑
i=1

|Ψxi | ·
∣∣A(xi)∣∣ �

∑
u∈U

∣∣f1(u)
∣∣ = g · nD. (∗)

Consider the random procedure of choosing
constraintψ ∈R Ψ uniformly at random and the
choosing a variablex ∈R ψ uniformly at random. The
probability of choosingx is |Ψx |/(nD). Eq. (∗) is
equivalent toE(|A(x)|)� g whereE(|A(x)|) denotes
the expectation of|A(x)| for x chosen by the abov
random procedure.

We call a variablex for which |A(x)|> 2D · g, a
badvariable. By the Markov inequality

Pr
x

[∣∣f1(x)
∣∣> 2D ·E(∣∣A(x)∣∣)]< 1

2D
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which means that the probability of hitting a bad
variable is less than 1/(2D).
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the same reduction gives an inapproximability gap of
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2D
� Pr
ψ∈Ψx, x∈ψ

[x is bad]
= Pr
ψ∈RΨ

[ψ contains a bad variable]
× Pr
x∈ψ[x is bad |ψ contains a bad variable]

� Pr
ψ∈RΨ

[ψ contains a bad variable] · 1

D
.

Multiplying by D, we deduce that at least half of th
constraintsψ ∈R Ψ contain no bad variable. Nex
define a random assignmentA for Ψ by choosing, for

every variablex, a random valuea ∈A(x),A(x) def= a.
For a constraintψi and a valuer ∈ f2(vi), the
probability that each variablex ∈ ψi was assigned
a = r|x is

∏
x∈ψi (1/|A(x)|) (recall that r satisfies

ψi so this is a lower bound on the probability th
ψi is satisfied byA). For constraints that contai
no bad variable, this probability is� 1/(2D · g)D .
Hence the expected fraction of constraints (of th
containing no bad variable) that are satisfied byA
is � 1/(2D · g)D . Thus, there exists an assignme
A that attains this expectation, i.e., that satisfie
� 1/(2D · g)D fraction of the constraints that conta
no bad variables. ThusA satisfies a� 1/2(2D · g)D
fraction of all of the constraints.

Let us see that for the above choseng = gc(n),
1/(2 · (2D · g)D) >O(1)/|F |. Indeed taking inverse
and considering the log log of both sides,

log log2· (2D · g)D
� O(logD)+ log logg

= O(log log logn)+
(

1− 1

(log logn)c

)
log logn

< log log
(
gc′(n)

)
= log log|F |.

ThusΨ is not a ‘no’ instance. ✷
Propositions 1 and 3 imply that distinguishin

between the case where there is a total-cover
G whose l1 cost is nD or g · nD would enable
distinguishing between ‘yes’ and ‘no’ PCP instanc
hence it is NP-hard. Similarly, Propositions 1 a
2 imply the same about distinguishing between
case where there is a total-cover forG whose l∞
p
√
g for any lp norm with 1< p < ∞. This follows

since in the completeness case a ‘yes’ PCP insta
translates into a zero-one vector, whoselp norm is
p
√
nD. In the soundness case, since forx ∈ Z

n, ‖x‖1 =∑ |xi | �
∑ |xi |p = ‖x‖pp , any total-cover whoselp

norm is at most p
√
gnD has l1 norm at mostgnD

and the soundness argument for thel1 case carries
through. The inapproximability gap thus obtained
p
√
gnD/

p
√
nD = p

√
g, which, for constantp, is of the

same order of magnitude as before.✷

3. Reducing PCP to MMSA3

The MINIMUM -MONOTONE-SATISFYING-AS-
SIGNMENT (MMSA) problem is defined as follows,

Definition 2 (MMSA). Given a monotone formul
ϕ(x1, . . . , xk) over the basis{∧,∨}, find a satisfy-
ing assignmentA : {x1, . . . , xk} → {0,1} (i.e., such
that ϕ(A(x1), . . . ,A(xk)) = True), minimizing the
weight

∑k
i=1A(xi).

MMSAi is the restriction of MMSA to formulae
of depthi. For example, MMSA3 is the problem of
finding a minimal-weight assignment for a formu
written as an AND of ORs of ANDs.

In this section we show a direct reduction from P
to MMSA3, that preserves the approximation facto

Theorem 3. For anyc < 1/2, it is NP-hard to approx-

imateMMSA3 to within gc(n)
def= 2log1−1/ log logc n n.

Proof. Again, our starting point is the low erro
probability PCP theorem, Theorem 1. Fixg = gc(n),
and fixc < c′ < 1/2 arbitrarily. TakeF to be such tha
|F | = $(gc′(n)), andD = O(log logc

′
n). Let Ψ be a

PCP instance as in Theorem 1. For a fixedψ ∈ Ψ , we
denote the set of satisfying assignments for itRψ ⊆
FD . For an assignmentr ∈ Rψ and a variablex ∈ ψ
we writer|x ∈ F to denote the restriction ofr to x.

We construct the monotone formulaΦ over the
following set of literals

T
def=

⋃
x∈X

{
T [x,ψ,a] |ψ ∈ Ψx, a ∈F

}
.
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This set has cardinalitynD · |F |. The pair of variable
x and assignmenta for it will be represented by the

of

nt

e

nt

r

aint
a

y
s

We call a variablex for which |A(x)|> 2D · g, a
badvariable. The Markov inequality yields
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conjunctionL[x, a] def= ∧
ψ∈Ψx T [x,ψ,a] that can be

read as “a is assigned tox”. We define the formula
Φ(T ) by

Φ(T )
def=

∧
ψ∈Ψ

∨
r∈Rψ

∧
x∈ψ

L[x, r|x].

This is a depth-3 formula, since the conjunction
conjunctions is still a conjunction.

Proposition 4 (Completeness).If Ψ is satisfiable, then
there is a satisfying assignment forΦ, whose weight is
n ·D.

Proof. Let A :X → F be a satisfying assignme
forΨ . Define an assignmentA′ :T → {True,False}
for the literals ofΦ by settingA′(T [x,ψ,a])= True
iff A(x)= a. This assignment clearly satisfiesΦ, and
has weight exactlynD. ✷
Proposition 5 (Soundness).If there is a satisfying
assignment forΦ whose weight isgnD, then there
is an assignment satisfying a1/(2(2Dg)D) fraction
of Ψ .

The proof of this proposition is very similar to th
proof of Proposition 3.

Proof. Let AΦ :T → {True,False} be a weight-
gnD satisfying assignment forΦ. For each variable

x ∈ X, let A(x)
def= {a ∈ F | AΦ(L[x, a]) = True}.

A(x) is nonempty sincex appears in some constrai
ψ , and for eachψ ∈Ψ there must be somer for which∧
x∈ψ L[x, r|x] = True becauseAΦ satisfiesΦ.
L[x, a] contains |Ψx | literals that, if a ∈ A(x),

are by definition set toTrue. These are distinct fo
distinctx ’s, thus∑
x∈X

|Ψx | ·
∣∣A(x)∣∣ � g · nD.

Consider the procedure of choosing a constr
ψ ∈R Ψ uniformly at random and then choosing
variablex ∈R ψ uniformly at random. The probabilit
of choosingx is |Ψx |/(nD). The above equation i
thus equivalent toE(|A(x)|) � g whereE(|A(x)|)
denotes the expectation of|A(x)| wherex is chosen
by the above procedure.
Pr
x

[∣∣A(x)∣∣> 2D ·E(∣∣A(x)∣∣)]< 1

2D

which means that the probability of hitting a b
variable is less than 1/(2D).

1

2D
� Pr
ψ∈Ψ,x∈ψ[x is bad]

= Pr
ψ∈RΨ

[ψ contains a bad variable]
× Pr
x∈ψ[x is bad|ψ contains a bad variable]

� Pr
ψ∈RΨ

[ψ contains a bad variable] · 1

D
.

Multiplying by D, we deduce that at least half of th
constraintsψ ∈R Ψ contain no bad variable.

Next, we define a random assignmentA for Ψ by
choosing, for every variablex, a random valuea ∈
A(x), A(x) def= a. For each constraintψ ∈ Ψ there is
at least one valuer ∈RΨ with

∧
x∈ψ AΦ(L[x, r|x])=

True since AΦ satisfiesΦ. The probability that
each variablex ∈ ψ was assigneda = r|x ∈ A(x)

is
∏
x∈ψ(1/|A(x)|). For constraints that contain n

bad variable, this probability is� 1/(2D · g)D . Hence
there is an assignment that satisfies at least

1

2
· 1

(2D · g)D
fraction of the constraints.

Since 1/(2(2Dg)D) >O(1)/|F |, we deduce thatΨ
is not a ‘no’ PCP instance.✷

We saw in Proposition 4 that ifΨ is a PCP ‘yes’ in-
stance then there is a weight-nD satisfying assignmen
for Φ. On the other hand, ifΨ is a PCP ‘no’ instance
(i.e., any assignment satisfies no more than a O(1)/|F |
fraction of the constraints), then there cannot be e
a weight-gnD satisfying assignment forΦ. Other-
wise Proposition 5 would imply that there is an a
signment satisfying a 1/2 · (2Dg)D >O(1)/|F | frac-
tion of the constraints (the last inequality holds b
causec′ > c). Thus, distinguishing between the ca
where the monotone formula has a satisfying ass
ment of weightnD or gnD is NP-hard because it en
ables distinguishing between ‘yes’ and ‘no’ PCP
stances. This completes the proof of the theorem.✷
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4. Reducing MMSA3 to LABEL-COVER

P-

y
ize,
ite

e

Proof. Let A be a weight-t satisfying assignment for
Φ. Define a cover as follows. For everyul ∈U set

d

g

he
ow

e

t if
nt
In this section we show a reduction from MMSA3
to LABEL-COVER. This shows that MMSA3 is no
harder than LABEL-COVER, and (together with the
reduction from [1]) places LABEL-COVER between
level 3 and 4 in the ‘MMSA-hierarchy’. It also
re-establishes the result in Section 2 showing N
hardness for approximating LABEL-COVER.

An instance of MMSA3 is a formula

Φ
def=

I∧
i=1

J∨
j=1

K∧
k=1

Ti,j,k

where theTi,j,k are literals from the set{x1, . . . ,xL}
for someL � I · J ·K (by repeating literals we ma
assume wlog that all conjunctions are of the same s
and similarly all disjunctions). We construct a bipart

graphG= (U,V,E) with verticesU
def= {u1, . . . , uL}

for the literals, and

V
def= {vi,w | 1�w �W,1 � i � I }

forW copies of theI disjunctions (whereW is chosen
large enough, sayW = L). The edges inE connect
every literal to the disjunctions in which it appears,

E
def= {

(ul, vi,w) | ∃j, k, Ti,j,k = xl
}
.

The sets of possible labels areB1
def= {0,1, . . . ,W } for

U andB2
def= {1, . . . , J } for V .

For j = 1, . . . , J , denote

Ti,j = {Ti,j,k | 1 � k �K}.
If a vertexv = vi,w is labelled byj , we differentiate
between two kinds of neighborsul of v: those with
xl ∈ Ti,j and those withxl /∈ Ti,j . For an edgee =
(ul, vi,w), we construct the relationΠe so that the two
kinds of neighbors are ‘covered’ differently,

Πe
def= {

(w, j) | xl ∈ Ti,j
} ∪ {

(0, j) | xl /∈ Ti,j
}
.

Note that for every labelj for v there is at least on
ul for which xl ∈ Ti,j , thus labellingu1, . . . , uL with
0 cannot be a total-cover.

Proposition 6 (Completeness).If there is a satisfying
assignment forΦ whose weight ist , then there is a
total-cover forG with l1 costL+ t ·W = (t + 1) ·W .
f1(ul)
def=

{ {0,1, . . . ,W } A(xl )= True,

{0} otherwise.

For everyvi,w ∈ V let f2(vi,w)
def= {j∗} wherej∗ is

the smallest index for which
K∧
k=1

A(Ti,j∗,k)= True

(such an indexj∗ exists becauseA satisfiesΦ).
Obviouslyf1, f2 are nonempty, and thel1 cost of the
labelling is exactlyL+ t ·W .

Let us show that the labelling(f1, f2) is a total
cover. Let e = (ul, vi,w) be an arbitrary edge, an
let j ∈ f2(vi,w). By definition of f2, j is such that
A(xl ) = True for all xl ∈ Ti,j . Thus, for an index
l with xl ∈ Ti,j , by definitionf1(ul) = {0,1, . . . ,W }
ande is covered by(w, j). If xl /∈ Ti,j then (0, j) ∈
Πe soe is covered because 0∈ f1(ul). ✷
Proposition 7 (Soundness).If there is a total-cover
for G with l1 cost tW , then there is a satisfyin
assignment forΦ whose weight ist .

Proof. Let (f1, f2) be a total cover withl1 cost tW .
Since∀u ∈ U f1(u)⊆ {0,1, . . . ,W }, and∑
u∈U

|f1(u)| = tW,

there must be at least onew∗ > 0 for which |{u |
w∗ ∈ f1(u)}| � t . We claim that the assignmentA
defined by assigningxl the valueTrue if and only if
w∗ ∈ f1(ul), satisfiesΦ. Note thatA’s weight cannot
exceedt .

Fix i. We will show that theith disjunction is
satisfied. Consider the vertexvi,w∗ and a labelj ∈
f2(vi,w∗ ) �= ∅. As before, defineTi,j = {Ti,j,k | k =
1, . . . ,K}. We will show that thej th conjunction
of the ith disjunction is satisfied (thus satisfying t
whole disjunction). For this purpose we need to sh
that every literalxl ∈ Ti,j is assignedTrue, or in
other wordsw∗ ∈ f1(ul). But this is immediate sinc

there is no other way of covering the edgese
def=

(ul, vi,w∗), and(f1, f2) is a total-cover. ✷
Summarizing Propositions 6 and 7, we see tha

the original formulaΦ had a satisfying assignme
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of weight t0, then the LABEL-COVER instance has a
total-cover whosel1-cost isW(t0 + 1). If, on the other
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strengthen the known hardness results for the afore-
mentioned problems in [6,1].
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hand, every satisfying assignment forΦ has weight
> t = gc(n) · t0, then every total-cover hasl1-cost
> gc(n) ·Wt0.

In the previous section we saw that it is NP-ha
to distinguish between the case where the minim
weight assignment is at mostt0 or at leastgc(n) · t0,
thus it is NP-hard to approximate LABEL-COVER to
within a factor ofgc(n)Wt0/W(t0 + 1) � gc(n)/2 =
�(2(logn)1−1/D

) whereD = (log logn)c for any c <
1/2. The proof for otherlp norms follows, as before
since 1� p < ∞ norms approximate each other f
integer-valued vectors.

5. Discussion and open questions

A depend-2 PCP characterization ofNP

In [2] L ABEL-COVER was used to prove th
hardness of the CLOSEST-VECTOR problem along
with several other problems. However, they use
slightly modified version of LABEL-COVER, in which
the relationΠe for each edge is actually afunction
from B1 to B2. In our result,Πe is a function from
B2 to B1 and inherently cannot be extended to t
version. This obstacle could be overcome had
known a low error-probability PCP characterization
NP with exactly twoprovers (i.e., a PCP constrain
system where each constraint accesses exactly
variables, called depend-2-PCP). Compare this to
known low error-probability PCP characterization
NP [12,4] where each constraint depends on a cons
(> 2) number of variables. Whether or not such
characterization exists remains an open question. N
that it is highly unlikely that this problem is in P sinc
such an interactive proof protocol for NP exists [8
11], with a quasi-polynomial blow-up.

The MMSA hierarchy

We considered a hierarchy of approximation pro
lems, equivalent to that in [6]. We showed a n
hardness-of-approximation result for it (starting fro
the third level). Are higher levels in this hierarchy ev
harder to approximate, perhaps to within some po
nomial nε factor? Such a result would immediate
t

We know that LABEL-COVER resides between lev
els 3 and 4 in this hierarchy. However, the inappr
imability factor of LABEL-COVER is the same as tha
of MMSAi for i � 3. Is this an indication that the h
erarchy collapses, or is there really a difference in
hardness of hierarchy levels fori � 3?
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