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Lecture 1: Approximation Algorithms, Approximation Ratios, Gap
Problems

1 Introduction

To date, thousands of natural optimization problems have been shown to be NP-hard [6, 13]. Designing
approximation algorithms [4, 17, 21] has become a standard path to attack these problems. For some
problem, however, it is even NP-hard to approximate the optimal solution to within a certain ratio. The
TRAVELING SALESMAN PROBLEM (TSP), for instance, has no approximation algorithm, since finding
a feasible solution (the HAMILTONIAN CIRCUIT problem) is already NP-hard.

Until 1990, few inapproximability results were known. The reader is referred to recent surveys
by Feige [10] and Trevisan [20] for good discussions on this point and related history. To prove a
typical inapproximability result such as MAX -CLIQUE is not approximable to within some ratior (unless
P=NP), a natural direction is to find a reduction from some NP-complete problem, say 3SAT, to MAX -
CLIQUE which satisfies the following properties:

• given a 3CNF formulaφ, the reduction constructs in poly-time a graphGφ

• there is some poly-time computablethresholdt such that, ifφ is satisfiable, thenGφ has a clique
of size at leastt, and ifφ is not satisfiable, thenGφ does not have any clique of sizet/r or more.

If M AX -CLIQUE is r-approximable, then one can use thisr-approximation algorithm, along with the
reduction above, to decide if a 3CNF formulaφ is satisfiable. The strategy is to run the algorithm onGφ.
If the answer ist/r or more, thenφ is satisfiable, elseφ is not.

Techniques for proving NP-hardness seem inadequate for this kind ofgap-producingreductions.
Intuitively, the reason is that non-deterministic Turing Machines are sensitive to small changes: the
accepting computations and rejecting computations are not very far from one another (no gap). In 1990,
the landmark work by Feige, Goldwasser, Lovász, Safra, and Szegedy [11] connects probabilistic proof
systems and inapproximability of NP-hard problems. This has become known asthe PCP connection. A
year later, the PCP theorem - a very strong characterization of NP - was proved with the works of Arora
and Safra [3], Arora, Lund, Motwani, Sudan, and Szegedy [2]. A plethora of inapproximability results
using the PCP connection follow, some of them are even optimal [1,7,9,12,14–16,18].

In this seminar, we will focus on the PCP connection and move spirally wider around. We follow the
line of presentation by Bellare, Goldreich, and Sudan [5]. The paper is very instructive! After that, we
shall discuss papers by Håstad [15,16], Raz [19], and related techniques such as Fourier analysis.

2 Approximation Algorithms and Approximation Ratios

We begin with several definitions laying out a framework to analyze inapproximability results.

Definition 2.1 (Promise problem).A promise problem[8] consists of a pair of disjoint finite sets(A,B).
An input x to the problem is promised to be inA ∪ B. The problem is to decide ifx is in A or B, and
answer YES or NO, respectively. The normal membership decision problem for a languageL is the
promise problem(L, L̄).
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Definition 2.2 (Optimization problem). An optimization problemΦ is a tuple

Φ = (S, g, ‖ · ‖, | · ‖∗, OPT),

in which

• S is a function which, on input instancew, gives the setS(w) of all feasible solutions tow;

• g is the objective function, i.e. for anyy ∈ S(w), g(y, w) is the cost of the solutiony;

• OPT∈ {max,min} indicates ifΦ is a maximization or a minimization problem;

• ‖ · ‖ is a polynomially bounded and polynomial time computable function onw (also calledad-
missiblefunction) which gives us a more convenient measure on the size of the instancew; (For
example, ifw is a graph, then‖w‖ is often the number of vertices of the graph.)

• ‖·‖∗ is a polynomial time computable function onw, which will be used to normalize the objective
value so that the objective value is between0 and 1. It shall be clear later why we need this
normalization.

As an example, forΦ = MAX -CLIQUE we have:w is some graphG, S(G) is the set of all cliques
of G, g gives size of a clique,OPT = max, ‖G‖ and‖G‖∗| are equal to the number of vertices ofG.

Definition 2.3 (Approximation algorithm). An approximation algorithmA is a polynomial time algo-
rithm that computes some value close to the optimal solution of an optimization problemΦ. Let A(w)
denote the value thatA returns.

Definition 2.4 (Approximation ratio). An approximation algorithmA for Φ hasapproximation ratio
µA (a function of‖w‖) if, for all instancesw of Φ,

Φ(w)
µA

≤ A(w) ≤ Φ(w), whenOPT = max,

and
Φ(w) ≤ A(w) ≤ µAΦ(w), whenOPT = min.

Here,

Φ(w) =


max

y∈S(w)
g(y, w), if OPT = max

min
y∈S(w)

g(y, w), if OPT = min.

We useΦ̄(w) to denote the normalized objective value:

Φ̄(w) =
Φ(w)
‖w‖∗

.

3 Gap Problems

Consider an optimization problemΦ = (S, g, ‖ · ‖, | · ‖∗, OPT). Let c, s : N+ → [0, 1] be two admissible
functions of the norm‖ · ‖ such that0 < s(n) < c(n) ≤ 1,∀n. Define thegap versionGAP-Φc,s of Φ
as follows. GAP-Φc,s is a promise problem(Y, N), where

Y = {w : Φ̄(w) ≥ c(‖w‖)}
N = {w : Φ̄(w) < s(‖w‖)}

}
whenOPT = max,

2



and
Y = {w : Φ̄(w) ≤ s(‖w‖)}
N = {w : Φ̄(w) < c(‖w‖)}

}
, whenOPT = min.

Let≤K
D denote thedeterministic Karp reduction. We write NP≤K

D Π if any problem in NP is deter-
ministically Karp-reducible to the problemΠ. In particular, NP≤K

D Π if some NP-complete problem is
reducible toΠ.

Proposition 3.1. If NP≤K
D GAP-Φc,s, then it is not possible to approximateΦ to within c

s , unless P=NP.

Proof. The idea is that, if there exists acr -approximation algorithmA for Φ, then there is an polynomial
time algorithmB that can decide membership of any NP-complete problem, saySAT.

For the convenience of presentation, we will usec, s to denotec(‖w‖), s(‖w‖). AssumeOPT = max
(the other case is similar). Let

Ā(w) =
A(w)
‖w‖∗

BecauseA approximatesΦ to within c
s , we have

Φ(w)
c
s

≤ A(w) ≤ Φ(w),

which implies
Φ̄(w)

c
s

≤ Ā(w) ≤ Φ̄(w). (1)

Given a boolean formulaφ, we first use the deterministic Karp-reduction to get an instancew of
GAP-Φc,s. By definition,φ is satisfiable iffΦ̄(w) ≥ c, andφ is not satisfiable iff̄Φ(w) < s.

To decide ifφ is satisfiable, we runA onw. If Ā(w) ≥ s, thenΦ̄(w) ≥ Ā(w) ≥ s, and thus̄Φ ≥ c,
which impliesφ is satisfiable. On the other hand, if̄A(w) < s, thenΦ̄(w) ≤ c

sĀ(w) < c, and thus
Φ̄ < s, which impliesφ is not satisfiable.

This proposition formalizes the idea of gap-producing reductions we discussed in Section 1. The
key is obviously the assumed existence of such a reduction. Non-deterministic Turing machines seem
inadequate for this task. The PCP characterization of NP gives us a much better handle on this reduction.
We will discuss PCP in the next lecture.
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[11] U. FEIGE, S. GOLDWASSER, L. LOVÁSZ, S. SAFRA, AND M. SZEGEDY, Interactive proofs and the hardness of ap-
proximating cliques, J. ACM, 43 (1996), pp. 268–292. Prelim. version in FOCS’91.

[12] U. FEIGE AND J. KILIAN , Zero knowledge and the chromatic number, J. Comput. System Sci., 57 (1998), pp. 187–199.
Complexity 96—The Eleventh Annual IEEE Conference on Computational Complexity (Philadelphia, PA).

[13] M. R. GAREY AND D. S. JOHNSON, Computers and intractability, W. H. Freeman and Co., San Francisco, Calif., 1979.
A guide to the theory of NP-completeness, A Series of Books in the Mathematical Sciences.
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