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Lecture 1: Approximation Algorithms, Approximation Ratios, Gap
Problems

1 Introduction

To date, thousands of natural optimization problems have been shown to be NP-hard [6, 13]. Designing
approximation algorithms [4, 17, 21] has become a standard path to attack these problems. For some
problem, however, it is even NP-hard to approximate the optimal solution to within a certain ratio. The
TRAVELING SALESMAN PROBLEM (TSP), for instance, has no approximation algorithm, since finding
a feasible solution (the AMILTONIAN CIRCUIT problem) is already NP-hard.

Until 1990, few inapproximability results were known. The reader is referred to recent surveys
by Feige [10] and Trevisan [20] for good discussions on this point and related history. To prove a
typical inapproximability result such asA% -CLIQUE is not approximable to within some rattqunless
P=NP), a natural direction is to find a reduction from some NP-complete problem, say 3SARxto M
CLIQUE which satisfies the following properties:

e given a 3CNF formula, the reduction constructs in poly-time a gra@h

e there is some poly-time computaliteesholdt such that, if¢ is satisfiable, thei/; has a clique
of size at least, and if ¢ is not satisfiable, the@',, does not have any clique of sizé- or more.

If M AX-CLIQUE is r-approximable, then one can use thigpproximation algorithm, along with the
reduction above, to decide if a 3CNF formylas satisfiable. The strategy is to run the algorithmHn
If the answer ig/r or more, theny is satisfiable, elsé is not.

Techniques for proving NP-hardness seem inadequate for this kigdpproducingreductions.
Intuitively, the reason is that non-deterministic Turing Machines are sensitive to small changes: the
accepting computations and rejecting computations are not very far from one another (no gap). In 1990,
the landmark work by Feige, Goldwasser, Be¥, Safra, and Szegedy [11] connects probabilistic proof
systems and inapproximability of NP-hard problems. This has become kndwa REP connection. A
year later, the PCP theorem - a very strong characterization of NP - was proved with the works of Arora
and Safra [3], Arora, Lund, Motwani, Sudan, and Szegedy [2]. A plethora of inapproximability results
using the PCP connection follow, some of them are even optimal [1,7,9,12,14-16, 18].

In this seminar, we will focus on the PCP connection and move spirally wider around. We follow the
line of presentation by Bellare, Goldreich, and Sudan [5]. The paper is very instructive! After that, we
shall discuss papers byadtad [15, 16], Raz [19], and related techniques such as Fourier analysis.

2 Approximation Algorithms and Approximation Ratios

We begin with several definitions laying out a framework to analyze inapproximability results.

Definition 2.1 (Promise problem). A promise problenfi8] consists of a pair of disjoint finite setsl, B).
An input z to the problem is promised to be inU B. The problem is to decide if is in A or B, and
answer ¥ts or NO, respectively. The normal membership decision problem for a langliagehe
promise problentL, L).



Definition 2.2 (Optimization problem). An optimization problen® is a tuple
® = (S, g1 0pT),
in which

e S is afunction which, on input instanee, gives the sef(w) of all feasible solutions ta;

g is the objective function, i.e. for anye S(w), g(y, w) is the cost of the solution;

OPT € {max, min} indicates if® is a maximization or a minimization problem;

|| - |l is a polynomially bounded and polynomial time computable functiomgalso calledad-
missiblefunction) which gives us a more convenient measure on the size of the instari€er
example, ifw is a graph, thefjw|| is often the number of vertices of the graph.)

II-]|* is a polynomial time computable function an which will be used to normalize the objective
value so that the objective value is betweaeand 1. It shall be clear later why we need this
normalization.

As an example, fo® = MAX-CLIQUE we have:w is some graplt7, S(G) is the set of all cliques
of G, g gives size of a cliquepPT = max, ||G|| and||G||*| are equal to the number of vertices@f

Definition 2.3 (Approximation algorithm). An approximation algorithm4 is a polynomial time algo-
rithm that computes some value close to the optimal solution of an optimization prdblérat A(w)
denote the value that returns.

Definition 2.4 (Approximation ratio). An approximation algorithnd for & hasapproximation ratio
w4 (afunction of||wl|) if, for all instancesw of @,

d
(w) < A(w) < &(w), whenoPT = max,
HA
and
P(w) < A(w) < pa®(w), whenorPT= min.
Here,
max ¢(y,w), if OPT= max
q)(w) _ JyeS(w)
min ¢(y,w), if OPT= min.
y€S(w)

We used(w) to denote the normalized objective value:

- O (w)
O(w) = —=.
= fuf
3 Gap Problems
Consider an optimization problefn= (S, g, | - ||,| - ||*, oPT). Letc, s : NT — [0, 1] be two admissible

functions of the nornj| - || such thaD < s(n) < ¢(n) < 1,Vn. Define thegap versionGAP-®. ; of ®
as follows. G\P-®. , is a promise problenY, V), where

(w) = e(|lwl)}
(w) < s(llwl)}

Y ={w:

)
N={w:®

} whenoPT = max,

2



and -
Y ={w: ®(w) < s(||lw|)}

N = {w: &(w) < c(||w])} } , WhenoPT = min.

Let <K denote thaleterministic Karp reductionWe write NP<X TI if any problem in NP is deter-
ministically Karp-reducible to the problefid. In particular, NP< II if some NP-complete problem is
reducible toll.

Proposition 3.1. If NP gg GAP-®_ 4, then itis not possible to approximadeto within £, unless P-NP.

Proof. The idea is that, if there exists;aapproximation algorithmi for @, then there is an polynomial
time algorithmB that can decide membership of any NP-complete problemSsdy
For the convenience of presentation, we will useto denote:(||w||), s(||w||). ASSUMEOPT = max
(the other case is similar). Let
Aw) = A®)
[[w][*

Becaused approximates to within £, we have

which implies

KA
£

A(w) < d(w). (1)

IA

® |0

Given a boolean formula, we first use the deterministic Karp-reduction to get an instancd
GAP-®, . By definition, ¢ is satisfiable iff®(w) > ¢, and¢ is not satisfiable iffb(w) < s.

To decide if¢ is satisfiable, we ruat onw. If A(w) > s, then®(w) > A(w) > s, and thusb > ¢,
which implies¢ is satisfiable. On the other hand,Af{w) < s, then®(w) < <A(w) < ¢, and thus

® < s, which implies¢ is not satisfiable. O

This proposition formalizes the idea of gap-producing reductions we discussed in Section 1. The
key is obviously the assumed existence of such a reduction. Non-deterministic Turing machines seem
inadequate for this task. The PCP characterization of NP gives us a much better handle on this reduction.
We will discuss PCP in the next lecture.
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