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Abstract— We study the problem of determining the but also can offer much richer communication patterns
minimum number of limited range wavelength converters (e.g. unicast and multicast communication patterns un-
needed to construct strictly, wide-sense, and rearrangeably der different connection models [3,4]). Such an optical
nonblocking optical cross-connects for both unicast and switching network can be used to serve as an optical cross-

multicast traffic patterns. We give the exact formula to com- . . -
oute this number for rearrangeably and wide-sense non- connect (OXC) in a wide-area communication network or

blocking cross-connects under both the unicast and mul- to provide high-speed interconnections among a group of
ticast cases. We also give optimal cross-connect construcProcessors in a parallel and distributed computing system.
tions with respect to the number of limited-range wave-  In this paper, we consider supporting two typical com-
length converters. munication patternsjnicast(or permutation and multi-

Keywords: Wavelength-division-multiplexing (WDM), castin a WDM switching network. A unicast commu-

optical switching networks, cross-connects, limited rangication pattern is a one-to-one mapping between input
wavelength conversion. wavelengths and output wavelengths of a WDM switch-

ing network, while a multicast communication pattern is
a one-to-many mapping between them.
We will also consider WDM switching networks with
Wavelength division multiplexing (WDNM)a key tech- different nonblocking capabilities, such afictly non-
nique to exploit the huge bandwidth of optics. As thblocking (SNB), wide-sense nonblockinGVSNB), and
number of wavelengths in a WDM network increases tearrangeably nonblockingRNB). In an SNB network,
hundreds per fiber and each wavelength operates at éing legal connection request can be arbitrarily realized
rate of 10Gbps (OC-192) or higher [1], optical commuwithout any disturbance to existing connections. In
nication has become a promising networking choice & WSNB network, a proper routing strategy must be
meet ever-increasing demands on bandwidth from emegglopted in realizing connection requests to guarantee non-
ing bandwidth-intensive networking and computing agslockingness. In an RNB network, any legal connection
plications, such as data browsing in the world wide webgquest can be realized by permitting the rearrangement
multimedia conferencing, e-commerce, and video on defon-going connections in the network.
mand services. The next generation of the Internet is ex-The major challenge in designing WDM optical switch-
pected to employ WDM-based optical backbones [2]. ing networks is how to provide maximum connectivity at
A WDM optical switching networkalso referred to as high speed while keeping minimum hardware cost. To
WDM cross-conneatr WXC) provides interconnectionsmeet the challenge, it is required to keep data in opti-
between a group of input fiber links and a group of outpgtl domain all the way from its source to destination.
fiber links with each fiber link carrying multiple wave-One reason is that optical switching is much faster than
length channels. It not only can provide many more coetectrical switching. For example, Lucent’s all-optical
nections than a traditional electronic switching networkywitch LambdaRouter [5] can transmit at 10 trillion bits
Dr. Hung Q. Ngo is supported in part by NSF CAREER Award€ second, while today’s fastest electrical switches can
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conversions between optical and electronic signals (didaer-link structure, each output fiber link is provided with
called O/E/O conversions). As the optical technology ma-dedicated converter bank so that the wavelength convert-
tures, photonic switching systems not only can potentialéys in the converter bank are shared among input/output
achieve higher throughput [6], but also can be more costavelength pairs related to this output fiber link. How-
effective than their electronic counterparts even for appéver, so far there has been no work on how many wave-
cations requiring a lower throughout. length converters are necessary and sufficient for WDM
In all-optical switching, either the wavelength on whictswitching networks with full unicast and multicast con-
the data is sent and received must be the same, or BRCtion capabilities.
optical wavelength converters are needed to convert thdn this paper, by combining the two aforementioned
signals on one input wavelength to another output wav@Pproaches, we consider WDM switching networks with
length. Since WDM switching networks with no wavelimited range wavelength converters shared among net-
length conversion cannot provide full WDM connectivityvork input/output wavelengths. We will study the prob-
[2, 3], wavelength conversion should be included in tHem of determining the minimum number of LWCs
design of all-optical WDM switching networks. Thus, thé@eeded to construct unicast and multicast switching net-
overall hardware cost of a WDM optical switching networks under various nonblocking conditions and traffic
work includes both the cost of switching elements arjghtterns. As the results, we will give several optimal and
the cost of wavelength conversion. Some previous work€ar-optimal WDM switching network constructions with
[3, 7] have aimed at minimizing the number of switcheespect to the number of limited range wavelength con-
ing cross-points and the number of wavelength converteyérters.
However, since wavelength converters are still expensive,The rest of the paper is organized as follows. Section
how to further reduce the cost of wavelength conversidhformulates our problem, and defines concepts and ter-
is a critical issue in designing WDM switching networksminologies used throughout the paper. Sections Il and

Thus far, researchers have considered two approachégddress the problem for unicast switches. Section V
for further reducing the cost of wavelength conversiogddresses the problem for multicast switches. Section
One approach is to adopt limited range wavelength coWl presents constructions of WDM optical switching net-
verters (LWCs) [4,8-12] instead of full range wavelengtWOka that make use of the minimum number of limited-
converters (FWCs). Clearly, LWCs are less expensive d@ge wavelength converters as determined in previous
less powerful than FWCs. A challenging task is to desigigctions. Lastly, Section VII concludes the paper and dis-
WDM switching networks with full connection capabil-Cusses some future research directions coming out of this
ity by using the less powerful LWCs. The recent desigrY%Ofk-
of WDM switching networks in [4, 12] have achieved
this design goal. One of the major differences between I
them is that the switching elements used in [4] are ar-
rayed waveguide grating routers (AWGR); while the ones TS N
in [12] adopted SOA-based or MEMS-based switching ? YIS TR A Nt
elements. Since an AWGR switch is wavelength sen- ? : AGeneral WDM 1,25, X p
sitive, the SOA-based or MEMS-based WDM switching : cross-connect :
networks have lower wavelength conversion cost than the (WXC) :
AWGR-based ones. On the other hand, the advatange 1 NV
of AWGR-based designs is that they consume very lit- g, T
tle power. Also notice that both designs in [4, 12] used
wavelength converters dedicated to each wavelength in thg 1. Heterogeneous WDM Cross-Connect
switching network.

Another approach to reducing the cost of wavelength A general WDM cross-connect (WXC) consists pf
conversion is to share wavelength converters among thput fibers withw wavelengths on each fiber, arfd
fiber links of the switching network instead of dedicatedutput fibers withw’ wavelengths on each fiber, where
to each link [8, 11, 13]. There are two architectures prg«w = f’w’ (see Figure 1). The set of input wavelengths
posed for switching networks to share converters [8]. lmeed not have any relation with the output counterpart.
share-per-node structure, all converters are collected ifftais kind of WXCs are referred to as the “heterogeneous
single converter bank, and shared among all input/outpWXCs,” which are needed to optically switch data from
wavelength pairs of the switching network. In share-pedifferent manufacturers [14].
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In this paper, we consider the homogeneous situatiamgth on an output fiber is requested at most once. (We
where each WX&hasf input fibers andf output fibers, shall be more rigorous in later sections.) The concepts
each of which can carry a sét = {\;,...,\,} of w of SNB, RNB, WSNB for the multicast case are defined
wavelengths. (Note that most of the ideas here apply smmilarly.
the heterogeneous case too. Fet= {Fi,...,Fy} and Forl <d < w-—1, let LWC(d) denote a limited wave-

F' = {Fy,..., F;} denote the set of input and outputength converter of degreg namely a LWGd) can con-
fibers, respectively. vert \; to any\; where|i — j| < d. Note that this con-

In the (\, F, F’)-request mode[4], a connection re- version cannot “loop around,” i.e\; cannot be converted
quest is of the form(\, F, F’), which means that a con-to A\, whend < w — 2. Whend = w — 1, we get a full
nection is to be established from wavelengthe A of wavelength converter.
input fiberF' € F to any free wavelength in output fiber We will address two questions: (a) under a certain re-
F' e F'. Inthe(\ F, N, F')-request modelthe differ- quest model, and certain traffic pattern (unicast, multi-
ence is that the output wavelengthis also specified. cast), how many LWGQ/) are necessary?; and (b) how do

The (), F, F')-request model is useful for switchingwe construct an WXC with as small a number of L\MC
optical packets/bursts synchronously or one batch a@spossible (sufficiency)?.
time, as well as for optical circuit-switching in general. Throughout the paper, for any positive integerlet
The other model is particularly useful for asynchronoys] := {1,...,n}, and letS,, denote the set of all per-
switching of optical bursts using JET (just enough timehutations onn|. The graph theoretic terminologies and
and void filling [4,15], as well as certain circuit-switchingnotations we adopt in this paper are standard (see, e.g.,
applications requiring specific QoS. [17]).

In this paper, we are concerned with the F, X', F”)- The following lemmas are going to be used throughout
model, leaving thé\, F, F’)-model for a future work. We the paper. We omit the proofs due to space limitation and
next briefly define the concepts of strictly nonblockingheir simplicities.
(SNB), wide-sense nonblocking (WSNB) and rearrange-
ably nonblocking (RNB) for both request models. Eemmal.1. For anya,

Consider a WXC with a few unicast connections al- lay — as] lai — as] lag — as|
ready established. Under tlig, F, X', F’)-model, a new {dw < { d w + [ d w
unicast request\, F, X', F’) is valid if X is free inF’ and
N is free in F'. A request framds a set of requestsLemma Il.2. For anyai, as, a3, as € [w] where botha;
such that no two requests are from the same input waa®da, are strictly less thams anda,, we have

length in the same input fiber, and no two requests a

to the same output wavelength in the same output fibg‘” - aﬂ Pag — a4-‘ < Pal — a‘d-‘ + Paz — a3|_‘
A request frame igealizableby a WXC if all requests d B d d

in the frame can be routed simultaneously. A WXC iEemma I1.3. For any a;

rearrangeably nonblockingff any request frame is real- ’

izable by the WXC. A WXC isstrictly nonblockingff a

new valid request can always be routed through the WXFal — a2|-‘ n Pag — a4-‘ < Pal — a3|-‘ Pag — a4|"

az, a3 € [w], we have

ag,a3,a4 € [w] Wherea1 <
as < az < ay, We have

without disturbing existing connections. d d d d
All the concepts defined above have their multicast
counterparts. Anulticast requesis of the form(\, F, P) 1. UNICAST WDM CROSSCONNECTS
where € A, FF € F, andP C A x F' such that
no F' € F' appears more than once fn (That is, if
(a,b) and (¢, d) are different pairs irP, thenb # d.)
This restriction was made since in practical networks it
not necessary to have a multicast connection going to

Consider any seb of requests under thg\, F, X', F”)-
request model. Each request in D is of the form
)\i,Fj,Ai/,F;,), wherel < 7,7 < w,andl < 7,5’ < f.
}Sget@ of requests is called @quest framéf

same output fiber on two different wavelengths [7,16]. A 1{(0,5) : O\, Fi A, FL) € DY < 1, Wi,
. . . ) . 19 ) ) ! = ) sd

multicast request framis a set of multicast requests such 1N (O F] )\Z‘ FJ’ DY < 1. Vi

that no two different requests are from the same input (@57 = Ny By, Ay Fjy) € DY <0 1, Wiy

wavelength in the same input fiber, and that each wavegq,5ity holds for both of the above inequalities, we call

Lwe will use the term WXC to refer also to WDM switches wherdh€ request framefall request frameln other wordsD is
switching speed maybe fast enough for optical packet/burst switchirequest frame if there is at most one reque#? inom a



wavelength in a particular input fiber, and there is at moshen, it is straightforward that
one request to a wavelength in a particular output fiber. w )
In a full request frame, replace “at most one” by “exactly mi(w, f,d) > ¢(Dy) = f max le(l)w )
one” in the previous sentence. €S d

For any requesD & D, leti(D) andi(D) denote  \ayt \ve show thatn, (w, f,d) is at most the right
the indices of the input and output wavelengthsiaf |\ ng side. Let be a request frame which maximizes
andj(D) andj’(D) denote the indices of the input andc(D) so thatmi (w, f,d) = ¢(D). If D is not a full re-

output fibers ofD. In other words,D can be written as quest frame, we can add more requests Pt make it
D= </\i(D)a F;py, )\i/(D),FJ'v(D)) - full without reducing the cost(D). Consequently, with-

i—i' out loss of generality we can assume tiats a full re-
In order to convert\; to \;, we need at lea %W g y
quest frame.

LWC(d). This observation leads to the following theorem. To this end, construct a bipartite multi-gragh —

Theorem IIl.1. A strictly, wide-sense, or rearrangeably(X U Y’; E), whereX andY are the color classes =
nonblocking WXC under the\, F, ', F’)-request model {z1,...,z4}, Y = {y1,...,yw}, and there is a copy of
needs at least an edge(zs, y¢) € E for every request irD of the form
. y (s, Fj, A\, Fl)), for any j, j'. This way, every edge af
i(D) — (D) J
mq(w, f,d) := max Z — (1) represents one requestin
P bep BecauseD is a full request frame(s is f-regular. By

Konig's theorem [18],G is f-edge-colorable. Leif]
LWC(d), where themax goes over all request frames o yho set of colors. Led/; be the set of edges with

D. Moreover,m;(w, f,d) is also the sufficient_ numbercolorj, then M is a perfect matching off. Each per-
of qud)_ to construct a rearrangeably or a W'de'sens?ect matching of7 corresponds naturally to a permutation
non-blocking WXC. 7 € Sw, Wherer(s) = t for each edgézs, y;) in the per-
Proof. The fact thatm, (w, f,d) is necessary is obviousfect matching. Letr; be the permutation corresponding
from the observation above. Sufficiency is shown witto M;. We have

the constructions shown in Section VI. O D "D
) ) ml(w,f,d): Z ’V‘Z( )_Z( )|-‘
Theorem l11I.1 gave a characterization af (w, f, d), d
the necessary and sufficient number of L{dCfor a rear- bep ;
rangeably and wide-sense non-blocking WXC. However, Z [Is - tlw B Z Z Ps - ﬂ
maximizing a function over all possible request frames

(zs,yt)EE J=1 (xs,yt)EM;

(an exponential number) does not give us a good han-
dle onmy(w, f,d). The following lemma characterizes Z

w

g 0]

m1(w, f,d) in a much better fashion. — TSy d
Jj=1=2 1=
Lemma l11.2. 0
_ o~ [li= ()]
mi(w, f,d) = f max 7 ) IV. AN EXPLICIT FORMULA FORm (w, f,d)
=1 From the result of Lemma 111.2, it is easy to see that
the functionm, (w, f, d) can be computed in polynomial
Proof. For any request framP, define its “cost” by time with a standard maximum weighted matching algo-
. , rithm (such as the algorithm in [19]). However, an explicit
— [i(D) —(D)] formula form (-) would obviously be much more desir-
¢(D) 7 .
able.

DeD
For convenience, define a functign S,, — R by
Then,m;(w, f,d) = maxp ¢(D) by Theorem Ill.1. Con-

sider the request frame g(m) = i Pi - 7r(i)w _ 3)

, d
Do = {(\i, Fj, Aoy ) 1 € [w), j €[]}, =
P 7elip 7 We first consider the case whenis an even number,
Y T |i — w(5)] sayw/2 = k € Z. Lemma Ill.2 basically says that
h = .
where ¢ = arg max ;[ y w

TESw ml(w7f7 d) > f 'g(ﬂ-)v for anyw € Sw,



and that the bound is best possible. Our objective is thGsnsequently, for any € S4 g, we have
to find ar € S, that maximizeg (7). For anyr € S,

and any subseX C [uw], letn(X) = {n(i) | i € X}. 3 [U(G) - a-‘
The following lemma restricts the search spacefor =y
that maximizeg(r). Tota) — Ta
- Z(qa(a) - Qa) + Z ’7()-‘
Lemma IV.1. Supposev/2 = k € Z. LetA = [k] and ey ey d
B = [w] — [k]. The functiorny(7) is maximized at some
permutationr € S,, wherer(A) = Bandn(B) = A. = (Z qp — Z qa> +[{a € A:rgq) —ra > 0}
beB acA

Proof. Consider a permutation € S, that maximizes
g(m). Obviously, ifr(A) = B, thent(B) = A, and vice
versa. Suppose there is some& A such thatr(a) € A, L . .
then there is some e B such thatr(b) ¢ B. Note that, CeNtrate onfinding a € 54 5 which maximizes

andr(a) are both strictly less thamand=(b). Hence, by
Lemma Il.2, to) =[{a € A:ryq) —ra > 0} (6)

The first term is independent ef Thus, we can just con-

la — m(a)| b — 7 (b)] la — 7 (b)| b — m(a)| Then, recalling relations (2) and (4), we conclude with a

{ d }{ d -‘ < { d %{ d w * simpler characterization ofi; (w, f,d) in the following
lemma.

Consider the permutation’ defined byr’(i) = = (7) for
alli € [w] — {a,b}, 7'(a) = n(b), and7(r’)(b) :(W)(a)_ Lemma IV.2. Whenw/2 € Z*, we have
Then,g(n’) > g(x). Basically,7’ is obtained fromr by
exchanging the images efandb underr, keeping the rest m; (w, f,d) = 2f <Z qv — Z qa> +2f max t(o)
the same. We can keep exchanging images of these kinds beB acA oS48
of pairsa, b to finally get a permutation with 7(A) = B ()
(and thusr(B) = A) while not reducing the cosf(r).

D We now obtain a simple consequence of this lemma.

102 :
To this end, we can restrict our attention to permutd'€0rem IV.3. mi (w, f,1) = 3 fw” whenw is even.

tionsw € S, consisting of two partsrr|4 : A — B and Proof. Whend = 1, r; = 0,Vi € [w], hencet(o) =
m|p : B — A, wherer|x is the mapping obtained by(, vo ¢ S4 5. Moreoverg; = i,Vi € [w]. Consequently,
restricting to the subseX’ of [w]. (Note thatr|4 and (7) gives

7|p are one-to-one correspondences.) batp denote

the set of all one-to-one correspondences betwtand 1, ,
B. Then, due to symmetry, mi(w, f,1) = 2f Z b Z al = §fw :
beB a€A
max g(m) = 2 max Fj(a)_a-‘ . 4 [
TESw 0€SA B = d

Whend > 2, the situation is not as simple. L&,

Consequently, to find an optimal we can just find an be the multiset of alt,,a € A, andRp be the multiset

optimalo € S4 5 with respect to the right hand side off all 7,6 € B. For any integer-, let u4(r) and pp(r)
(4), then letr|4 = o andr|g = o~ . denote the multiplicities of in R4 andRp, respectively.

For any numbet € [w], let For example, fow = 8,d = 3, we have

i . , i A=1{1,2,3,44 B=1{56,7,8}
(-’isz ri:szdd:Z_d{dJ' ©) Ry={1,20,1} Rp=1{2012}
pa(0) =1 pa(1) =2 pp(0) =1,pp(1) =1,

Hence,0 < r; < d — 1,¥i € [w]. Moreover, for any pa(2) =1 pp(2) =2

a € Aandb € B,
_ First, we make a simple yet important observation in the
F’ - aw _ )Y ifry <rq following lemma. This idea is the key to finding an ex-
d W—qa+1 ifry>r, plicit formula for m (w, f, d)!




Lemma IV.4. Supposev is even andl > 2. Then, for  Letk = w/2. As usual, writek = qid + . (Recall

anyo € S4 g, we have that we assumed > 2.) Then,
w Ry={1,2,...,d—1,0,---,1,...,d—1,0,1,...,71%},
o) < 5 — u(0) ~ max{0, s (1) — pa(0)). (8 4 i}

where there argy, groups of{1,...,d— 1,0} and the last
group is{1,...,7}. Thus,

g.+1 1<r<mrg

(10)
qk r,<r<d-1, orr=0.

(To(a)>Ta) for whichr,,) > r,, wherea goes over all
elements ofd. There are exactly/2 of these pairs. The
numbersr,,) are picked one by one from the multise
Rp. Thus, for any there areup(0) of ther,(, that are
equal to0. Whenr,,) = 0, 74(,) < 74 and thus the pair
will not be counted toward(o). This explains the term
—pp(0) in the right hand side of (8). {rg+1,...,d-1,0,...,d=1,---,0,...,d—1,0,...,2r;},
Similarly, there arg:p (1) of ther,,) that are equal to _ _
1. Whenr, () = 1, Ty(a) < rq unlessr, = 0, and there in WhI'Ch there arey, — 1 groups of{O,.l, coyd —.1}.|n
are only.4(0) of ther, which are0. Thus, the best we the middie, agrougry, +1,...,d — 1} in the beginning,
can do is to pair up as marlys in Rz with 0's in R4 as and the lastgroup ig0, ..., 2},
possible. Ifup(1) — p4(0) < 0, then we have enoudhs Whenr), = d — 1, the first group is empty. When, =
in R to pair up with!’s in R. Whenuz (1) — 104(0) > 0, the last group do_es not containla When2r, = d,
0, there must be at leasts (1) — 12.4(0) 1's leftin Ry, and the last group conta_lns tw@s and al. \/Vhen%k > d,
the corresponding pairs will not be counted towael). € !ast group contains tws and twol’s. We formally

T 0, 1 Ny consider these cases as follows.
P max{0, up(1) — pa(0)} Case lir, =d — 1.

What is amazing is that inequality (8) is the best pos- Whend = 2 we getup(0) = g + 1, andup(1) = gy
sible, as the following lemma shows. The lemma (and g€ upper bound i$(c) < k — ¢ — 1, which can be
proof) basically gives an explicit formula for (w, f,d). achieved with the following:

Lemma IV.5. For evernw andd > 2, we have o(i)=i+k, 1<i<k.

Proof. By definition, t(o) is the number of pairs
pa(r) = {

bne nice thing is to have 4(0) = ¢, regardless ofy.
The numbers:.z(r) are not so nice, broken up into a few
cases. In generaR g looks like

_w Whend > 2 we getup(0) = pup(l) = ¢ + 1. The
t = — — 0) — 0, 1) — 0)}. . . .
Ug}S%q},(B (0) 2 i (0) = max{0, (1) = pa(0)} upper bound i$(o) < k — g — 2, which can be achieved
(9)  with the following o

Proof. With the result of Lemma IV.4 in mind, we only it k49 1<i<k-_29
need to find a such that o(i) =4 -
P42 k—1<:<k.
w
t(0) = 5 — 1p(0) — max{0, up(1) — pa(0)}. Case 2:2r, < d. We haveup(0) = up(l) = q.

. . The upper bound i$(c) < k — g, which is certainly
In fact, we only need to find a way to pair up elements @fytainable with the following:

R4 andRp in a one-to-one fashion, so that the number of
Pairs(ra, ro(q)) With 74, < 744y is equal to the right hand
side of the above relation.

Recall the examplev = 8,d = 3 above. The upper

E+1+4+:¢ 1<i<k-—1
o(i) = LR __z_ ,whenr, =0
k+1 1=k

bound givesi(c) < 4 — 1 — max{0,1 — 1} = 3. The N JE+1=—rp+i m<i<k n

following pairing achieves this bound: EA A DY redbi 1<i<ry—1 ,whenry > 0
[ra 1 2 0 1] Case 3:2r;, = d. We haveup(0) = g + 1, up(1) =
[Ta(a) 2 0 1 2] qr- The upper bound ig(c) < k — ¢, — 1, which is

achievable with the following:

Implicitly, we get (at least) & that achieves the bound:
{k+1—rk+z’ re<i<k

2k+1—rp+i 1<i<r,—1.

o(i) = i+ 4,1 < i < 4. The general case is not as o(i) =
simple, but the above example gives the main ingredients.



Case 4:2r, > d. We haveup(0) = up(1l) = g + 1. haver(a) € A'—{k+1,a}. Thesetd'—{k+1,a,a} has
The upper bound ifo) < k— g — 2, which is achievable k£ — 2 elements, hence it cannot contain all thémages

with the followingo: of elements o3 — {k + 1,b} which hask — 1 elements.
Hence, there must be some B—{k+1,b} with 7(b) €
e R rr <1<k B’. We again can switch the imagesoandb.
o(i)=2k+d+1—-2r,+i 1<i<2r,—d—1 Case 3:a > k + 1 andb < k + 1. Noting thatg(n) =

+d+2—3rm+i 2rn—d<i<r —1. g(m '), wecanreplace by 7' and go back to case 2.
Case 4:a < k+1andb < k + 1. In this case, the set
U A’ —{k+1,a} of sizek — 1 cannot hold all the images of
The previous lemma gives explicit formulas for the exNe setB — {k + 1} of sizek. Hence, there must be some
pressiomaxycs, , t(o), whichis eithet— gy, k—gp—1, © >k + 1 with 7(b) >k + 1. Sinceb andk + 1 are both
ork — g — 2, debending on the relationships betwekn strictly smaller tharb andr(b), we can switch the images
andk. Combining Lemma IV.5 with Lemma IV.2, noting©f & andb while not reducingy (). We then go back to

the fact thaig, = |2 | andr, = % — d | % |, we obtain Case 2. ) _ _ _
the following theorem for the even-case. Caseb5:a > k+1andb > k+1. This case is symmetric

to case 4. O
Theorem IV.6. Supposéy € Z,and2 <d < w — 1. Let _
Let S4 p (respectivelyS 4 ) denote the set of all one-
w

r o — — _d LEJ to-one correspondences betweérand B’ (respectively
2 2d B andA’). Lemma IV.7 implies

w/2 w . .

5 T { w w
— _ 2 _ v e et
T inz;q d J M>+2f<2 [5d)) max g(r) =
Then, we have max [U(az_ aw 1 max F(azi_ aw
@i m (’LU, f, d) = my1 whend > 2r. oES B! acA TE€SA B A
(i) mi(w, f,d) =m1 — 2f whend = 2r. (11)
" ;ni(g;f’ d) = m —afwhend =1 =1 > 100yt e can find an optimak and an optimat- in the above

_ _ _ expression, an optimal with respect tgy(7) can be con-
To this end, let us consider the case whens odd. strycted by setting|4 = o andr|z = 7. We thus can

Supposev = 2k + 1, wherek is a positive integer. (The got o analog of Lemma IV.2 for the case wheis odd.
case whenw = 1 is trivial, as no wavelength converter IS\Ne omit the proof as it is similar to that of Lemma IV.2.

needed.) Let
L IV.8. Wh -1)/2€Z" h
A= [k], B = [2k+1]—[k], A" = [k+1], B' = [2k+1]—[k+1]. emma IV.8 en(w —1)/2 € 2+, we have

Note thatiw] = [2k + 1] = AU B = A’ U B’. We follow
) 7d - 2 - a +
roughly the same path as the evercase. ma(w, f,d) / bezB:, o ;q

Lemma IV.7. Supposew — 1)/2 = k € Z*. The f max t1(o)+ f max to(7), (12)
functiong(r) is maximized at some permutatiene S,, 754,/ TS5,

wherer(4) = B’ andr(B) = A'. wheret; (o) = [{a € A : 7o(a) — 14 > 0}, andts(7) =
Proof. Consider any permutation that maximizeg)(w). [{a € A" : 1 (q) — 74 > 0}].
Supposer(k +1) = a,m(b) = k + 1 for somea,b € [wl.  Thg following result is immediate from the lemma.
Case l:a = b = k + 1. If there is somer € A with
w(a) € A, then there must be sonbec B — {k + 1} Theorem IV.9. mi(w, f,1) = 5f(w — 1)* whenw is
with 7(b) € B’. Note that botl: andr (a) are strictly less 0dd.
thanb andw(b). Similar to the argument in Lemma IV.1, \we can now assumé> 2. The followings are analogs
we can switch the images afandb to get a newr while  of | emma IV.5 for the functions; andt,.
not reducingg(w). Keep doing so until there is no more )
a € Awith 7(a) € A', we obtain a permutation with -eémma IV.10. Whenw is odd andd > 2,
the desired property. w
Case 2:a < k+ 1andb > k + 1. If there is Some oesy g tilo) = 5 = (0) =max{0, (1) = pa(0)}
a € Awith w(a) € A’, then, sincer is a permutation, we (13)



Proof. The fact that t1(0c) < § — up/(0) — isti(o) <k — g, — 1, which can be achieved with the
max{0, up(1) — na(0)} forall o € Sy p can be shown sames as that in case 3.

similar to that of Lemma IV.5. Thus, we only need to Case 5:r; < d — 3 and2r; + 1 > d. In this case,

specify ao that achieves equality. Write = qxd + rp as we haveup/(0) = pp/(1) = g + 1. The upper bound

usual, then is t1(0) < k — ¢qx — 2, which can be achieved with the
following o
g.+1 1<r<mrg
= 14 . .
pra(r) {Qk re<r<d—1,orr =0, (14) o) = i+k+d—rp+2 1<i<k—d+r,—1
i+d—1+2 k—d+r. <i1<k.

The key is thaj.4(0) = ¢, regardless of. In general,
Rp/ looks as follows. O

The following lemma can be shown similarly. We omit
the proof due to space limitation.

in which there arey, — 1 groups of{0,...,d — 1} inthe | emma IV.11. Whenw is odd andd > 2,
middle, a grougr; + 2, ...,d — 1} in the beginning, and
the last group i§0, . .., 2r; +1}. Similarto Lemma V.5, max ty(7) = v 1p(0) —max{0, up(1) — pas(0)}.
we break up the cases as follows. 754, 2

Case l:r, = d—1. Inthis case, we havep' (0) = g, (15)
andup (1) = g + 1. The upper bound i (o) < k — Lemmas V.10, V.11, and IV.8 finally characterize
qr — 1, which can be achieved with the following m1(w, f,d) for the case whew is odd.

Theorem IV.12. Supposeé’;! € Z,and2 < d < w — 1.

Rp = {rp+2,...,d—1,0,...,d—1,---,0,...,2r,+1},

. i+k+2 1<i<k-1
o(i) = .
k+2 1= k. o ow—1 d w—1
T T 2
Case 2:r, =d — 2.
+1

w—1
If d = 2, thenuB/(O) = ,UB/(l) = q. The upper B 2 wT_l . ;
bound ist;(¢) < k — g, which can be achieved with the my = 2f Z ] - {dJ +
i=1
-1

following o
2 (w-1-2|% "=
o(i)=i+k+1, 1<i<k. 2d '

If d = 3, thenup (0) = g + 1, andup/ (1) = g. The Then, we have
upper bound i#; (¢) < k—qx — 1, which can be achieved (i) mi(w, f,d) = mj; when0 <r < d-3and2r+1 <
with the followingo: d.
(i) my(w, f,d) =my — 2f whenr = 0.
i+k+3 1<i<k-2 (i) mq(w, f,d) = m1 — 4f when either = d — 1 or
o) =< k+1 i=k—1 r=d—-2=1ord=2r+1<2d-5.
k4o i— ke (iv) mq(w, f,d) =mi; —8f when eitherr =d —2 > 1
ord<2r+1<2d->5.

If d >3, thenup (0) = up(l) = gr. The Upper remark IV.13. It is possible to put the results of both
bound ist; () < k — g — 2, which can be achieved with Thegrems 1V.6 and 1V.12 in closed form (i.e. without
the samer as the casé = 3. the summations). However, the given presentations of

Case 3ir; < d—3and2r; +1 < d. Inthis case, the theorems are easier to follow. For instance, for the
we haveup (0) = pp(1) = gr. The upper bound is eyeny, case in Theorem IV.6, ibr < d, thenim; can
t1(0) < k—qx, which can be achieved with the followingpe calculated to b%dqQ _ %dq 4 3rq + g, whereq =

g |w/(2d)]. What we do want to notice is that in both cases,
_ 2
) {i+2/~c+1—rk 1<i<m mi(w, f,d) = O(fw?/d)!
o(l) =
; _ <i<k
itktl-m metlsisk V. MULTICAST WDM CROSSCONNECTS

Case 4:r;, < d—3and2r; + 1 = d. Inthis case, we Consider any seD of (multicast) requests. Each re-
haveup (0) = g, +1 andup/ (1) = g;. The upper bound questD in D is of the form(\;, F;, P), wherei € [w],



andj € f,andP C A x F' such thaf{s' : (\y, Fj,) € treeforD. Since each wavelength only needs to appear in
P} < 1,Y4 € [f]. As usual, we usé(D), (D), and the tree once (we can just identify occurrences of the same
P(D) to denotei, j, andP. Let I'(D) denote the mul- wavelength), multiplicities in the multisét(D) U {i(D)}

tiset of requested output wavelengths, namE\D) := do not matter. We can assume without loss of generality

{i"| (A, Fj,) € P(D), for some;j'}. The size ofl'(D) thati} < --- <y <i <y <-- <i.

(= |P]) is often called théanoutof the requesD. Multi- Another interesting observation is that we can tiirn

cast requests with fanouts equalitare nothing but uni- into a tree in which each vertex is of degree at n2stnd

cast requests. thus is a path), while maintaining the fact that it is a wave-
A setD of requests is called multicast request frame length conversion tree. Suppo%ehas a vertex labeled

if, for all 7 € [w] andj € [f], Az With degree at least. Let \;,, Az, Az, De some three

neighbors of\, in T'. By the pigeonhole principle, two

{DeD:i(D)=1iandj(D) =j} <1, of the z1, x9, x5 must be larger tham or smaller thane.

and, for alli’ € [w] andj’ € [f], Without loss of generality, assumg < x» < x. Then,
) |lx—x1| < dand|z—x2| < dimply |x1—z2| < d. We thus
{DeD: (A, Fy) e P(D)} < 1. can connech,, and),,, and remove the edde\,,, \.)

from the tree. The resulting tree still spafiéD) with all

If equality holds for the later inequality for all, j/, we _ : :
the desired properties, and with the same number of edges.

call the request framefall request frameln other words,
D is a request frame if there is at most one requeg? in N Caseér1 > z2 > x, we apply the same procedure.

from a wavelength in a particular input fiber, and there is ReF’_eated gppllcatlons 9f this procedure will produce a
at most one request to a wavelength in a particular outg(f€ With maximum degreeif we can show that we do not

fiber. In a full request frame, each of the output wayddn into an infinite loop. For each edge= (s, A,) of T
lengths is involved in some request. with = < y, define thecrossing weightv(e) be the num-

Recall that, if D is a unicast request, then we neefl€r Of nodes\. in T for whichz < z <. The procedure

at |east(i(D)—di’(D)-‘ LWC(d). What is the Corresponol_descrlped above reduces the totgl crgssmg weight by one
ach time. Hence, repeated applications of the procedure

all terminate.
To this end, we can assume tHatis a path. Let
i1,...,ik+1 be the occurrences of elements 6{D) U
i << <i<i gy <<y, {i(D)} as we visitT' from one end to another. It is easy
to see that the number of edgesiofs at least

ing number if D were are multicast request? Conside‘?h
a multicast requesb wherel’(D) = {i},...,4,}, and S
i(D) = i. Without loss of generality, assume

where0 < s < k. If s =0, then alli’ € I'(D) are strictly

greater than. If s = k, then alli’ € I'(D) are at most. k liz — g1
In order to satisfy this request, a set of paths must Z [d-‘ >
be established betweex on input fiberF; and all the t=1

A\y,1 < t < k, on the corresponding output fibers. The [} — i3] |1 — g |is — i
2 : : + +o +
union of these paths typically form threuting treefor d d d

this request. Construct th@aveleng_th conversiop treg li—d, 4 ¢ 11 — ol 71 — ]
corresponding to the routing tree in the following man- P d oot d :
ner. The treé’ has nodes labeled with wavelengths, and _ _

is rooted at\;. Each node of represents one wavelengtiVe can now conclude with an important lemma.

on the routing tree. There is an edge connechipdo A, |Lemma V.1. LetD be a multicast request whef& D) =

in T"if A, was converted td,, on some path of the rout-(;* ,i).}, i = (D), such that
ing tree. The number of edges @fis thus the number
of wavelength converters used to satisfy the request. The <<y <i<ipy <<

tree T has the property that ifA,, \,) is an edge, then
|z —y| < d, and that\; and all\;;, ¢ = 1,...,k, ap-
pear as nodes df. We say that the tre@' realizesthe
requestD. (In a sense, this tree is a Steiner tree spanning i) — it A i — i
all wavelengths in’(D) U {\;}.) e(D) = [ ! y : -‘J{ : g 3 -‘+---+ [Sd-‘ +
To find the necessary number of LW needed forthe , y . .

requestD, we would like to determine the minimum num-P1 - ZSHW n P%H - ZsHW 4ot Pl’f—l _ Z’ﬂ ,
ber of edges (i.e. LWG@)) of a wavelength conversion d d d

Then, the number of LW@) necessary and sufficient to
satisfyD is
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Proof. Necessity was shown above, noticing that identiciheorem V.3. A strictly, wide-sense, or rearrangeably
elements off’ (D) contributes zero to the cogtD). The nonblocking multicast WXC under the\, F, N, F')-
basic idea to show sufficiency is that we can conwgto request model needs at least,(w, f,d) Moreover,

Asy As 10 As_1, until we get toA, using exactly m1(w, f,d) is also the sufficient number of LWQ to
g g . construct a rearrangeably or a wide-sense non-blocking
’7’11 ;12’-‘ 4 ’7’12;23’-‘ N ’VZSd_I‘-‘ multicast WXC.

Proof. Necessity is obvious. Sufficiency comes from the

LWC(d). Similarly, we get the other half of the SUFiD).  construction in Section VI and the previous lemma.C]
The signal on)\; only needs to be split once. The point

shall be clearer when we present the construction in Sec-

tion VI. n VI. CONSTRUCTIONS WITH MINIMUM NUMBER OF
: : . LWC(d)
To satisfy all requests in a multicast request frame
D, the number of LWCd) needed is at least(D) = In this section, we will describe a construction that
> pep &(D). WhenD is a unicast request framgD) = makes use of the so-callesnverter poal which works

¢(D). Hence, maxp (D) > my(w, f,d). What is for both the unicast and the multicast case. Consider the
interesting is that we can also shomaxpé(D) < construction shown in Figure 2. The construction has
mi (w, f,d), which - along with our construction in thetwo main components: tHeV/'C poolcomponent, and the

next Section - gives an analog of Theorem II1.1 for thewitching fabricscomponent. The detailed design of the
multicast case. LWC pool component is shown in Figure 3. The basic

idea is that all input wavelengths have access tarall

Lemma V.2. We have converters (LWGd)) in the pool. The converters are in-

max &(D) = my (w, f,d) terconnected with splitters and combiners, so that an op-
D tic signal can be split as many times as we want, and it
where themax is over all multicast request framé. can go through as many LW&) as needed. The main

o . objective of the LWC pool component is to use the least
Proof. _AS noted ~above, it IS suff|C|er_1t to ShOWnumber of LWGQd) to convert input wavelengths to the
maxp &(D) < ma(w, f, d_)' Consider a multicast requestequested output wavelength (in the unicast case), or the
frameD that r_naxmaes:(D). If D is also a unicast re- requested output wavelengths (in the multicast case). Af-
quest frame (i.e. all requests have fanouts one), then {Q?the wavelength conversions are done, all output wave-

inequality certainly holds. To show that it holds in genI’engths come at the inputs of the switching fabrics. We

eral, we shall gradually tur? into a unicast request frame ., than use an appropriate switching fabrics construc-
without reducingz(D). Consider a requedd € D with

tion such as those in [3, 4, 7] to finish the design. Let

fanout at leas?. As usual, assumg(D) = {4},...,i}},

i = i(D), andi} < --- <l <i<idy <o <

SinceD has fanout at least two, there must be at least one From all Toall
free input wavelength; on some input fibef?;, namely v eane

(At, F5) is not part of any request . Let

7

Toall
the other
combiners

if s#0,s+#k, andt > i Fromal

the other

/
S
% it ifs#0,s#k andt <i splitters
1 =
/
k

1 if s=k From all Toall
-/ H _ the other the other
i if s=0. splitters

combiners

ReplaceD by two request®); andDs such that(D;) =
i,j(D1) = j(D),I'(D;) = I'(D) — {i'}, and that

- From all

Toall

IS3S!
LTI A

Z(Dg) = t,j(Dg) = j,I/(D2> = {i/}, matching the out- the other the other
put fiber for all members of’(D). Then, it is straight- splitters combiners
forward from Lemmas I.2 and I.3 that D) < ¢(Dy) +

¢(Ds). Repeated applications of this replacement eventu- @ e D Combiner

ally yield a unicast request frame without reducing ¢he
cost of D. [] Fig.3. A possible construction of thelV’ C'(d) pool.
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[0

{ = }
Fiber1 : : Fiber1
! 1 A1 A
4( T S }
m X m : wf X wf
LWC Pool : Switching Fabrics
{ WAAVE }
: Fiber f
: : Al A
{ Sya }

Mux

Q Splitter DCombiner +—F soA QDemux

Fig. 2. Switching network with minimum number of LW@&6

-~

us use\V (m,w, f, d) to denote the construction describedo that the routing does not get blocked. This is precisely
above. The switching fabrics does not have to convavhy m = m;(w, f,d) was needed. O
wavelengths as all wavelengths arriving at its inputs are . .
ready togcome out to the riggr]u fiber, hegce we or?ly needwe also have the corresponding theorem for the multi-
it to be WSNB or RNB in the switching circuit sensecaSt case.
[20, 21]. One can use a broadcast-and-select type of cdieorem VI.2. Let my = mq(w, f,d). Consider the
struction [7] to have an optical crossbar (instead of natenstruction N'(my, w, f,d). If the switching fabrics
mal crossbars as in the circuit switching case). Insteadisfmulticast rearrangeably or wide-sense nonblocking in
the number of cross-points, we have the same numbettlod circuit switching sense, the¥i(mq, w, f, d) is multi-

SOAs. This observation leads to the following results. cast rearrangeably or wide-sense nonblocking under the
The following theorem completes the second part 6d, F, \', F”)-request model, respectively.

Theorem Ill.1. Proof. The proof is very much the same as that of the

; revious theorem. Consider requdstwith the usual
Theorem VI.1. Letm; = my(w, f,d). Consider the P q

S ., :
construction\ (m1, w, f,d). If the switching fabrics is 1 = ~** = @5 = @ < gy < -0 < @, We can first

rearrangeably or wide-sense nonblocking in the circufiPit the signal on\; into two branches (unless= 0 or

switching sense, the (m1, w, f, ) is rearrangeably or 3 = k). The firstbranch converts; to Ay, Ay, 10 Ay,
wide-sense nonblocking under thg, F, \', F')-request and so on. The second branch does the symmetric oper-
model, respectively. Y ation. The total number of LW(@) needed is precisely

¢(D). The number of LW(X) is sufficient due to Lemma
Proof. We show the WSNB case. The RNB case ¥.2. Every time we get to &,, z € I'(D), the signal
shown similarly. Our strategy to route a new request split so that\, comes to a free input of the switching
D = (N, Fj, A\, FJ’.,), given some previously routed netfabrics, while the other copy continues with the branch. If

: - i—i’ = 0 or s = k, then there is only one conversion branch.

work state, is as follows. First, us{éld—zq free LWQ(d) 7 S = 1 INETE y

The switching fabrics finishes the rest of the work. Note
to convert); to \;;. Second, at the last LW@), set up

- : - th ,d)i Iticast ble, yetth itchi
the SOAs to route this signal to a free input of the swﬂc% A (my, w, f, d) Is multicast capable, yet the switching

abrics only needs to be a unicast network. The converter
ing fabrics. The fact that the switching fabrics is WSN y

o2 ) : _ ool already does the splitting for us. O
implies that we can also find a route from this free input y piting
to the corresponding requested output. We just have toThe last thing we would like to mention is that the total

make sure that we have the sufficient number of LM)C number of SOAs used i®(m?) for the LWC pool, and
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O(fwlg(fw)) for the best construction of the circuit-type [4] Hung Q. Ngo, Dazhen Pan, and Chunming Qiao, “Nonblock-

switching fabrics. Our results earlier showed that =

m? = O(f?w*/d?). Hence, the SOA cost is dominated

by the LWC pool.

VIlI. CONCLUDING REMARKS AND FUTURE WORKS

We have completely characterized the minimum num(S!
ber of LWC(d) needed for wide-sense and rearrangeably

ing WDM switches based on arrayed waveguide grating and lim-
ited wavelength conversion,” iRroceedings of the 23rd Con-
ference of the IEEE Communications Society (INFOCOM’2004,
HongKong) 2004, IEEE.

D.J. Bishop, C.R. Giles, and G.P. Austin, “The Lucent Lamb-
daRouter: MEMS technology of the future here todajZEE
Communication Magazin@p. 75-79, Mar 2002.

Zhigang Jing H. Jonathan Chao, Kung-Li Deng, “A petabit pho-
tonic switch (p3s),” inProceedings of IEEE Infocom’0&Ban
Francisco, USA., April 2003.

nonblocking unicast and multicast optical cross-connectgz] yuanyuan Yang, Jianchao Wang, and Chunming Qiao, “Non-

The construction given in the previous section is not the
only construction that minimizes the number of wave-
length converters, and it may not be the simplest in ter

of physical layout. We leave this question for future work.

blocking WDM multicast switching networks,”|[EEE Trans.
Para. and Dist. Sysvol. 11, no. 12, pp. 1274-1287, Dec 2000.

] Kuo-Chun Lee and Victor O. K. Li, “A wavelength-convertible

optical network,” J. Lightwave Technalvol. 11, pp. 962-970,
May/June 1993.

Another interesting point that comes from this paper i$9] J. Yates, J. Lacey, D. Everitt, and M. Summerfield, “Limited-

that there seems to be an intrinsic trade-off between the
number of LWGd) and the number of SOAs used. Re-
cent nonblocking constructions proposed in [4], for ex-

range wavelength translation in all-optical networks,” Hro-
ceedings of the 15th Annual Joint Conference of the IEEE Com-
puter and Communications Societies (INFOCOM:9&p96,

vol. 3, pp. 954961, IEEE.

ample, did not make use of any SOAs at all. Others [7,12P] R. Ramaswami and G. Sasaki, “Multiwavelength optical net-
used fewer SOAs than the construction given here. The works with limited wavelength conversionJEEE/ACM Trans-

drawback is that previous WXCs used wider range anﬂ
non-uniform limited wavelength converters. Having too
many SOAs not only complicates physical layout of the
network, but also consumes powers, leading to signal Bl
tenuation. Investigating this trade-off is another future re-
search topic. For instance, how can we construct non-
blocking WXCs which make use of a some more LWE [13]

but much less SOAs?

The strictly nonblocking case is not yet completel

characterized.

tion. What one can do is to ug&-1] LWC(d) to simu-

late a full-range wavelength converter, and then the rest
can be done with a strictly nonblocking circuit-type o
switching fabrics. This number is about twice the nec-
essary numbem; (w, f,d). (We also would like to note [16]
that this upper bound can be reduced a little, but it is still

more thanm; (w, f,d).)

7
Last but not least, the\, F, F’)-request model was not[

actions on Networking (TONYol. 6, pp. 744—754, 1998.

] B. Ramamurthy and B. Mukherjee, “Wavelength conversion in

WDM networking,” IEEE J. Select. Areas Communwol. 16, pp.
1061-1073, Sep 1998.

Y. Yang and J. Wang, “Designing WDM optical interconnects
with full connectivity by using limited wavelength conversion,”
in Proceedings of the 18th IEEE International Parallel and Dis-
tributed Processing Symposium (IPDPS’02004, IEEE.

J. Elmirghani and H. Mouftah, “All-optical wavelength conver-
sion: Technologies and applications in DWDM network§EE
Communication Magazin&ol. 38, pp. 86—92, Mar 2000.

. 4] April Rasala and Gordon Wilfong, “Strictly non-blocking WDM
It is easy to see, for example, that P g Y g

fw[“7] LWC(d) are sufficient for a unicast construc-

cross-connects for heterogeneous networks,Primceedings of
the Thirty-Second Annual ACM Symposium on Theory of Com-
puting (STOC’2000, Portland, ORNew York, 2000, pp. 513—
524, ACM.

5] C. Qiao and M. Yoo, “Optical burst switching (OBS) - a new

paradigm for an optical internet,Journal of High Speed Net-
works vol. 8, no. 1, pp. 69-84, 1999.

Yang Wang and Yuanyuan Yang, “Multicasting in a class of
multicast-capable WDM networks,J. Lightwave Technqlvol.

13, no. 2, pp. 128-141, Feb 2002.

Douglas B. West,Introduction to graph theory Prentice Hall
Inc., Upper Saddle River, NJ, 1996.

address in this paper. One can pose exactly the same ty[p&isD. Konig, “Uber graphen und ihre anwendung auf determinan-

of questions for this request model.
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