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Abstract

In this paper, we presenta bijective proof of the � -Mehler formula. The proof is in
the samestyle asFoata’s proof of the Mehler formula. SinceFoata’s proof wasextended
to show the Kibble-Slepianformula, a very generalmultilinear extensionof the Mehler
formula,wehopethattheproofprovidedin thispaperhelpsfind somemultilinearextension
of the � -Mehlerformula.

The basicidea to obtain this proof comesfrom generalizinga resultby Gessel. The
generalizationleadsto thenotionof speciesonpermutationsandthe � -generatingseriesfor
thesespecies.Thebijectiveproof is thenobtainedby applyingthisnew exponentialformula
to a certaintypeof specieson permutationsanda weightpreservingbijection relatingthis
speciesto the � -Mehler formula. Someby-productsof the � -exponentialformulashallalso
bederived.

1 Intr oduction

TheHermitepolynomialsarewell-studiedandhaveapplicationsin diverseareasof Mathematics
[2, 7]. They canbedefinedin termsof their generatingfunction,whosebilinearextensionis the
well-known Mehler formula. The mostgeneralmultilinear extensionis known asthe Kibble-
Slepianformula [17, 20]. Foata[10] discovereda combinatorialproof of the Mehler formula,
which was later extendedto show the Kibble-Slepianformula combinatoriallyby Foataand
Garcia[12].

A � -analogueof theHermitepolynomials,calledthe � -Hermitepolynomials,wasintroduced
by Rogers[19], whousedthemto proveRogers-Ramanujanidentities.Up to rescaling,thereare
othervariantsof the � -Hermitepolynomials[1, 8, 9, 15]. TheMehlerformulafor the � -Hermite
is known, but no � -analogueof the Kibble-Slepianformula hasbeendiscoveredyet. Similar
to thenormalHermitepolynomials,onehopesthata Foata-stylecombinatorialapproachto the� -Mehlerformulahelpsfind a � -Kibble-Slepian.A few proofsof the � -Mehlerformulais known
(see,e.g., [8, 4, 15]), of which the one in [15] is combinatorial. However, the combinatorial
objectswere vector spacesover finite fields, which are difficult to be dealt with in bijective
arguments.

This paperpresentsa Foata-styleproof of the � -Mehler formula. Along the way, we also
introducea new kind of speciesanda few consequences.Throughoutthis paper, we use ���	��

�
(avoiding confusionwith � 

��� ) to denotethesetof integersfrom � to 
 . Thefollowing standard�
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notationsshallalsobeused:��������������� � ��� ��� � � � �!�"� �#� � � ��$%$%$	� � � � � �'&)( �� *+� � ��� *� 

� � ��� �-,.� ,0/%/%/+,.� �1&)( ��
324�5 
 6�7 � ��� � � ���� � � �1&98 � � � 8 � � � �:� � ��$%$%$+� � �:� �1&98%;<( �� � �3� 8 ��$%$%$	� � �3� � �=*�> 6 >?
 $
Most often,thesubscript� is droppedwhenthereis no potentialconfusion.Lastly, we use @ �
to denotethesetof all matchingson 
 points ���	��

� .
2 Preliminaries

2.1 The Mehler formula and its extensions

Thereareseveralvariationsof theHermitepolynomials,which areall thesameup to rescaling.
A typical definitionof theHermitepolynomialsandtheirgeneratingfunction,respectively, areA ���CB
�D���E� �F� � ��GIHKJML � G &NHKJL B � � (1)OP�	Q
R A �
�CB
�TS �
VU � GIWXH%YZ&NY=J $ (2)

To interprettheHermitepolynomialscombinatorially, anothervariantof theHermitepolyno-
mials,denotedby [A �\�CB)� , wasintroduced.Thedefinitionof the [A ���CB)� , theirgeneratingfunction
andits bilinearextensionareasfollows, respectively.[A � �CB)�]��� A �\�CB
^`_ ab�a �`cXW (3)OP�`Q
R [A �\�CB)�Td �
VU � G H%e�&Ne J cXW

(4)OP�`Q
R [A ���CB
� [A �
�CfN� d �
VU � �_ �g� d Wih"j�kml a d B9f � d W �CB W , f W �a!� � � d W � n (5)

Identity (5) is thecelebratedMehler’s formula,whichwasshown combinatoriallyby Foata[10].
For a discussionof this proof andits relationto othercombinatorialresultson orthogonalpoly-
nomials,thereaderis referredto Stanton[21].

Carlitz [5, 6] found several multilinear extensions. Kibble [17], and later independently
Slepian[20] found an extension,known asthe Kibble-Slepianformula, whosespecializations
includeall otherextensions.Louck [18] proposedanotherextensionwhich wasprovedcombi-
natoriallyto beequivalentto theKibble-Slepianformulaby Foata[11].

To describetheKibble-Slepianformula,let usfirst introducesomenotation.For eachinteger
32 a , defineasymmetric
3op
 matrix q by� q ��rtsu�wv S rts if xuy�?z ,� otherwise,

where { S rts	|IrC} sI~)( is aninfinite sequenceof indeterminates.Let � �E� � ( � $%$%$ �=� �N��� bea vectorof
 indeterminates.Let � bethesetof all symmetricmatrices� ����� rts �
( ��>�x=� z >�
 ) of order
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 suchthat
�+r�r�� * for all x >�
 , andthat

�+rts
is a non-negative integerfor all xFy�0z . Also, for a

fixed ����� , let the x th row sumof � be� r����+rC( , �+r�W ,0/%/%/+, �+r��9$
TheKibble-Slepianformulareads

P� �Z� [A��=� � � (Z��$%$%$ [A���� � � �!�`�rC�1s S`��� �rts� rC�1s �+rts U � �_ � h%� q h"j�kml �a#� � � �F�:� � q &)( �'� n $ (6)

FoataandGarsia[12] extendedFoata’s proof [10] of the Mehler formula to give a combi-
natorialproof of the Kibble-Slepianformula. The left handsideof (6) wasinterpretedasthe
exponentialgeneratingfunction of the so-called
 -involutionary graphs, while the right hand
sidecouldbewrittenastheexponentialof theseries�aF ¢¡ �� h%� q , �a P rC} s �¤£ rts � � q &)( ��rts �I� r � sb$ (7)

They showed thatexpression(7) is thegeneratingfunction for the “connectedcomponents”of
the 
 -involutionarygraphs.Consequently, theexponentialformulaapplies,proving (6).

2.2 The ¥ -Mehler formula and its extensions

A � -analogueof theHermitepolynomialscalledthe � -Hermitepolynomials,obtainedfrom the
so-calledRogers-Szegö polynomials[19, 4, 9, 15] canbe definedby their generatingfunctionA �CB � dD¦ � � asfollows.A �CB � di¦ � �-��� OP�`Q
R A ���CB ¦ � � d �� � ��� � O�8%Q
R �� � � a+B d � 8 , d W � W�8 � � ¦ d%¦�§ � $ (8)

To getthecorresponding� -version [A ���CB ¦ � � of [A ���CB)� , wealsonormalizethe
A ���CB ¦ � � . Define[A �
�CB ¦ � �-��� A � � H W _ �g�3� ¦ � �� � �3� � �`cXW � (9)

with thenew threetermrecurrence:[A �	;<( �CB ¦ � �¨�0B [A � �CB ¦ � � � � �D,.� ,0/%/%/+,.� �1&)( � [A �'&)( �CB ¦ � �©$ (10)

This recurrencerelationyieldsa combinatorialinterpretationfor [A �
�CB ¦ � � [15]. The interpre-
tation gives [A ���CB ¦ � � asa � -analogueof the matchingpolynomials [A ���CB
� . Notice that each
matching ª«�E@ � can be viewed as an involution on ���	��

� . Define a new statisticon ª as
follows. � � ª �D��� P ¬ �	­ � � G �
wherethesumgoesover all edges

G
of ª , andif

G ��� x=� zM� , x § z , then� � G �D��� ¦ { 6 ¦ x § 6 § z � and ª � 6 � § z!| ¦ $
Pictorially, imagineputting 
 points �	� $%$%$ ��
 in this orderon a horizontalline, thendrawing all
edgesof ª on the upperhalf plane. The statistic � � G � for an edge

G
is the numberof points
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Figure 1: Illustrationof � � G � , where
G ��� x±� z1� , x § z .

lying betweenx and
z

suchthat
6

is eithera fixedpoint or an end-pointof someedge
G%² ��ª ,

bothof whoseend-pointsareon theleft of
z

(seeFigure1). Let ¦ ª ¦ denotethenumberof edges
in thematchingª . It follows that [A �\�CB ¦ � �V� P­M�	³ � [´ � ª � � (11)

where [´ � ª �µ��� �F� �Z¶ ­ ¶ B\· ®¸­ ¯ � � ®¸­ ¯ $ (12)

On the sameline of reasoningas in the previous section,onewould hopethat (11) helps
combinatoriallydiscover the � -analoguesof theMehlerformulaandits extensions.This turned
out to benoteasy. Thereareseveralknown equivalentformsof the � -Mehlerformula[4, 15]. In
termsof

A �\�CB ¦ � � , it readsOP�`Q
R A �
�CB ¦ � � A �
�Cf ¦ � � d �� � � � � � d W � OO�8"Q
RD¹ � �3º d � 8 B�f , a d W � W�8 � �F�¨, a+B W , a+f W � �3º d¼» � » 8 B�f , d�½ � ½ 8T¾
$

(13)

On theotherhand,let ¿ �\�CB ¦ � � bethegeneratingfunction for thenumberof subspacesof À � � :¿ �
�CB ¦ � �µ�4Á �8"Q
RÃÂ � 8"Ä B 8 , thenOP�`Q
R ¿ �
�CB ¦ � � ¿ �
�Cf ¦ � � d �� � � � ��� � �CB9f d W � O� d � O �CB d � O �Cf d � O �CB9f d � O $ (14)

It is this form of the � -Mehlerformulawhichhastheonly known combinatorialproof [15] using
the vectorspaceinterpretation.However, it doesnot seemto be possibleto extendthis proof
alongFoataandGarsia’s [12] line to find amultilinearextensionof the � -Mehlerformula.Firstly,
we needa � -analogueof theexponentialformula,which is not known in general.(A somewhat
specialized� -analogueof theexponentialformulawasdevisedby Gessel[13], but I donotknow
how to usehis methodon linearspacesover finite fields.) Secondly, linearsubspaces,although
veryusefulin enumerationarguments,aredifficult tobedealtwith in bijectivearguments.Hence,
besideneedinga � -analogueof theexponentialformula,we alsoneeda differentcombinatorial
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proof of � -Mehler formulawhich usessomeeasier-to-describecombinatorialobjects,which is
preciselythemainresultpresentedin thispaper.

Several multilinear extensionshave beenfound by KarandeandThakare[16], and Ismail
andStanton[14]. However, their formulasall involve aninfinite sum,andnot asgeneralasthe
Kibble-Slepianformula. It wouldbeinterestingto have combinatorialproofsof their findings.

2.3 A ¥ -exponentialformula

Gessel[13] gave apartialanswerto thequestionraisedneartheendof theprevioussection.Let
usbriefly summarizeherehismainresultwhichwe shallmakeuseof later. Definea � -analogue
of thederivative: ÅÇÆ � d �V� Æ � d � � Æ � � d �� � �3� � d $

(15)

Suppose

Æ
is a functionwith

Æ � * �µ� * and � -exponentialformÆ � d �V� OP�`Q
R Æ � d �
VU � $ (16)

Let È � G � Æ � bethe � -analogueof thefunction
GTÉ

, namely

È � d �µ� OP�`Q
R È � d �
VU � � (17)

wherethecoefficients È � aredefinedrecursively by

È �`;<(¨�Êv � if 
 � *Á � 8%Q
R Â � 8%Ä È �1&98 Æ 8";<( if 
32Ë� $ (18)

Then,we canwrite È � d � asaninfinite product:

È � d �µ� O��`Q
R �� �g� � �#�3� � � � d / ÅÇÆ � � � d ��� $ (19)

3 Main Results

3.1 Main theorem and approach

Themainresultof thispaperis to providea � -analogueof Foata’sproofof theMehler’s formula.
Thisis doneby first introducinganothervariantof the � -Hermitepolynomialsdenoted ÌA ���CB ¦ � � .
The new variant is just a rescalingof the old [A �\�CB ¦ � � , andcanalsobe definedcombinatori-
ally. The � -Mehler formula for the ÌA �\�CB ¦ � � is thenobtainedby generalizingGessel’s result
summarizedin Section2.3.

Specifically, define ÌA ���CB ¦ � �-��� x � � � J [A � l � x B_ � ¦ � n $ (20)

Then,thesenew � -Hermitepolynomialscanbecombinatoriallydefinedasfollows.
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Proposition 3.1. Let Ì´ bea weightfunctionon matchingsdefinedbyÌ´ � ª �i���0B\· ®¸­ ¯ � ¶ ­ ¶ ; � ®¸­ ¯ $ (21)

Then, ÌA � �CB ¦ � �V� P­M�	³ � Ì´ � ª �©$ (22)

Proof. Recallthecombinatorialinterpretation(11)of the [A �\�CB ¦ � � , wegetÌA ���CB ¦ � �Í� x � � �`cXW [A � l �gx B_ � ¦ � n� x � � � J P­M�	³ � � �F� �Z¶ ­ ¶ � � ®¸­ ¯ l �gx B_ � n · ®�­ ¯� P­M�	³ � ¹ x � � �F� � ¶ ­ ¶ � �gx � · ®¸­ ¯�¾ B · ®¸­ ¯ � � J &-Î�ÏÑÐKÒJ ; � ®¸­ ¯� P­M�	³ � B�· ®¸­ ¯ � ¶ ­ ¶ ; � ®�­ ¯
Thefollowing is themaintheoremof thepaper.

Theorem 3.2. Thepolynomials ÌA � �CB ¦ � � satisfythefollowingMehler-typeidentity:OP�`Q
R ÌA �
�CB ¦ � � ÌA �
�Cf ¦ � � d �
VUt� � � � W d W � OÓ O8%Q
RÃÂ � � � d W � W�8%;
W � W � d � � �3� � � 8 � � �-, d W � W�8";
W ��B�f , d � 8%;<( �CB W , f W � � Ä (23)

.

Notethat(23) is thesameas(13)and(14), up to achangeof variables.
Theorem3.2 shall be shown in several steps.Notice that the right handsideof (23) looks

similar to theright handsideof (19). Weshallfind afunction

Æ
sothatthetwo areidentical.The

coefficients

Æ �
in the � -exponentialexpansionof

Æ
shallbeinterpretedasenumeratinga certain

kind Ô of new species(Section3.3)called Õ -species(Section3.2). Another Õ -speciesÖ defined
from Ô is enumeratedby a sequenceÈ � which satisfesrelation(18). The Õ -speciesbasically
gives a combinatorialinterpretationof relation (18). The last stepis to bijectively show thatÈ ��� ÌA ���CB ¦ � � ÌA �\�Cf ¦ � � (Section3.4). ThespeciesÖ is completelyanalogousto thebicolored
involutionarygraphsintroducedby Foatain his proof of theMehler’s formula. Thus,our proof
of Theorem3.2canbethoughtof asa � -analogueof Foata’sproof. A few simpleby-productsof
thenew kind of speciesshallalsobederived.

3.2 Weighted × -species

In this section,we generalizeTheorem5.2 in [13] by introducinga new kind of species[3],
which thengivesacombinatorialinterpretationof identity (18).

Let Ø � denotethesymmetricgroupon ���	��

� asusual.More generally, we use Ø f1Ù:� � � to
denotethesetof all permutationson a totally orderedset � of size 
 . Eachword Ú � x ( $%$%$ x �
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where {Ix ( � $%$%$ ��x ��|Û� � couldbethoughtof asapermutationon � written in oneline notation,
i.e. ÚÜ�0Ø fMÙ:� � � . The set � is calledthe contentof Ú , andis denotedby Ý"Þ+
 d � Ú � . For anyß �mØ fMÙ:� � � , weuseà � ß � to denotethenumberof inversionsin ß . For any two subsetsá andâ

of � , let à � ám� â � denotethenumberof inversionscreatedby pairsof elementsin á and
â

,
namely à � áã� â �µ� ¦ { � x±� z1� ¦ x-ä z ��xD�pám� z � â | ¦ $

Let åçæéè beanintegral domainand ê � å�� � �M� d ( � d W � $%$%$ � � bea ring of formal power series
or of polynomialsover å on thevariables�M� d ( � $%$%$ . An ê -weighted set is a pair

��ë � ´ � whereë
is a setand ´ �-ëíì ê is a function associatinga weight ´ ���!� to eachelement

� � ë .
An ê -weighted set

��ë � ´ � is saidto besummableif for eachmonomial î � � �+ï d � �( d � JW $%$%$
, the

numberof elements
� � ë whoseweight ´ ���!� contributesa non-zerocoefficient to î is finite.

Wearenow readyto describethenew species.

Definition 3.3. An ê -weighted Õ -speciesis a rule Ô which

(i) to eachtotally orderedset � , and eachpermutationß �ðØ fMÙ:� � � , associatesan ê -
weightedset

� Ôã� �m� ß �¤� ´ � ,
(ii) to eachincreasingbijection ñ � � ( � ì � W , andeachpermutationß �òØ ¶ � � ¶ ( � Ø ¶ � J ¶ ),

associatesaweight-preservingbijectionÔó� ñ�� ß � �9� Ôã� � ( � ß ( �¤� ´ � � ìô� Ôã� � W � ß W �¤� ´ � �
whereß ( �mØ fMÙ:� � (©� and ß W �mØ fMÙ:� � WI� arederivedfrom ß in thenaturalway.

Moreover, thesefunctionsÔó� ñ�� ß � mustalsosatisfythefunctorial properties:Ôã� à L � � ß � � à L`õ-ö � } ÷Iø (24)Ôã� Úúù-ñ�� ß � � Ôã� Úµ� ß �Nù¨Ôó� ñ�� ß � (25)

Basically, the functorial propertiessaythat theweightedsets
� Ôã� �m� ß �¤� ´ � dependonly on

thefactthat � is totally orderedandon � ’s cardinality. When ¦ � ¦ � 
 we shalluseÔã� 
V� ß � to
denoteÔã� �ã� ß � , and Ôã� 

� to denoteû ÷ �	ü � Ôó� 
V� ß � .
Definition 3.4. Let Ô be an ê -weighted Õ -specieswith weight function ´ . The Õ -generating
seriesof Ô is the � -exponentialformalpower seriesýÿþ � dD¦ � � with coefficientsin ê definedbyýÿþ � dD¦ � �-��� P�'~9R ¦ Ôã� 

� ¦ þ d �
VU � � (26)

wherethe � -inventory ¦ Ôã� 

� ¦ þ is definedby¦ Ôã� 

� ¦ þ ��� P÷ �	ü � P� � õDö �'} ÷Iø ´ ���!� � �%® ÷T¯ $ (27)

Theorem5.2 of [13] was aboutpartitioning permutationsinto basicblocks with a multi-
plicative weight function on the blocks. We generalizethis notion by defining the so-called
permutationpartition.

Definition 3.5. Given ß �mØ � , apermutationpartition � of ß is asequenceof nonemptywords� ��� ß ( � $%$%$ � ß 8 � suchthat ß � ß ( ß W $%$%$ ß 8
in oneline notation,andthatthelargestelementsof ß ( � $%$%$ � ß 8 form anincreasingsequence.We
shallwrite � � ß for “ � is apermutationpartitionof ß .”
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We arenow readyto definea Õ -specieswhose“connectedcomponents”arestructuresof
anotherÕ -species.

Definition 3.6. Let Ô�� be a weighted Õ -specieswith weight function � . Definethe Õ -speciesÖ�þ ���D� Ô � þ with weight function ´ as follows. For eachtotally orderedset � and ß �Ø fMÙ:� � � , define Öi� �m� ß � ���
	�
� ÷ Ôã� � ( � ß ( �<o /%/%/9opÔó� � 8 � ß 8 �¤� (28)

where � ��� ß ( � $%$%$ � ß 8 � , and � rÿ� Ý"Þ+
 d � ß r�� , for all x � �	� $%$%$ � 6 . Moreover, for each� ��� ý ( � $%$%$ �=ý 8 � �úÔã� � ( � ß ( �ÿo /%/%/9oúÔã� � 8 � ß 8 �
we associate ´ � � �-� � � ý (Z��$%$%$ � � ý 8 �©$ (29)

This is the analogueof the multiplicative propertyin Theorem5.2 of [13]. The fact that�-� Ô � þ is a Õ -speciesis easyto verify. At last, thepromisedgeneralizationof Theorem5.2 in
[13] cannow bestated:

Theorem3.7. Let Ô�� bea Õ -speciesofstructureswithweightfunction� . Let Ö�þ bethe Õ -species�-� Ô � þ definedasabove. Definea sequence{%È ��| O�	Q
R by È R#� � andÈ �Ç� ¦ Öi� 

� ¦ þD�ó
324� $
Let { Æ �N| O�`Q
R bethesequencedefinedby

Æ R#� * , andÆ 8";<( � ¦ Ôã� 6 ,��Z� ¦ � � for
6 2ò* $

Then, �¨, OP�`Q<( È � d �
VUt� � G�� OP�`Q<( Æ � d �
VUt��� � O��`Q
R �� � � � �#�3� � � � d / Å ý�� � � � d ��� $ (30)

namely � þ � dD¦ � �V� G � ý�� � dD¦ � � � $ (31)

Proof. We only needto verify that the sequencesÈ � and

Æ �
satisfy relation(18). Recall that

each
� � ÖD� 
 , �Z� is a sequenceof structuresof Ô :

� ��� ý ( � $%$%$ �=ý�� � . Let ß ( � $%$%$ � ß � be
thecorrespondingpermutations(or words)underlyingý ( � $%$%$ �=ý � . Let � rÿ� Ý"Þ+
 d � ß r�� , for eachx � �	� $%$%$ � Ù . Notice that 
 ,�� � � � . Suppose¦ ý � ¦ � 6 ,�� , 6 2 * . Let � ��� � � ,� ��� � �?{I
 ,4� | , and Ì� ��� ���	��
ú,��Z����� . Notethat à � Ì����� �-� à � Ì��� � � since
 , � ��� .
Furthermore,let

� ² �mÖD� Ì�F� bethestructureof speciesÖ obtainedfrom
�

by removing ý � . For
eachstructure� of a � -species,we useß � � � to denotetheunderlyingpermutationof � .

It is clearthat à � ß � � ���D� à � Ì� � � � ,.à � ß � � ² ��� ,.à � ß � ý � ��� �
andthat ´ � � �¨� ´ � � ² � � � ý�� �©$
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In order to form a
� �4Öi� 
 ,��Z� , we canfirst pick a

6
-subset

�
of ���	��

� ( *?> 6 >w
 ),

thenform � � ��� {I
ó,4� | , andfinally concatenateany pair of
� ² �:Öi� Ì�F� and ý � � Ôã���F� .

Consequently,È �`;<( � P� �! ö �	;<(�ø ´ � � � � �"® ÷ ® � ¯�¯� �P 8"Q
R P" } ¶ " ¶ Q
8 P� ° �! ö$#% ø P·
& � õDö % ø � �"® #% } " ¯ o ´ � � ² � � �"® ÷ ® � ° ¯ ¯ o'� � ý � � � �"® ÷ ® · & ¯ ¯� �P 8"Q
R P" } ¶ " ¶ Q
8 P� ° �! �)(
* P·
& � õ *,+ � � �"® #% } " ¯ o ´ � � ² � � �"® ÷ ® � ° ¯�¯ o-� � ý � � � �"® ÷ ® · & ¯�¯� �P 8"Q
R/.0 P" } ¶ " ¶ Q
8 � �"® ö �Tø�& " } " ¯$12 .0 P� ° �3 �4(5* ´ � � ² � � �"® ÷ ® � ° ¯ ¯612 .0 P· & � õ *,+ � � � ý � � � �"® ÷ ® · ¯�¯712� �P 8"Q
R 5 
 6�7 È �1&98 Æ 8%;<( $
Example3.8. Theorem3.7impliesTheorem5.2in [13] andthusall its consequencesasderived
by Gessel.

Example3.9. Take �/8�� sothat ´ 8Ü� in Theorem3.7,we obtain�D, OP�	Q<( È � d �
VUt� � � d � � � O � d � � � � OÓ O�`Q
R � �g� a d � � , d W � WX�	;<( � � (32)

where, È �Ç� P÷ �	ü � ¦ {)� ¦ � � ß | ¦ � �"® ÷T¯ $
In fact,when � ì � , È � countsthenumberof setsof wordson ���	��

� whosecontentsaredisjoint
andwhoseunionof contentsis exactly ���	��

� . While, when � ì � the right handsideof (32)
goesto h"j�k �¤d ^�� �Û� d � � . Thus,we couldhave proveneasilyidentity (32) combinatoriallywhen� � � .

Following Gessel’s line of derivationwe cangeneralizethepreviousexampleasfollows.

Corollary 3.10. Let � �E� ß ( � $%$%$ � ß 8 � beanypermutationpartition of ß � Ø � . Let 9 rX� � � bethe

numberof wordsof sizex of � . Definea weightfunction ´ for � by ´ � � �-�4Ó r B;: � ® � ¯r
, andletÈ ��� P÷ �`ü � P�
� ÷ ´ � � � � �"® ÷+¯ $ (33)

Then, � þ � d-¦ � �¨� O��	Q
R �� �g� � � �3� � � � d á � � � d � � � (34)

where á � d �µ� OP�`Q
R B9�`;<( � 
 ,��Z��� d � $
9



Example 3.11. Write � � 8 ß if � � ß andall wordsof � areof sizeat most
6
. Set á � d ���B , � �D,.� � d , sothat ´ � � �-�wv B : � ® � ¯ if � � W ß* otherwise,

andhence È �\�CB ¦ � �µ� P÷ �`ü � P�
� J ÷ B : � ® � ¯ � �"® ÷T¯ $
Corollary3.10gives� þ �CB � dD¦ � �V� OP�	Q
R È �)�CB ¦ � � d �
VUt� � O��	Q
R ��g� � � �3� � � � d á � � � d �� O�8%Q
R �� � a3< �'� 8 ,.� W � W�8 � (35)

where
<ú� &Nr�eW>= (�& �(�; � and � � x d@? �g�3� W . Wenow get

È �\�CB ¦ � �µ� x � � �-,.� � �	cXW [A � l � x B_ �D,.�BAAAA � n $ (36)

Thus, P÷ �	ü � P�!� J ÷ B : � ® � ¯ � �"® ÷+¯ � P­M�	³ � � �-, � �Z¶ ­ ¶ � � ®�­ ¯ B\· ®¸­ ¯ � (37)

aninterestingcombinatorialidentity.

3.3 A ¥ -analogueof the bicolored C -involutionary graphs

Theprevioussectiongivesacombinatorialview of identity(18). As outlinedattheendof section
3.1,thenext stepin theproofof Theorem3.2is to find a Õ -speciesÔ�� whoseÕ -generatingseriesÆ � d �V� Ô�� � d¨¦ � � is suchthattheright handsideof (19) is thesameasthatof (23). The Õ -speciesÖ�þ �D�D� Ô � þ is a � -analogueof the bicolored 
 -involutionarygraphs. We actuallywill start
defining Ö first.

Definition 3.12. A graph
� ��� �m�FE � is calledanorderedbicolored 
 -involutionarygraph if

�
satisfiesthefollowing conditions:

1.
�

has
 verticeslabeledby 
 distinctpositive integersin � .

2.
�

hasno multiple edges,but canhave loops.

3. The 
 verticesof
�

line up on a horizontalline, so that we canspeakof a vertex being
on the left or right of another, andsothat theverticesof

�
formsa permutation� � � �#�� ( � W�$%$%$ � � �mØ fMÙ:� � � .

4. Eachedgeof
�

is coloredeitherredor blue.

5. Eachvertex of
�

is incidentto exactly
a

edgesof differentcolors.

6. A non-loopedgeof
�

canonly connectsome� r to � r¢;<( unlessit completesacycleof
�

.

10



7. Let � ( � $%$%$ ��� � be the connectedcomponentsof
�

from left to right. Let G � � � denote
the largestvertex numberin a connectedcomponent� of

�
, then � � � � mustsatisfythe

conditionthat G � � (©� § /%/%/ § G � � � � .
8. For eachconnectedcomponent� , thevertex numberedG � � � hasto beon the left of the

blueedgeincidentto it.

9. If a connectedcomponent� is a cycle, thenthevertex numberedG � � � hasto bethe left
mostvertex amongall verticesof � . It is notdifficult to seethattheconnectedcomponents
of
�

canonly be in oneof H forms asshown in Figure2. In the figure, the bold lines
representblueedgesandthethin linesrepresentrededges.

H I
JLK�M ¬N ¬POQN®SR ¯

I I
Q9®TR ¯QN®SR ¯

I H
HH

QN®SR ¯QN®SR ¯
Figure 2: Possibleconnectedcomponenttypesof anorderedbicolored
 -involutionarygraph.

Let Ö � denotethesetof all orderedbicolored 
 -involutionarygraphson � , where � is an
 -setof positive integers.Let U � bethesetof all graphsin Ö � whichhaveexactlyoneconnected
component.When � � ���	��

� , Ö � and U � shallbeusedfor convenience.

Let V � � ì ���	��

� be the trivial one-to-onecorrespondencebetween� and ���	��

� which
preservesorder. For each

� �mÖ � , let S G L � � � denotethegraphobtainedfrom
�

by renumbering
eachvertex � of

�
by V � � � . Conversely, wealsouse� � � � to denotethesetof verticesof

�
.

Definition 3.13. A weightfunction ´ definedon Ö � with valuesoversomecommutativealgebra
over therationalsis saidto bemultiplicativeif it satisfiesthefollowing conditions:

(i) ´ � � �¨� ´ � S G L � � ��� .
(ii) If ñ ( � $%$%$ �Xñ 8 aretheconnectedcomponentsof

�
(whichareorderedbicoloredinvolution-

ary graphsthemselves),then ´ � � �-� ´ � ñ ( ��$%$%$ ´ � ñ 8 � .
Thefollowing theoremis obviouslyaveryspecialcaseof Theorem3.7appliedto theordered

bicoloredinvolutionarygraphs.

Theorem 3.14. Supposed́ is a multiplicativefunctionon Ö � . For 
42�* , definea sequence{%È ��| O�`Q
R È � � P� �3 � ´ � � � � �"® � ® � ¯ ¯ $
Let { Æ �N| O�`Q
R bethesequencedefinedby

Æ R#� * , andÆ 8";<( � PR<�XW *,+ � ´ � � � � �"® � ®TR ¯ ¯
11



for
6 2ò* . Then, OP�	Q
R È � d �
VUt� � GY� OP�`Q<( Æ � d �
VUt���

Definition 3.15. Let
�

be a graphin Ö � . For eachedge
G

(respectively vertex x ) of
�

, let� � G � (respectively � � x � ) denotetheconnectedcomponentcontaining
G

(respectively x ). Define
aweightfunction Z on eachedge

G
of
�

asfollows.

Z � G �V� [\\\\\\] \\\\\\^
� if

G
is anon-looprededge� if
G

is non-loop,blueandto theleft of G � � � G ���� if
G

is non-loop,blueandto theright of G � � � G ���f
if
G

is a redloopB
if
G

is ablueloop

Let Z bea weightfunctiondefinedon Ö � by:Z � � �µ� �¬ �3_ ® � ¯ Z � G � �
thenobviously Z is multiplicative.

Wecall anorderedbicolored
 -involutionarygraphswith theweight Z associatedabicolored� �M��
 � -involutionarygraph. Figure3 shows anexampleof suchagraph.In thefigure,thelargest

» ( `�acbd ef ½ (�W (�( `hg( » WH � ( � �( � ( i `kjIH I H I� � ( � (
� Q ® » }mlZ} f }�(�}�(�RZ}nbZ} ½ } e } i }�(�WZ}�( ½ }�(�(�}�( » }�( f }�W=¯ �"® � ¯'Q »�»o�prq�s �@tkuwv4xzy3�@{k|~}��!}��Ç�@}P}

Figure 3: An exampleof abicolored
� �1��
 � -involutionarygraph.

vertex numberG � � � in eachcomponent� hasbeenput in bold face.

Lemma 3.16. Let Z bethefunctiondefinedabove, and { Æ �!| O�`Q
R bea sequencedefinedby

Æ R#� *
and Æ � � PR<�)W � Z � � � � �"® � ®TR ¯ ¯ � when
32Ë� $
Moreover, let Æ � d-¦ � �-��� OP�`Q
R Æ � d �
VUt� $
Then, Å Æ � d-¦ � �µ� � � � d W � W � d � W , � �-, d W � W ��B9f , d � �CB W , f W �� � � d W � W �"� � � d W � » � $

(38)

12



Proof. Firstly, we claim that Æ W�8%;<( ��� � 6 �N, � 6 , �Z� � � W�8 ��a 6 � Ut� B9f\$
To seethis, let us considerFigure2. The componentsin U W�8%;<( canonly be the pathswhich
startandendwith differentcoloredloops,andhave largestvertex number

a 6 ,E� . SummingZ � � � � �"® � ®SR ¯�¯ overall components� whichstartwith ablueloopandendwith a redloopweget
theterm � 6 ��� W�8 ��a 6 � U � B�f �
while thecomponentswhichstartredandendblueintroducetheterm� 6 , �Z��� W�8 ��a 6 � Ut� B9f\$
Thedetailsareeasyto beverifiedandhenceomittedhere.

Secondly, we claim thatÆ W�8%;
W � � » 8";
W ��a 6 ,�� � Ut�¨,�� 6 , �Z��� W�8%;<( ��a 6 , � � Ut� �CB W , f W �©$
Here,theterm � » 8%;
W ��a 6 ,:� � Ut� is from thecyclecomponents,� 6 ,:�Z��� W�8";<( ��a 6 ,3� � Ut� B W from the
pathswhich startandendwith a blueloop,and � 6 ,��Z��� W�8%;<( ��a 6 ,4� � U � f W from thepathswhich
startandendwith a redloop.

By definition,Æ � d-¦ � � � OP�	Q
R Æ � d �
VUt�� OP8%Q
R � � 6 ��,�� 6 , �Z� � � W�8 ��a 6 � Ut� B�f d W�8%;<(��a 6 ,�� � Ut� ,OP8%Q
R ¹ � » 8";
W ��a 6 , � � Ut�µ,�� 6 , �Z��� W�8%;<( ��a 6 , � � Ut� �CB W , f W � ¾ d W�8%;
W��a 6 , ab� Ut� $
Hence,Å Æ � d-¦ � �V� OP8%Q
R � � 6 ��,�� 6 ,��Z� � � W�8 B�f d W�8 , OP8%Q
R � » 8";
W d W�8%;<( ,OP8%Q
R � 6 ,0�Z��� W�8%;<( �CB W , f W � d W�8";<( (39)

Now, we calculateeachtermof (39)separatelyasfollows.B�f OP 8"Q
R � � 6 ��,�� 6 ,0�Z� � � W�8 d W�8 �0B�f
� �-, d W � W � OP8%Q
R � 6 , �Z��� W�8 d W�8�0B�f
� �-, d W � W � OP8%Q
R .0 8Ps©Q
R � W ® 8K&1sZ¯�; » s412 d W�8�0B�f
� �-, d W � W � OP r�Q
R d WXr � WXr OPs©Q
R d W¤s � » s� � �-, d W � W ��B9f� � � d W � W �"� � � d W � » � $
(40)
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Similarly, OP8%Q
R � » 8%;
W d W�8%;<( � d � W� � d W � » � (41)

and �CB W , f W � OP8%Q
R � 6 ,0�Z��� W�8%;<( d W�8%;<( ���CB W , f W � d � OP8%Q
R�.0 8Ps©Q
R � W�8%;!s 12 d W�8
���CB W , f W � d � OP8%Q
R�.0 8Ps©Q
R � W ® 8T&1sZ¯�; » s 12 d W ® 8T&1sZ¯�;
W¤s���CB W , f W � d � OP r¢Q
R d WXr � WXr OPsZQ
R d W¤s � » s� d � �CB W , f W �� � � d W � W �"� � � d W � » �

(42)

Combining(40), (41)and(42)yields(38).

Corollary 3.17. Let Z bethefunctiondefinedabove, and {%È ��| O�	Q
R bea sequencedefinedbyÈ ��� P� �3 � Z � � � � �"® � ® � ¯ ¯ $ (43)

Then,È � di¦ � �µ� � � W d W � OÓ O8%Q
R Â � � � d W � W�8%;
W � W � d � � �3� � � 8 � � �D, d W � W�8%;
W ��B9f , d � 8%;<( �CB W , f W � � Ä
where È � dD¦ � �µ� OP�`Q
R È � d �
VUt� $
Proof. This is straightforwardfrom Theorem3.14,Lemma3.16andequation(19).

3.4 A bijection

Thissectioncompletesthelaststepof theproofof Theorem3.2. Weareleft to demonstratethatÌA � �CB ¦ � � ÌA � �Cf ¦ � ��� È � . We shall show this relationcombinatoriallyasformally put in the
following theorem.

Theorem 3.18. Let ÌA � bedefinedcombinatoriallyby equation(22), and È � by equation(43).
Then, ÌA �
�CB ¦ � � ÌA �
�Cf ¦ � �V� È ��$
Proof. We want to find a weight-preservingbijection � which mapsa pair

� ª¨�±ª ² � �ò@ �	;<( o@ �`;<( to agraph
� �ãÖ �`;<( . Let

� ªµ�±ª ² � beapairof matchingsin @ �	;<( oÛ@ �	;<( , wherethefixed
pointsof ª areweightedby

B
andof ª ² by

f
. As before,we view thevertices �	� $%$%$ ��
 , � of ª

and ª ² aslying on a horizontalline from left to right in thatorder, with theedgesdrawn on the

14



upperhalf plane.Let � ( � $%$%$ �m� � (
� > 
p,4� ) bethesequenceof verticesof ª startingfrom the

right which arenot left end-pointsof ª ’s edges.Similarly, let � ² ( � $%$%$ �m� ² � ° bethecorresponding
sequencefor ª ² . Noticethat � (D� � ² ( � 
�,é� . Let

G ( � $%$%$ � G ¶ ­ ¶ (respectively
G ² ( � $%$%$ � G ² ¶ ­ ° ¶ ) bethe

setof edgesof ª (respectively ª ² ) orderedby their right end-pointsstartingfrom theright.
Our ideais to startfrom theright, look simultaneouslyat � ( and� ² ( , � W and� ² W , ... determine

the “right place” to stopandbuild up the right mostconnectedcomponentof
�

basedon the
relative distribution of edgesandpointsof ª and ª ² seensofar. Then,removecertainpointsand
edgesfrom ª and ª ² to get Ú and Ú ² respectively, andre-applythemethodto get thenext (from
theright) connectedcomponentof

�
, andsoon.

Lookingat � ( and� ² ( , � W and� ² W , ... therewill roughlybe H situationsasfollows.

1. At some
6 ,�� , all of � r and� ²r , � >0x > 6 ,Ë� , areright end-pointsof edgesin ª and ª ²

respectively, and
z � 6 , � is theleastintegersuchthat � � G sK�µ� * .

2. Wemeetafixedpoint � � ;<( of ª andthenafixedpoint � 8%;<( of ª ² where
Ù > 6 . For this

caseto bedisjoint from case1, it is necessarythatall edges
G

of ª whoseright end-points
areon theright of � � ;<( have � � G � äò* .

3. Wemeeta fixedpoint � ²� ;<( of ª ² strictly beforeafixedpoint � 8%;<( of ª .

4. Two fixedpointsof ª aremetbeforeany fixedpointsof ª ² .
5. Two fixedpointsof ª ² aremetbeforeany fixedpointsof ª .

Notethatsimilar to case2, thecases3, 4, and5 needto bedefinedsothatthey aredisjoint from
case1. Thesecasesdetermineour “right place”to stopasmentionedabove.

Formally, weconsiderH casesasfollows.

Case1. Thereexistsa
6
, *�> 6 > ® �'&)(�¯W , suchthat

(i)
zÇ� 6 ,0� is thesmallestintegerwhere � � G s+�µ� * . (i.e. � � G sT� äò* for all

z > 6 .)
(ii) For all

z � �	� $%$%$ � 6 , � , G s hasright end-point� s and
G ²s

hasright end-point� ²s .
The situationis depictedin Figure4. Let Ú (respectively Ú ² ) be the matchingobtained

�z��� �S��w�� �$�7�3� � �$�
� �
��� �

� �� �7�3� ������!� ���� ��h�� �� �7�3�
�k� ��F��7�3� �F�� �z�����Y�@� ��

Figure 4: Illustrationof case1.

by removing
G ( � $%$%$ � G 8%;<( andtheir end-points(respectively

G ² ( � $%$%$ � G ² 8%;<( andtheir end-
points) from ª (respectively ª ² ). We shall construct

� � � � ª¨�±ª ² � suchthat the last
connectedcomponentof

�
is acycle � ��� 
 , �	��x W�8";<( � $%$%$ ��x ( � , andthat � � Úµ��Ú ² � forms

therestof thecomponentsof
�

. Let q � {Ix W�8%;<( � $%$%$ ��x (I| besetof therestof thepoints
on the cycle asshown. To do this, we needto pick a permutationß � x W�8%;<( $%$%$ x ( �Ø fMÙ:� q � , where q � {Ix W�8%;<( � $%$%$ ��x (%| is a setof distinct integersin ���	��

� , suchthat the
contribution ´ R of this cycle � to the weight of

�
is exactly equalto the contribution
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´ _ of
G ( � $%$%$ � G 8";<( to the weight of ª plus the contribution ´ ²_ of

G ² ( � $%$%$ � G ² 8%;<( to the
weight of ª ² . Notice that removing the edges

G s
and

GI²s
doesnot have any effect on the

total weightsof the restof edgesof ª and ª ² . Let � � ���	��

�<��q , and à � �-�=q � be the
numberof inversionscreatedby pairsof numbersin �Eomq , namelythenumberof pairs�$< � S � ���Üoóq suchthat

< ä S .
As eachrededgeon � is weighted� andeachblueedgeweighted� , it is easyto seethat´ R � � �%®S� } N ¯�; �%® ÷T¯ ;
W�8%;<( /I� 8";<( (44)´ _ � � 8%;<( /I�
� *P+ ��7� � � ® ¬ � ¯ (45)´ ²_ � � 8%;<( /I� � *P+ ��7� � � ® ¬ °� ¯ (46)

Hence,we needto pick ß suchthat

à � �-�=q � ,.à � ß �µ� 8";<(PsZQ<( � � G sT� , 8%;<(PsZQ<( � � G ²s � � 6 $ (47)

Observe that � � G 8%;<( �Í� *�� (48)� > � � G s+� > 
 , �g� a%z � � z � �	� $%$%$ � 6 � (49)* > � � G ²s � > 
 , �g� a%z � � z � �	� $%$%$ � 6 , � $ (50)

Now, definea function

Æ
on {'�	� $%$%$ � a 6 , � | byÆ � d �V� v 
ó� d , a � � � G s+� if d ��a%z � z�� �	� $%$%$ � 6
ó� d , �g� � � G%²s � if d ��a%z �?�	� z � �	� $%$%$ � 6 ,�� $

Then,recursively determinex ( � $%$%$ ��x W�8%;<( , elementby elementstartingfrom x ( , working
toward x W�8%;<( asfollows.x e<� the

Æ � d � th smallestnumberin ���	��

���?{Ix ( � $%$%$ ��x e�&)(%|b$ (51)

It is easyto checkthat ��> Æ � d � >é
ó� � d �ò� � for all d � �	� $%$%$ � a 6 ,�� sothat x e is well
defined.Moreover,

à � �-�=q � ,?à � ß � � W�8";<(P e�Q<( ¦ { z ¦ z preceedsx e , z ä?x e , z y� 
�,�� | ¦� W�8";<(P e�Q<( � 
ó� � d ��� � � Æ � d � �� 8PsZQ<( � 
ó� ��a%z �ò� � � Æ ��a%z1� �i, 8%;<(Ps©Q<( � 
ó� ��a%z � ab� � Æ ��a%z ��� � �� 8%;<(PsZQ<( � � G sT� , 8%;<(PsZQ<( � � G ²s � � 6 �
which is exactly (47).

Case2. Thereexistsa
6
, *�> 6 > � W

, andan
Ù

, *�> Ù > 6 suchthat
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(i) For all
zÇ� �	� $%$%$ � Ù , � s is theright end-pointof

G s
, and � � G s+� äò* . Moreover, � � ;<(

is afixedpoint,which is weightedby
B
. And, for all

zÇ�0Ù , a � $%$%$ � 6 ,�� , � s is the
right end-pointof

G sI&)(
.

(ii) For all
z � �	� $%$%$ � 6 , � ²s is the right end-pointof

G%²s
. And, � ² 8%;<( is a fixed point

weightedby
f
.

Thesituationis depictedin Figure5. This time, the lastcomponent� of
�

startswith a

¡�T�� �� �$¢�z�£�� �$¢¤�!�¥ � �m�� � �
� �� ¢� ¢;�3�� �

� � � � �¢¤�!� � �¢¡
¥ �z���¦� � �
§ �z�£¨-�£��

Figure 5: Illustrationof case2.

redloopandendswith ablueloop. Thepoint 
 ,.� is the
��a+Ù ,.� � stpoint from theright.

Let ß , q , � be definedasin theprevious case,thenthecorrespondinǵ R , ´ _ and ´ ²_
areasfollows. ´ R � � �"®©� } N ¯�; �"® ÷T¯ ;
W � /I� W�8T& � / B�f (52)´ _ � � 8 /I� � *�P� � � ® ¬ � ¯ / B (53)´ ²_ � � 8 /I� � *�P� � � ® ¬�°� ¯ / f\$ (54)

Hence,we needto pick ß sothat

à � �-�=q � ,.à � ß �¨� 8PsZQ<( � � G s � , 8PsZQ<( � � G ²s � � Ù $ (55)

For d � �	� $%$%$ � a 6 , thecorresponding

Æ � d � is:Æ � d �µ� [\] \^

ó� d , a � � � G sK� if d ��a%z , zÇ� �	� $%$%$ � Ù
ó� d , �#� � � G sK� if d ��a%z , zÇ�0Ù , �	� $%$%$ � 6
ó� d , �#� � � GI²s � if d ��a%z ��� , z � �	� $%$%$ � 6 $ (56)

As in thepreviouscase,x e is definedby (51). To show that x e is well definedandthatthey
satisfy(55), we only needto observe that�F> � � G s+� > 
�, � � a%z � z � �	� $%$%$ � Ù (57)*�> � � G s � > 
�, � � ��a%z ,0� � � zÇ�0Ù , �	� $%$%$ � 6 (58)*�> � � G ²s � > 
�, � � a%z � z � �	� $%$%$ � 6 $ (59)

Case3. Thereexistsa
6
, �F> 6 > � W

, andan
Ù

, *�> Ù > 6 �ò� , suchthat

(i) For all
z � �	� $%$%$ � 6 , � s is theright end-pointof

G s
, and� 8%;<( is afixedpointweightedB

.

(ii) For all
z � �	� $%$%$ � Ù , � � G sT� ä�* .
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Figure 6: Illustrationof case3.

(iii) For all
z�� �	� $%$%$ � Ù , � s is theright end-pointof

G%²s
, �¤� ;<( is a fixedpoint weightedf

, andfor all
zÇ�0Ù , a � $%$%$ � 6 , �ª� s is theright end-pointof

G ²sI&)(
.

Thesituationis depictedin Figure6. In thiscase,wehave´ R � � �"®S� } N ¯ ; �"® ÷+¯�;
W � ;<( /K� W�8T& ® � ;<(�¯ / B9f (60)´ _ � � 8 /I� � *�P� � � ® ¬ � ¯ / B (61)´ ²_ � � 8 /I� � *�P� � � ® ¬�°� ¯ / f�$ (62)

Hence,we needto pick ß sothatà � �-�=q � ,.à � ß �¨� 8PsZQ<( � � G s � , 8PsZQ<( � � G ²s � � Ù $ (63)

For d � �	� $%$%$ � a 6 , thecorresponding

Æ � d � is:Æ � d �V� [\\\\] \\\\^

ú� d , a � � � G sT� if d ��a%z , z � �	� $%$%$ � Ù
ú� d , �#� � � G ²s � if d ��a%z , z �0Ù ,��	� $%$%$ � 6
ú� d , �#� � � G ²s � if d ��a%z �?� , z � �	� $%$%$ � Ù
ú� d , �#� � � G sT� if d ��a%z �?� , z � Ù , �	� $%$%$ � 6 . (64)

As in thepreviouscase,x e is definedby (51). To show that x e is well definedandthatthey
satisfy(63), we only needto observe that�F> � � G sT� > 
 ,��g� a%z � zÇ� �	� $%$%$ � Ù (65)*�> � � G sT� > 
 ,��g� a%z � zÇ�0Ù , �	� $%$%$ � 6 (66)*�> � � G ²s � > 
 ,��g� a%z � zÇ� �	� $%$%$ � Ù (67)*�> � � G ²s � > 
 ,��g� ��a%z , � � � z �0Ù ,��	� $%$%$ � 6 $ (68)

Case4. Thereexistsa
6
, *�> 6 > ® �'&)(�¯W

, andan
Ù

, *�> Ù > 6 , suchthat

(i) For all
zÇ� �	� $%$%$ � Ù , � s is theright end-pointof

G s
, and � � G s � äò* . Moreover, �¤� ;<(

and � 8%;
W arefixedpointsweighted
B
. For all

z �ÜÙ , a � $%$%$ � 6 ,4� , � s is theright
end-pointof

G s%&)(
.

(ii) For all
z � �	� $%$%$ � 6 , � , � ²s is theright end-pointof

G ²s
.

Thesituationis depictedin Figure7. In thiscase,wehave´ R � � �"®©� } N ¯�; �"® ÷T¯�;
W � /I� W�8%;<(�& � / B W (69)´ _ � � 8 /I� � *�P� � � ® ¬ � ¯ / B W (70)´ ²_ � � 8%;<( /I�!� *,+ ��P� � � ® ¬ °� ¯ $ (71)
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Figure 7: Illustrationof case4.

Hence,we needto pick ß sothatà � �-�=q � ,.à � ß �¨� 8PsZQ<( � � G sT� , 8";<(PsZQ<( � � G ²s � � Ù $ (72)

For d � �	� $%$%$ � a 6 , � , thecorresponding

Æ � d � is:Æ � d �V� [\] \^

p� d , a � � � G s � if d ��a%z , z � �	� $%$%$ � Ù
p� d ,�� � � � G s � if d ��a%z , z � Ù , �	� $%$%$ � 6
p� d ,�� � � � G%²s � if d ��a%z �ò� , zÇ� �	� $%$%$ � 6 ,�� $ (73)

As in thepreviouscase,x e is definedby (51). To show that x e is well definedandthatthey
satisfy(72), we only needto observe that�F> � � G s+� > 
�, � � a%z � z � �	� $%$%$ � Ù (74)*�> � � G s+� > 
�, � � ��a%z ,0� � � zÇ�0Ù , �	� $%$%$ � 6 (75)*�> � � G ²s � > 
�, � � a%z � z � �	� $%$%$ � 6 , � $ (76)

Case5. Thereexistsa
6
, *�> 6 > ® �'&)(�¯W

, andan
Ù

, *�> Ù > 6 , suchthat

(i) For all
z � �	� $%$%$ � Ù , � ²s is theright end-pointof

GI²s
. Moreover, � ²� ;<( and � ² 8%;
W are

fixedpointsweighted
f
. For all

zó�EÙ , a � $%$%$ � 6 ,Ë� , � ²s is theright end-pointofGI²s%&)(
.

(ii) For all
z � �	� $%$%$ � 6 , � , � s is theright end-pointof

G s
.

(iii) For all
z � �	� $%$%$ � Ù , � � G sT� ä�* .

Thesituationis depictedin Figure8. In thiscase,wehave

¥¥
���� ���!�
��� ����¢���¢¤�!����� ¥ ¥�S�� �$�� �$�7�3� �����

�z���¯� �4� ��°§ �ª��¨'���� �w�n¢;�3�
Figure 8: Illustrationof case5.´ R � � �"®©� } N ¯�; �"® ÷T¯�;
W � ;<( /I� W�8%;<(�& ® � ;<(�¯ / f W (77)´ _ � � 8%;<( /T� � *,+ ��P� � � ® ¬ � ¯ (78)´ ²_ � � 8 /T� � *�P� � � ® ¬�°� ¯ / f W $ (79)
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Hence,we needto pick ß sothat

à � �-�=q � ,.à � ß �¨� 8";<(PsZQ<( � � G sT� , 8PsZQ<( � � G ²s � � Ù $ (80)

For d � �	� $%$%$ � a 6 , � , thecorresponding

Æ � d � is:

Æ � d �V� [\\\\] \\\\^

ó� d , a � � � G sT� if d ��a%z , z � �	� $%$%$ � Ù
ó� d ,��g� � � GI²s � if d ��a%z , z �0Ù ,��	� $%$%$ � 6
ó� d ,��g� � � GI²s � if d ��a%z �ò� , zÇ� �	� $%$%$ � Ù
ó� d ,��g� � � G sT� if d ��a%z �ò� , zÇ�0Ù , �	� $%$%$ � 6 ,�� $ (81)

As in thepreviouscase,x e is definedby (51). To show that x e is well definedandthatthey
satisfy(80), we only needto observe that�F> � � G sT� > 
 ,��g� a%z � zÇ� �	� $%$%$ � Ù (82)*�> � � G s � > 
 ,��g� a%z � zÇ�0Ù , �	� $%$%$ � 6 ,0� (83)*�> � � G ²s � > 
 ,��g� a%z � zÇ� �	� $%$%$ � Ù (84)*�> � � G ²s � > 
 ,��g� ��a%z , � � � z �0Ù ,��	� $%$%$ � 6 $ (85)
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