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Abstract

In this paper we presenta bijective proof of the g-Mehler formula. The proofis in
the samestyle as Foatas proof of the Mehlerformula. SinceFoatas proof was extended
to showv the Kibble-Slepianformula, a very generalmultilinear extensionof the Mehler
formula,we hopethatthe proof providedin this paperhelpsfind somemultilinearextension
of theg-Mehlerformula.

The basicideato obtainthis proof comesfrom generalizinga resultby Gessel. The
generalizatiodeadsto the notionof specieson permutationsandthe g-generatingseriesfor
thesespeciesThebijective proofis thenobtainedby applyingthis new exponentiaformula
to a certaintype of specieon permutationsaanda weight preservingbijectionrelatingthis
speciedo the g-Mehlerformula. Someby-productsof the g-exponentiaformulashallalso
bederived.

1 Intr oduction

TheHermitepolynomialsarewell-studiedandhave applicationsn diverseareasof Mathematics
[2, 7]. They canbedefinedin termsof their generatindgunction,whosebilinear extensionis the

well-knovn Mehler formula. The mostgeneralmultilinear extensionis knowvn asthe Kibble-

Slepianformula[17, 20]. Foata[10] discorereda combinatorialproof of the Mehlerformula,

which was later extendedto shav the Kibble-Slepianformula combinatoriallyby Foataand
Garcia[12].

A g-analoguef theHermitepolynomials calledtheg-Hermitepolynomials wasintroduced
by Rogerq19], whousedthemto prove Rogers-Ramanujadentities.Up to rescalingthereare
othervariantsof the g-Hermitepolynomials[1, 8, 9, 15]. The Mehlerformulafor the g-Hermite
is known, but no g-analogueof the Kibble-Slepianformula hasbeendiscoreredyet. Similar
to the normalHermite polynomials,onehopesthat a Foata-stylecombinatorialapproacho the
g-Mehlerformulahelpsfind a g-Kibble-Slepian A few proofsof the g-Mehlerformulais known
(see,e.q.,[8, 4, 15]), of which the onein [15] is combinatorial. However, the combinatorial
objectswere vector spacesover finite fields, which are difficult to be dealtwith in bijective
amguments.

This paperpresentsa Foata-styleproof of the g-Mehler formula. Along the way, we also
introducea new kind of speciesanda few consequencesThroughoutthis paper we use|1, n]
(avoiding confusionwith [n],) to denotethe setof integersfrom 1 to n. Thefollowing standard
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notationsshallalsobeused:

(@n = (a;q)n == (1—a)(l—ag)...(1-ag"™")
[0, == 0
[n]q = 1—|—q+...+qn—1’n21
" — (Dn _(I=4g")...(1 __qn—k+l) ]
|:k:|q T Dur@r . =g =g USksn

Most often, the subscripty is droppedwhenthereis no potentialconfusion.Lastly, we use M,
to denotethe setof all matchingsonn points[1, n].

2 Preliminaries

2.1 The Mehler formula and its extensions

Therearesereralvariationsof the Hermitepolynomials,which areall the sameup to rescaling.
A typical definition of the Hermitepolynomialsandtheir generatingunction,respectiely, are

2
2d"e "
H,y(z) = (—1)"e” , 1
(@) = (e T @
- " zr—r2
> Halw) 7 =€ 2)
n=0

TointerprettheHermitepolynomialscombinatoriallyanothewariantof theHermitepolyno-
mials,denotedby H, (z), wasintroduced.Thedefinitionof the H,,(x), theirgeneratingunction
andits bilinearextensionareasfollows, respecturely.

o) = Do) ©)
S Bl = et @
n=0 ’
S @)L = e (”””y_ﬁ(x”w) ©)
R TV e 2(1 — )

Identity (5) is thecelebratedVehler’s formula,whichwasshavn combinatoriallyby Foata[10].
For adiscussiorof this proof andits relationto othercombinatoriakesultson orthogonalpoly-
nomials,thereadetis referredto Stanton21].

Carlitz [5, 6] found several multilinear extensions. Kibble [17], and later independently
Slepian[20] found an extension,known asthe Kibble-Slepianformula, whosespecializations
includeall otherextensions.Louck [18] proposedanotherextensionwhich wasproved combi-
natoriallyto be equivalentto the Kibble-Slepianformulaby Foata[11].

To describeheKibble-Slepianformula,let usfirst introducesomenotation.For eachinteger
n > 2, defineasymmetricn x n matrix R by

TU ifi;ﬁj,
R)ij =
(R)iy {1 otherwise,

where{r;;}; j>1 is aninfinite sequencef indeterminatesLet z = (z1,...,2,)” beavectorof
n indeterminatesLet A/ bethe setof all symmetricmatricesN = (v;;) (1 < i,j < n) of order



n suchthatv;; = 0 for all « < n, andthaty;; is anon-ngatie integerfor all i # j. Also, for a
fixed N € N, letthesth row sumof N be

8; = Vi1 + Vg + A Vi
TheKibble-Slepianformulareads

- . i g 1 1
H (z)...H (2,)-2 = e (— sz—zTR_1z>. 6
Y H (21) (2n) - verr (6)

ij
Foataand Garsia[12] extendedFoatas proof[10] of the Mehlerformulato give a combi-
natorial proof of the Kibble-Slepianformula. The left handside of (6) wasinterpretedasthe

exponentialgeneratingrunction of the so-calledn-involutionary graphs while the right hand
sidecouldbewritten asthe exponentialof the series

1 1 1 —
7 o R+§Z ij — (R )ij zi2j. ()
2y

They shaved thatexpression(7) is the generatingunction for the “connectedcomponents’df
then-involutionarygraphs.Consequentlythe exponentialformulaapplies,proving (6).

2.2 The -Mehler formula and its extensions

A g-analogueof the Hermite polynomialscalledthe g-Hermite polynomials,obtainedfrom the
so-calledRogers-Szgb polynomials[19, 4, 9, 15 canbe definedby their generatingunction
H(z,t q) asfollows.

00 m 0o 1
H = H, = 1.
(.’II, t Q) 7;) n(x Q) (Q)n o (1 _ Q-thk + t2q2’“)’ t (8)

To getthecorresponding-versionH,,(z q) of H,(z), wealsonormalizethe H,,(z ¢). Define

ad ]Jn(E 1- q Q)
H, = 2 , 9
with thenew threetermrecurrence;
Hop(z q)=zHp(z q) —(1+q+--+¢" NHya(z ). (10)

This recurrenceelationyields a combinatorialinterpretatiorfor IZTn(ac~ q) [15]. Theinterpre-
tation gives H,(z ¢) asa g-analogueof the matchingpolynomialsH,(z). Noticethateach
matching € M, canbe viewed asan involution on [1,n]. Definea new statisticon as
follows.

wherethesumgoesover all edges of , andif e = (4,7),7 7, then
s(e):=4{k i k j,and (k) j} .

Pictorially, imagineputtingn points1, ..., n in thisorderon ahorizontalline, thendrawing all
edgesof ontheupperhalf plane. The statistics(e) for an edgee is the numberof pointsk
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Figure 1: lllustrationof s(e), wheree = (i,5),¢ .

lying betweeni andj suchthat is eithera fixed point or an end-pointof someedgee €
both of whoseend-pointsareon theleft of 5 (seeFigurel). Let  denotethe numberof edges
in thematching . It follows that

Hyz q)= Y () (11)

where
()=(-1) = ¢ . (12)
On the sameline of reasoningasin the previous section,onewould hopethat (11) helps
combinatoriallydiscorer the g-analogue®f the Mehlerformulaandits extensions.This turned

outto benoteasy Thereareserseralknown equivalentformsof theg-Mehlerformula[4, 15]. In
termsof H,(z q), it reads

o tn
T;)Hn(w Q) Hn(y q) @

1— t¢*zy+202¢°F (-1 + 222 +2%) — tqFay+t gt
k=0

Ontheotherhand,let ,(z ¢) bethegeneratindunctionfor the numberof subspacesf 7:
n(x Q) = Z:O Z x’“,then

oo

o (zyt?) o
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It is this form of the g-Mehlerformulawhich hasthe only known combinatorialproof[15] using
the vector spaceinterpretation. However, it doesnot seemto be possibleto extendthis proof
alongFoataandGarsias [12] line to find amultilinearextensionof theg-Mehlerformula. Firstly,

we needa g-analogueof the exponentialformula, which is not known in general.(A somevhat
specialized;-analoguef theexponentiaformulawasdevisedby Gesse[13], but | do notknow

how to usehis methodon linear spacever finite fields.) Secondlylinear subspaceslthough
veryusefulin enumeratiommgumentsaredifficult to bedealtwith in bijective agumentsHence,
besideneedinga g-analogueof the exponentialformula, we alsoneeda differentcombinatorial



proof of g-Mehler formulawhich usessomeeasietto-describecombinatorialobjects,which is
preciselythe mainresultpresentedh this paper

Several multilinear extensionshave beenfound by Karandeand Thakare[16], and Ismail
andStanton14]. However, their formulasall involve aninfinite sum,andnot asgeneralasthe
Kibble-Slepianformula. It would beinterestingto have combinatoriaproofsof their findings.

2.3 A -exponentialformula

Gesse[13] gave a partialanswetto the questiorraisednearthe endof the previous section.Let
usbriefly summarizenerehis mainresultwhich we shallmale useof later Definea g-analogue
of thederiative: (0 ()
- g
)= ——-—F——-. (15)
) (I—q)t

Suppose is afunctionwith (0) = 0 andg-exponentialform

o0 tn
- n—. 16
(t) Z_jo a (16)

Let = e[ ] betheg-analogueof thefunctione , namely

tn
)= n=r (17)
wherethe coeficients ,, aredefinedrecursvely by

1 ifn=20
+1 — n ) - (18)
" { Z:() k n—k k+1 ifn>1

Then,we canwrite (¢) asaninfinite product:

oo

1

- (—ggt @) 19

(t) =

n

3 Main Results

3.1 Main theoremand approach

Themainresultof this paperis to provide a g-analoguenf Foatas proof of the Mehler's formula.
Thisis doneby firstintroducinganothewariantof theg-Hermitepolynomialsdenotedd , (z q).
The new variantis just a rescalingof theold H,(z ¢), andcanalsobe definedcombinatori-
ally. Theg-Mehlerformulafor the H,(z ¢) is thenobtainedby generalizingGesses result
summarizedn Section2.3.
Specifically define
= ingr H, [ —2 ) .
Hn(z q):=1"q?Hpy ( i ! (20)

Then,thesenew g-Hermitepolynomialscanbe combinatoriallydefinedasfollows.



Proposition3.1. Let beaweightfunctionon matdingsdefinedby

()=z ¢ * . (21)

Then,
Hu(z g)= Y, () (22)

Proof Recallthecombinatoriainterpretation(11) of theFIn(a: q), weget

H,(x = " ”/21':1,1(_—1'3c )
(z q) q 7 q

= g2 Y (-1) ¢ (%‘;)

O
Thefollowing is themaintheoremof the paper
Theorem 3.2. ThepolynomialsH,(z q) satisfythefollowing Mehlertypeidentity:
o tn
D Hu(z q)Hnly 9)— =
n
n=0 q
242
(¢°1") o0 (23)

o (1—12¢%42)2 —t(1 — q)¢F (1+t2¢°2)zy + tgF+1 (2 + 4?)

Notethat(23)is thesameas(13) and(14), up to achangeof variables.

Theorem3.2 shall be shawvn in several steps. Notice that the right handside of (23) looks
similarto theright handsideof (19). We shallfind afunction sothatthetwo areidentical. The
coeficients ,, in theg-exponentialexpansionof shallbeinterpretedasenumerating certain
kind of new speciegSection3.3)called -speciegSection3.2). Another -species defined
from is enumeratedy a sequence,, which satisfesrelation(18). The -specieshasically
gives a combinatorialinterpretationof relation (18). The last stepis to bijectively shav that

n=Hy(x q)H,(y q) (Section3.4). Thespecies is completelyanalogougo thebicolored
involutionarygraphsintroducedby Foatain his proof of the Mehler’s formula. Thus,our proof
of TheoremB3.2 canbethoughtof asa g-analogueof Foatas proof. A few simpleby-productsof
the new kind of specieshallalsobederived.

3.2 Weighted -species

In this section,we generalizeTheorem5.2 in [13] by introducinga new kind of specieq3],
which thengivesa combinatoriainterpretatiorof identity (18).

Let , denotethe symmetricgroupon [1,n] asusual. More generallyweuse y (N) to
denotethe setof all permutation®n atotally orderedsetN of sizen. Eachword =14;...4,



where{iy,...,i,} = N couldbethoughtof asa permutatioron N written in oneline notation,
i.e. € y (N). ThesetN is calledthe contentof , andis denotecby nt( ). Forary
€ y (N),weuse ( ) todenotethenumberofinversionsin . Forary two subsets and
of N,let ( , ) denotethenumberof inversionscreatedby pairsof elementsn  and
namely

( ) ):{(’L,j)’& JHtE LJE }
Let beanintegraldomainand = [q,%1,19,...] bearing of formal power series
or of polynomialsover onthevariablesy,t;,.... An -weighted setis apair( , ) where
isasetand is a function associatinga weight (a) to eachelementa €
An -weightedset( , ) is saidto besummablef for eachmonomial = ¢" ¢} ¢5%..., the

numberof elementss €  whoseweight (a) contritutesa non-zerocoeficientto s finite.
We arenow readyto describehenew species.

Definition 3.3. An -weighted -speciessarule which

(i) to eachtotally orderedset N, and eachpermutation € 1y (N), associatesan -
weightedset( [N, ], ),

(i) to eachincreasingpijection : N; — Ny, andeachpermutation € (= R
associatesweight-preservingpijection

[’ ]( [N17 1]a )_ ( [NQa Q]a )7

where 1 € y (Nj)and 2 € y (N2)aredervedfrom inthenaturalway.

Moreover, thesefunctions [ , | mustalsosatisfythefunctorial properties
[d,] = d | (24)
[ 1= 1,1 0] (25)
Basically the functorial propertiessaythatthe weightedsets( [N, ], ) dependonly on

thefactthat V is totally orderedandon N's cardinality When N = n weshalluse [n, |to
denote [N, ],and [n]todenote [n, ].

Definition 3.4. Let bean -weighted -specieswith weightfunction . The -generting
seriesof  is theg-exponentialformal powverseries (¢ q) with coeficientsin  definedby

¢ o= W (26)
n>0 ‘q

wheretheg-inventory [n] is definedby
m =3 > (@ . (27)
n,

Theoremb5.2 of [13] was aboutpartitioning permutationgnto basic blocks with a multi-
plicative weight function on the blocks. We generalizethis notion by defining the so-called
permutatiorpartition.

Definition 3.5. Given € ,,, apermutationpartition of isasequencef nonemptywords

=( 1,..-, k) suchthat
= 12--- &k
in oneline notation,andthatthelargestelementof ¢,..., formanincreasingsequenceWe
shallwrite for* isapermutatiorpartitionof "



We arenow readyto definea -specieswhose“connectedcomponents’are structuresof
another -species.

Definition 3.6. Let  be aweighted -specieswith weightfunction . Definethe -species
= () with weightfunction asfollows. For eachtotally orderedsetN and €
y (IN), define

[N’ ] = [N17 1] X X [Nk7 k:]7 (28)
where =( 1,..., §),andN; = nt( ;),foralli=1,...,k. Moreover, for each
=( 1505 k) € [N1, 1] X-oox [Ng, ]

we associate

()= (1) (&) (29)

This is the analogueof the multiplicative propertyin Theorem5.2 of [13]. The fact that
( ) isa -specieds easyto verify. At last,the promisedgeneralizatiorof Theorem5.2in
[13] cannow be stated:

Theorem3.7.Let bea -specie®fstructueswithweightfunction . Let bethe -species
( ) definedasabove Definea sequencd ,}>°, by ¢ =1and

n= [n] , n>1

Let{ .}, bethesequenceefinedby , =0, and

k1= [k+1] , fork>0.
Then,
N N * 1
1+ — = — = . (30)
; "nly ; "nly  _(U-(-gg"t-  (q"t))
namely
t qg=e @ gl (31)

Proof. We only needto verify thatthe sequences,, and ,, satisfyrelation(18). Recallthat

each € |[n+ 1]isasequencef structureof : = ( 1,..., ). Let 4,..., be
thecorrespondingermutationgor words)underlying 1,..., .LetN; = nt( ;),foreach
1 =1,..., . Noticethatn +1 € N . Suppose =k+1,k>0. Let := N,
= —{n+1},and :=[1,n+1]— .Notethat ( , )= ( , )sincen+1¢
Furthermorelet € [ ] bethestructureof species obtainedrom byremoing . For

eachstructure ofa -speciesweuse ( ) todenotetheunderlyingpermutatiorof
It is clearthat

andthat



In orderto forma € [n + 1], we canfirst pick a k-subset of [1,n] (0 < k < n),

thenform = {n + 1}, andfinally concatenatary pairof € [ Jand € [ |.
Consequently
nt+l = Z ( g

n+1

= > > > > qa - x () x (g
k=0 =k

’

= > > > a x () x (g
k=0 =k

’

n

=y > qn" (e Yoo e
k=0 =k

)

O

Example 3.8. Theorem3.7impliesTheorenb.2in [13] andthusall its consequencessderived
by Gessel.

Example 3.9. Take 1 sothat 1 in Theorem3.7,we obtain

o0

" (t;9) oo (15 @) oo

1+ o = , (32)
nzl "nl, o0 o 1—2tqn + t2¢g2nHl

where,

n:Z{ }q

In fact,wheng 1, , countsthenumberof setsof wordson [1, n] whosecontentsaredisjoint
andwhoseunion of contentsis exactly [1,n]. While, wheng 1 theright handsideof (32)
goestoexp t/(1 —t) . Thus,we could have proven easilyidentity (32) combinatoriallywhen
g=1.

Following Gessek line of derivationwe cangeneralizeéhe previous exampleasfollows.

Corollary 3.10. Let =( 1,..., k) beanypermutationpartitionof € . Let ;( ) bethe
numberof wordsof sizei of . Definea weightfunction for by ( )= .z, ,andlet

n=y.> (g . (33)

Then,
1

= 3
0 1-(1-q)g"t (¢") 59

n=0

whee
o
(t) = Z xn+1[n + 1]qtn
n=0



Example 3.11. Write g f andall wordsof areof sizeatmostk. Set (t) =

z + (1 + ¢)t, sothat
( ) . x if 2
o otherwise,

e =) Yz g

andhence

Corollary3.10gives

o o0

t" 1
z,t q) = T q)—~ =
( ) nz::() "l )n!q o L= A —q)q"t (q")
o0
- : (35)
ol —2 2qk + 22q%k’
where = =£ %andz:z’t 1 — ¢2. Wenow get
- —1ix
z q)=i"(1+ "/2H( ) 36

Thus,

Y>>z ¢ => (0+9 ¢ = (37)

aninterestingcombinatoriaidentity.

3.3 A -analogueof the bicolored -involutionary graphs

Theprevioussectiongivesacombinatorialview of identity (18). As outlinedattheendof section
3.1,thenext stepin theproofof Theoren3.2istofinda -species whose -generatingseries
(t) = (¢t q)issuchthattheright handsideof (19)is thesameasthatof (23). The -species
= ( ) Iis ag-analogueof the bicoloredn-involutionary graphs. We actually will start
defining first.

Definition 3.12. A graph = (N, ) iscalledanorderedbicoloredn-involutionarygraphif
satisfieghefollowing conditions:

1. hasn verticeslabeledby n distinctpositive integersin N.
2. hasnomultiple edgeshut canhave loops.

3. Then verticesof line up on a horizontalline, so thatwe canspeakof a vertex being
on theleft or right of anotherandsothatthe verticesof =~ formsapermutation ( ) =

1 2--- n€ Y (N)
4. Eachedgeof is coloredeitherredor blue.
5. Eachvertex of isincidentto exactly 2 edgesof differentcolors.

6. A non-loopedgeof canonly connectsome ; to ;41 unlesst completesacycle of

10



7. Let 4,..., bethe connecteccomponent®f  from left to right. Let ( ) denote
the largestvertex numberin a connecteccomponent of ,then ( ) mustsatisfythe
conditionthat ( 1) --- ( )

8. For eachconnecteccomponent , thevertex numbered ( ) hasto beontheleft of the
blue edgeincidentto it.

9. If aconnecteccomponent is acycle, thenthevertex numbered ( ) hasto betheleft
mostvertex amongall verticesof . It is notdifficult to seethattheconnectedomponents
of canonly bein oneof formsasshovn in Figure2. In thefigure, the bold lines
represenblue edgesandthethin linesrepresentededges.

N

T x
Figure 2: Possibleconnectedcomponentypesof anorderedbicoloredn-involutionarygraph.

Let denotethe setof all orderedbicoloredn-involutionarygraphson N, whereN is an
n-setof positveintegers.Let  bethesetof allgraphan  whichhave exactlyoneconnected
componentWhenN = [1,n], , and , shallbeusedfor corvenience.

Let : N [1,n] bethetrivial one-to-onecorrespondencbetweenN and([1,n| which
preseresorder Foreach € ,letred( )denotehegraphobtainedrom byrenumbering
eachvertex of by ( ). CorverselywealsouseN( ) todenotethesetof verticesof

Definition 3.13. A weightfunction definedon  with valuesoversomecommutatve algebra
over therationalsis saidto be multiplicativeif it satisfieghefollowing conditions:

M) ()= (red( )).

@iy If q,..., jaretheconnecteadomponentsf (whichareorderedicoloredinvolution-
arygraphghemseles),then ( )= ( 1)... ( k).

Thefollowing theoremis obviously avery specialcaseof TheorenB3.7appliedto theordered
bicoloredinvolutionarygraphs.

Theorem 3.14. Supposed is a multiplicativefunctionon ,. For n > 0, definea sequence
{ a}nto
n = Z ( e

Let{ .}, bethesequenceefinedby o =0, and

= >, (g

11



for £ > 0. Then,

> nar=e 2 e
"l € "l
S =1 e
Definition 3.15. Let  be a graphin . For eachedgee (respecitiely vertex 1) of , let

(e) (respectiely (7)) denotethe connecteccomponentontaininge (respectrely 7). Define
aweightfunction oneachedgee of asfollows.

if e isanon-looprededge

if e is non-loop,blueandto theleftof ( (e))
if e is non-loop,blueandto therightof ( (e))
if eisaredloop

if e isablueloop

—~
o
N
Il
8 & = Q

Let beaweightfunctiondefinedon  by:

thenobviously is multiplicative.

We call anorderedbicoloredn-involutionarygraphswith theweight associatedbicolored
(g, n)-involutionarygraph Figure3 shavs anexampleof suchagraph.In thefigure,thelargest

q

Z Z, T
Hrotor Aoty e Hooo
1 12 T 1 2

= 5 11:105 I 51211511715152 =
q q q
Figure 3: An exampleof abicolored(q, n)-involutionarygraph.

vertex number ( ) in eachcomponent hasbeenputin boldface.

Lemma3.16. Let bethefunctiondefinedabove and{ ,}32, beasequenceefinecdby o =0
and

n=Y. ()g , whenn > 1.
Moreover, let
o0 tn
(t q) 522 nor
n=0 q
Then,

(-2t + (1 + 2¢%)zy + tq(a® + y?)
o= (1 PP)01 ) ' )

12



Proof. Firstly, we claimthat
ok+1 = ([B] + [k + 1])g** (2k)!qzy.

To seethis, let us considerFigure 2. The componentsn 5.1 canonly be the pathswhich
startand endwith differentcoloredloops, and have largestvertex number2k + 1. Summing
( a overall components which startwith ablueloopandendwith aredloopwe get
theterm
[k]g** (2k)lqay,

while the componentsvhich startredandendblueintroducetheterm
[k + 1]g%* (2K)!gzy.

Thedetailsareeasyto beverifiedandhenceomittedhere.
Secondlywe claimthat

okr2 = q P22k + 1)1, + [k + 1?12k + 1)1, (2 + 4?).

Here thetermq ¥+2(2k +1)!, is from thecycle componentsk + 1]¢2**1(2k + 1)!,22 from the
pathswhich startandendwith ablueloop, and[k + 1]¢%1(2k + 1)!,y? from the pathswhich
startandendwith aredloop.

By definition,
o tn
(t Q) = Z nn_,
n=0 q
S ok t2k+1
= ([k] + [k + 1)) g”" (2k) yxy—— +
; 72k + 1)1,
i q "2k + 1)l + [k + 1?2k + 1), (2 + 9?) ﬂ.
pod 1 1 (2k +2)!,
Hence
(e o]
(t q) = Z + [k + 1)) g*F zyt?* + Zq kr2g2k+l g
k=0 k=0
Z 2k-|—1 LE 4+ y2)t2k‘+1 (39)
k=0
Now, we calculateeachtermof (39) separatelasfollows.
oy Y (k] + [k + 1)¢* % = zy(1 + £2¢%) Y [k + 1]g*+*
k=0 k=0
[e's) k
y(1 + t2¢?) Z ZqZk—j+j 12k
k=0 j:O (40)
[e.e]
(1+¢ 2)avy

T (-2 (12 )

13



Similarly,

N h2,2k41 tq?
Dq T = — (41)
k=0 q
and
[e’s) oo k
(1_2 +y2) Z[k + 1]q2k+1t2k+1 — ($2 T y tqz ZqQk—I—j 2k
k=0 k=0 ;=0
oo k
:(x2+y tqz ZqQk G+ 42k—d 2
k=0 j=0 (42)
_ ($2+y2)tqzt2iq2izt2jqj
i=0 =0
_ tge® 4P
C(1-#2¢?)(1—1t2q)
Combining(40), (41) and(42) yields(38). O

Corollary 3.17. Let bethefunctiondefinedabove and{ ,}°2 , bea sequenceefinedoy

n=>, (g . (43)
Then
(t g = (a7 )
oo (1—12¢2F42)2 —1(1 — q)g% (1 +#2¢**+2)zy + tg"+1(2? + y?)
whee
(t Q) = n_y -
= nly
Proof. Thisis straightforvardfrom Theorem3.14,Lemma3.16andequation(19). O

3.4 A bijection

This sectioncompleteghelaststepof the proof of Theorem3.2. We areleft to demonstrat¢éhat
H,(z q)H,(y q) = . Weshallshawv this relationcombinatoriallyasformally putin the
following theorem.

Theorem 3.18. Let H,, be definedcombinatoriallyby equation(22), and ,, by equation(43).
Then,

Hy(z q)Hn(y q) = n.

Proof. We wantto find a weight-preservingijection whichmapsapair( , ) € M,+1 x
M, 1toagraph € ,41.Let( , )beapairof matchingsn M, 1 x M,1, wherethefixed
pointsof areweightedby x andof by y. As before,we view theverticesl, ..., n + 1 of

and aslying onahorizontalline from left to right in thatorder with the edgesdravn onthe
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upperhalf plane.Let 1,..., (a < n+ 1) bethesequencef verticesof startingfrom the
right which arenotleft end-pointsof ’s edges.Similarly, let ,,...,  bethecorresponding
sequencéor . Noticethat ; = ; =n+1. Letey,...,e (respectelye,,...,e )bethe
setof edgesof (respectiely ) orderedby their right end-pointsstartingfrom theright.

Ourideais to startfrom theright, look simultaneoushat ; and ;, 2 and ,, ... determine
the “right place”to stopandbuild up the right mostconnecteccomponenbf  basedon the
relative distribution of edgesandpointsof and seersofar Then,remove certainpointsand
edgedrom and toget and respectirely, andre-applythe methodto getthenext (from
theright) connectedcomponenbf , andsoon.

Lookingat ; and ;, 2 and ,, ... therewill roughlybe situationsasfollows.

1. Atsomek + 1, allof ;and ;,1 <17 <k + 1, areright end-pointf edgesn and
respectiely, andj = k + 1 is theleastintegersuchthats(e;) = 0.

2. We meetafixedpoint ; of andthenafixedpoint ., of where < k. Forthis
caseto bedisjointfrom casel, it is necessaryhatall edges of whoseright end-points
areontherightof 4, haves(e) 0.

3. Wemeetafixedpoint ., of strictly beforeafixedpoint ;i of
4. Two fixedpointsof aremetbeforeary fixedpointsof
5. Twofixedpointsof aremetbeforeary fixedpointsof

Notethatsimilarto case2, the cases3, 4, and5 needto be definedsothatthey aredisjointfrom
casel. Thesecasesletermineour “right place”to stopasmentionedabove.
Formally, we consider casesasfollows.

Casel. Thereexistsak,0 <k < ”gl , suchthat

(i) j =k + 1isthesmallesintegerwheres(e;) = 0. (i.e. s(e;) Oforallj <k.)
(i) Forallj =1,...,k+ 1, e; hasrightend-point ; andej hasright end-point j

The situationis depictedin Figure4. Let (respecirely ) bethe matchingobtained

Figure 4: lllustrationof casel.

by remaving ey, ..., ex4+1 andtheir end-points(respectiely ey, ..., e, , andtheir end-
points)from  (respectiely ). We shallconstruct = ( , ) suchthatthe last
connecteccomponenbf isacycle = (n+1,4941,---,71),andthat ( , )forms
therestof thecomponent®f . Let R = {igx+1,...,11} besetof therestof the points
on the cycle asshavn. To do this, we needto pick a permutation = igg41...91 €

y (R), whereR = {igx+1,.-.,%1} IS asetof distinctintegersin [1,n], suchthatthe
contrikution of this cycle to theweightof is exactly equalto the contritution
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of e1,...,exy1 to the weightof  plusthe contritution of e,...,€,,, tothe
weightof . Notice thatremaving the edgese; andej doesnot have ary effect on the
total weightsof therestof edgesof and . Let = [1,n] — R, and ( ,R) bethe
numberof inversionscreatedoy pairsof numberdn  x R, namelythe numberof pairs
(,r)€ xRsuchthat .

As eachrededgeon is weightedg andeachblue edgeweightedi, it is easyto seethat

= gq , *+ +2k+1 | qk+1 (44)
= ¢q (45)
= ¢'q (46)
Hencewe needto pick suchthat
k+1 E+1
(R + ()= slej) +) sley) — k- (47)
7j=1 7j=1
Obsenre that
s(ex+1) = 0, (48)
1<s(ej) < n+1-25, j=1,...,k, (49)
0<s(e;)) < n+1-25, j=1,...,k+1 (50)

Now, defineafunction on{1,...,2k + 1} by

n—t+2—s(ej) ift=255=1,...k
(t)={ ’

n—t+1-s(e) ft=2j-17=1,....k+1

Then,recursvely determineiy, . .., is1, €elementby elementstartingfrom ¢;, working
towardigg 1 asfollows.

iy = the (t)th smallesnumberin [1,n] — {¢1,...,%-1}. (51)

It is easyto checkthatl < (t) <n—(t—1)forallt=1,...,2k + 1 sothati; iswell
defined.Moreover,

2k+1
( R+ () = > {j jpreceeds; j iy j#n+1}
t=1
2k+1
= Y a-(t-1)- @
t=1
k+1

k
- Zn—(Zj—l)— (25) +Zn—(2j—2)— (2 —1)

k41 k+1
= Zs(ej) + Zs(ej) —k,
j=1 j=1

whichis exactly (47).

Case2. Thereexistsak,0 <k < 5,andan ,0< <k suchthat
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(i) Forallj=1,..., , jistherightend-pointofe;, ands(e;) 0. Moreover, ¢
is afixedpoint,whichis weightedby z. And,forall j = +2,...,k+1, j;isthe
right end-pointof e; _;.

(i) Forallj = 1,...,k, j is the right end-pointof €j. And, ., is afixed point
weightedby y.

The situationis depictedin Figure5. Thistime, thelastcomponent of startswith a

Figure 5: lllustrationof case2.

redloop andendswith ablueloop. Thepointn + 1isthe(2 + 1)stpointfrom theright.
Let , R, bedefinedasin the previouscasethenthe corresponding and
areasfollows.

— g ot 2 g gy (52)
= ¢ ¢ ‘T (53)
= ¢ .q . (54)
Hencewe needto pick sothat
k k
(SR + ()= sley)+D sley)— - (55)
j=1 j=1

Fort =1,...,2k, thecorresponding (t) is:

n—t+2—s(e;) ft=25,j=1,...,
()= n—t+l—s(e) ift=2j,j= +1,....k (56)

n—t+1l—s(e;) ift=2-1j=1,....k

As in thepreviouscasej; is definedby (51). To shav thati, is well definedandthatthey
satisfy(55), we only needto obsere that

1<s(ej) < n+1-25, j=1,..., (57)
0<s(ej) < n+1—-(25+1), j= +1,...,k (58)
0<s(e;) < n+1-2j5 j=1,... .,k (59)

Case3. Thereexistsak,1 <k < g, andan ,0< <k —1,suchthat

(i) Forallj =1,...,k, jistherightend-pointfe;,and ;. isafixedpointweighted
ZI.

(i) Forallj=1,..., ,s(e) O.
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Cased.

Figure 6: lllustrationof case3.

(i) Forallj =1,..., , jistherightend-pointof € +1 is afixed point weighted
y,andforallj = +2,...,k+1 jistherightend-pointofe;_,.

Thesituationis depictedn Figure®6. In this casewe have

= g , + +2 +1 .q2k:— +1 - zy (60)
= ¢ q ‘x (61)
= ¢ ¢ Y. (62)
Hencewe needto pick sothat
k
(LR + ()= sle)+) sle;)— - (63)

j=1 j=1
Fort =1,...,2k, thecorresponding (t) is:

n—t+2—s(e) ft=25,5=1,...,
() n—t+1—s(e;) ift=25,7= +1,....k
n—t+1l—sle) ift=27-1,j=1,...,

n—t+1—s(e;) ift=27-1,7= +1,...,k.

(64)

As in thepreviouscasej; is definedby (51). To shav thati, is well definedandthatthey
satisfy(63), we only needto obsere that

1<s(ej) < n+1-2j, j=1,..., (65)
0<s(ej) < n+1-2j j= +1,....k (66)
0<s(e;) < n+l1-2j, j=1,..., (67)
0<s(e;) < n+1-(2+1), j= +1,...,k (68)

—1
2

Thereexistsak, 0 < k < 2.~ andan ,0< <k, suchthat

(i) Forallj =1,..., , jistherightend-pointofe;, ands(e;) 0. Moreover, 4
and 4o arefixedpointsweightedz. Forall j = +2,...,k+1, ;istheright
end-pointof e;_;.

(i) Forallj=1,...,k+1, j is theright end-pointof €

Thesituationis depictedn Figure?. In this casewe have

= q + +2 q2k+1— . $2 (69)
e 2 (70)



Figure 7: lllustrationof cased.

Hencewe needto pick sothat

k k+1

(LR + ()= _sle)+> sle)— - (72)
j=1

Jj=1
Fort=1,...,2k + 1, thecorresponding (t) is:

n—t+2—s(e;) ift=24,j=1,...,
(t)= n—t+1—s(e) ift=24,7= +1,...,k (73)

n—t+1—s(e;) ift=2j-1,7=1,....,k+1

As in thepreviouscasej; is definedby (51). To shav thati, is well definedandthatthey
satisfy(72), we only needto obsere that

1<s(ej) < n+1-25 j=1,..., (74)
0<s(ej) < n+1—(25+1), j= +1,...,k (75)
0<s(e) < n+1-25, j=1,....k+1. (76)

Case5. Thereexistsak, 0 < k < %71, andan ,0< <k, suchthat

() Forallj =1,..., , j is theright end-pointof e;. Moreover, and , ., are
fixedpointsweightedy. Forallj = +2,...,k+1, j is theright end-pointof
6‘]_1.

(i) Forallj =1,...,k+1, jistherightend-pointofe;.

(i) Forallj=1,..., ,s(e;) O.

Thesituationis depictedn Figure8. In this casewe have

@ O oo G——a )
,,,,,, D) o)) .
Figure 8: lllustrationof caseb.
= q 7 +2 +1_q2k+17 +1 -y2 (77)
= ¢ ¢ -y (79)

19



Hencewe needto pick sothat

k+1 k
(LR + ()= sle)+ Y sley)— - (80)
j=1 j=1

(e;) ift=25,5=1,...,

(e) ift=2j,j= +1,... .k
n—t+1—s(e;) ift=25-1,7=1,...,

(ef) ift=2j—1,j= +1,....,k+1.

(t) = (81)

As in theprevious casej; is definedby (51). To shav thati, is well definedandthatthey
satisfy(80), we only needto obsere that

1<s(ej) < n+1-25 j=1,..., (82)
0<s(ej) < n+1-2j, j= +1,...,k+1 (83)
0<s(e;) < n+1-25 j=1,..., (84)
0<s(e;) < n+1—(2+1), j= +1,...,k (85)
O
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