
Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003Proceedings of ICRA 2003
May 2003, Taipei, Taiwan, to appear

Dir ectPlaneTracking in StereoImagesfor Mobile Navigation

JasonCorso,DariusBurschka,andGregory Hager
ComputationalInteractionandRoboticsLaboratory

The JohnsHopkinsUniversity
Baltimore,MD 21218

f jcorsojburschkajhagerg@cs.jhu.edu

Abstract— We present a novel plane tracking algorithm
based on the dir ect update of surface parameters fr om
two stereo images. The plane tracking algorithm is posed
as an optimization problem, and maintains an iterati vely
re-weighted least squares approximation of the plane's
orientation using dir ect pixel measurements. To facilitate
autonomous operation, we include an algorithm for robust
detection of signi�cant planes in the envir onment. The
algorithms have been implemented in a robot navigation
system.

I . INTRODUCTION

Inferring propertiesof the real-world through one or
many images is fundamentalto the �eld of computer
vision. Often it is bene�cial to have knowledge of a
signi�cant surfaceor setof surfacesduring the inference
process.An exampleof sucha surfaceis a plane.

Many methodshavebeenproposedto solve theproblem
of planar-surface tracking for monocular [9], [10] and
binocular[13], [14], calibratedand uncalibratedcameras
(similar to using sequencesof images[2], [3], [5]). A
commonsolution involves a disparity map computation.
A disparity map is a matrix of correspondenceoffsets
betweentwo images[16]. The disparity map calculation
employs expensive neighborhoodcorrelationroutinesthat
often yield sparsemapsfor typical scenes.However, the
methodmakesno assumptionsabouttheenvironmentand
hasbeenwidely usedfor thecaseof generalstereovision.

In contrastto the generalsolutiondiscussedabove, our
method exploits a property that planar surfacesexhibit
when viewed through a non-verged stereocamera.The
disparity is a linear function with coef�cients derived
from the plane parameters.We use a direct method to
perform the tracking. Direct methodsusequantitiesthat
are calculateddirectly from image valuesas opposedto
feature-basedmethodsdiscussedearlier [8], [14]. Our
methodhasdescendedfrom earlierimageregistrationand
enhancementtechniques[11], [12] andfrom visual track-
ing [6]. Similarly, it posesthe tracking problem as one
of objective functionminimization.Doing so incorporates
a vote from many pixels in the image and computesa
least-squaresestimateof the global motion parametersin
questionto sub-pixel levels.

The planartracking algorithm is appliedto robot nav-
igation. Multiple taskson a mobile robot requireknowl-

edgeaboutthe incrementalchangesin positionduring the
operation.The taskof self-localizationin an environment
can be divided into two major areas:global localization
andlocal position tracking.While the �rst dealswith the
absolutelocalizationin aprede�nedcoordinatesystemand
can be used for initial pose estimation[4], the second
computesthe relative changesin the position due to
the movementof the mobile system.For most purposes
(e.g.mapgeneration)the trackingof the local position is
enoughto guaranteea correctfusionof consecutivesensor
readings.

I I . ALGORITHM DESCRIPTION

The key componentof our work is the planetracking
algorithm that operatesdirectly in the image domain of
the acquiredimages[1]. In the following discussion,let
(x; y; z) be a point in world coordinatesand (u; v) be a
point in pixel coordinates.In SectionII-B, theplanetrack-
ing algorithmis discussedfollowed by the approachused
to seedthe tracking algorithm (II-C). A brief discussion
on localization(II-D) is thenpresented.

A. Planar Disparities

To ef�ciently track a plane, we can make use of a
property that planar surfacesexhibit when viewed from
non-verged stereocameras.Namely, a plane becomesa
linear function that maps pixels in one image to the
correspondingpixels on the plane in the other image.
Indoor environments have many surfaces that can be
approximatedwith planesE.

E : ax + by+ cz = d (1)

In a stereosystemwith non-verged,unit focal length(f=1)
cameras,the imageplanesare coplanar. In this case,the
disparity valueD(u; v) of a point (u,v) in the imagecan
be estimatedfrom its depthz with

D(u; v) =
B
z

; (2)

with B describingthedistancebetweenthecamerasof the
stereosystem[16].

We estimatethe disparityD(u; v) of the planeE at an
imagepoint (u; v) usingtheunit focal lengthcamera(f=1)
projectionas
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The vector n = (a b c)T is normal to the plane E
and describesthe orientationof the planerelative to the
camera.

Equation(3) canbe written in the form
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b
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This form usesmodi�ed parametersf � 1; � 2; � 3g of the
planeE relating the imagedata(u; v) to D(u; v).

B. PlaneTracking

From the observation made in Section II-A, we see
that trackingthe parametersp = f � 1; � 2; � 3g of the linear
map(4) is equivalentto trackingtheplanarsurface.Thus,
assuminginter-frame motion is relatively small and both
brightnessand contrastshifts can be removed, we pose
this problemasoneof optimization.

1) Parameter Update: Consider a recti�ed pair of
stereoimages:L andR. Basedon(4), werelatetheimages
with thefollowing formula.Let D(u; v) = � 1u+ � 2v+ � 3.

L (u; v) = R(u � D (u; v); v) (5)

The plane parametersfor the current pair are estimated
through the minimization of the following least-squares
objective function. To enforce the brightnessconstancy
constraint [7], we zero-meanthe images:given an image
I , I = I �

P
u

P
v I (u; v).

E (p) =
X

(L (u; v) � R(u � D (u; v); v))2 (6)

Let � p representthe set of offsets, i.e. at iteration i ,
p i +1 = p i + � p. Assuminga small magnitudefor � p we
can solve the minimization by linearizing the expression
througha Taylor expansionaboutp.

E(� p) �
X

(L (u; v) � R(u � D (u; v); v)

+ uI x � � 1 + vI x � � 2 + I x � � 3)2 (7)

Here,I x refersto thespatialgradientof theright image.
We neglect thehigherordertermsof theTaylor series.We
solve the systemwith the Singular-ValueDecomposition
(SVD) [15]. It is �rst convenientto de�ne the error term:
e(u; v) = R(u � D (u; v); v) � L (u; v).
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2) The Weighting Matrix: Thus far, we have shown

how to optimize the parametersof a plane in a static
scene.To extend the approachto a dynamic scene,we
incorporatea mask into the framework. The mask is a
binary weightingmatrix with an entry per-pixel denoting
thepixel's inclusionor exclusionfrom thecurrenttracked
plane. Such a mask removes inaccurateand poor pixel
matches from the SVD solution, which decreasesits
processingdemandandincreasesits stability. We notethat
no explicit plane-boundaryis maintained.Equation (7)
is extendedto (9) incorporatingsuch a mask; W (u; v)
correspondsto the valueof the maskat (u; v).

E (� p) �
X

� W (u;v )=1 [(L (u; v) � R(u � D (u; v); v)

+ uI x � � 1 + vI x � � 1 + I x � � 2)2] (9)

In each frame, we fully recomputethe mask matrix
basedon the current parameters(12). We employ two
metricsin thiscomputation:anormalizedcross-correlation
(� ) andhorizontalvariance.

� u;v = L(u; v) � R(u � D (u; v); v) (10)

Since (9) is only sensitive to pixels that demonstrate
horizontalgradients,we also maskpixels with low hori-
zontalvarianceby samplingthecorrelationresponsealong
the epipolarline.

� u;v =
L(u; v) � R(u � D (u; v) + � ; v)

� u;v

� u;v =
L(u; v) � R(u � D (u; v) � � ; v)

� u;v
(11)

W (u; v) = (� u;v > � ) ^ (� u;v > � ) ^ (� u;v > � ) (12)

In (12), 0 < � < 1 and � > 1. In (11,12),the selection
of � ,� , and � is dependenton the imaging propertiesof
the systemand the scene.To increasethe robustnessof
the mask generatedin this manner, we also perform a
morphologicaldilation followed by an erosion[6]. This
hastheeffect of removing noisycorrelationresponsesand
joining contiguousregions.



C. Identi�cation of Signi�cant Planes

Thetrackingalgorithmdiscussedin theprevioussection
requiresa set of initial guessesfor the planeparameters.
Theseestimatesaregeneratedfrom disparityimages.It is
not prohibitive to includedisparity-basedseedgeneration
becausethis moduleis seldomexecuted.

Equation(3) shows a lineardependency of thedisparity
valuesD(u; v) on theimagecoordinates(u; v). Therefore,
the plane boundariescan be detectedas discontinuities
in the disparity valuesD t along the u and v axes. We
usethe sumof the absolutevaluesof thehorizontal� x D t

and vertical � y D t gradientimagesto calculatea contour
imageGt thatapproximatesthegradientmagnitudein the
disparity imageto

jrD t j � Gt = j� x D t j + j� y D t j: (13)

Equation(13) givesa goodapproximationof thegradi-
ent magnitudejrD t j and hasthe advantageof easyim-
plementationwith acceleratedimageprocessingroutines.
The resultof this operationis shown in Figure1.

Fig. 1. Contour detectionsimilar to conventional image processing:
(top) original disparity image,(bottom) resultingcontourimageGt .

Thegoalof theseroutinesis to �nd regionsin theimage
representinglargeuniform planes.Therefore,theresulting
imageGt is thresholdedand all valuesabove a disparity
valueof 4 pixels areconsideredto be on a boundaryand

set to a signi�cant negative value nedge proportional to
the area� x � � y coveredby the kernel � . All gradient
valuesin Gt resultingfrom invalid reconstructionsin D t

areset to the samenegative valuenedge.
The entire imageis convolved with a signumkernel �

countingvalid gradientvaluesin Gt .
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(14)
During the computationof � t the position (u� ; v� )

of the maximum value is estimated.It de�nes a seed
for a new plane.The area� x � � y de�nes the preferred
minimum planesize in the image.

1) Estimationof the Plane Parameters: We estimate
theplaneparametersin 3D space.A setof valid 3D points,
Sv , is reconstructedfrom thedisparityimage.In the ideal
casethe set should representa compactdisparity region
surroundingthe estimatedseed(u� ; v� ) from sectionII-
C. To simplify the searchfor the points we approximate
the circle with a simple crossextending from this point
in all directionsto the boundaryof Gt or until a negative
nedge entry is found. The N resulting 3D-points Pi =
(x i ; yi ; zi )T arestoredin Sv .

We �t an optimal planethroughthis datasetusing the
eigenvectorsof the covariancematrix:
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The cross-productof the eigenvectorsf X 1; X 2g asso-
ciatedwith the two biggesteigenvaluesf � 1; � 2g de�nes
the norm vectorn = (a; b;c)T of the reconstructedplane
(1). The inner productbetweenthis norm vector and the
mean,m, on theplanede�nes thedistanced to theplane.

n =
X 1 � X 2

jX 1 � X 2j
and d = n � m (16)

The ratio of the third eigenvalue � 3 to the other
eigenvaluesdescribeshow well the reconstructedplane
representsthecloudof theused3D points.A smallervalue
representsa betterapproximation.



D. Localization

The relative localization betweenconsecutive camera
acquisitionsis basedon localizationrelative to signi�cant
planesin the �eld of view of the camera.Each plane
allows the estimation of three out of the six possible
parametersof the pose.A setof two non-coplanarplanes
L t = fE i ; Ej j 8i;j jni � nj j > 0g at time stept allows the
estimationof the 2D position in the groundplaneof the
local areaandall rotationanglesof the robot. Therefore,
relative localization is possiblewhen at least two planes
are tracked betweenframes,jjL t +1 \ L t jj � 2.

1) Estimationof Multiple Planes: For completelocal-
ization, we include the estimationof multiple planesin
our approach.We extend the signi�cant-planeextraction
by using the parametersof the known planesto remove
their representationfrom the disparity imageD t usedin
the processingstepdescribedin SectionII-C.

� d = D t (u; v) � (� 1u + � 2v + � 3)

D t (u; v) :=

(
0; � d < � � D t (u; v)

D t (u; v); else
(17)

ThedisparityvalueD t (u; v) is deletedfrom thedispar-
ity image if it matchesthe expectationcalculatedfrom
Equation (3) within an uncertainty band � around the
reconstructedvalue.Duringprocessing,whenever jjL t +1 \
L t jj < 2, a signi�cant planesearchis executedto re-seed
the planetrackingalgorithm.

I I I . RESULTS

Our algorithm has been implementedon a Pentium
III 700MHz PC running Linux with an IEEE 1394
stereocamerahead.The stereovision systemprovides
a recti�ed streamof imagesat a maximum of 26[Hz].
Our implementationoperatesin the rangeof 20-26[Hz]
for plane updates.We employ both the XVision2 and
Intel IntegratedPerformancePrimitiveslibrariesfor video
and image processing.For the experimentsdiscussedin
this section,we are using a stereohead with 5.18mm
lenses,a 92mmbaseline,andsquarepixels0.12mmwide.
The planebeing observed, unlessotherwisespeci�ed, is
roughly orthogonalto the viewing axis andat a depthof
one-meter.

A. Quality of the PlaneTracking

Weanalyzethealgorithmfor maximumguaranteedcon-
vergence.Equation(7) wasderived underthe assumption
that inter-frameparameteroffsets(� p) would be small in
magnitude.In discreteterms,we arerestrictedto changes
of � 1 disparity. To facilitate analysis, we assumean
in�nite plane.Under lateral translation,the depthandthe
disparity are constantand the algorithm is guaranteedto
converge.

However, underorthogonaltranslation,theconvergence
radiusis dependenton the currentdepth;thecloserto the
camera,the smaller the convergenceradius.This is due
to the inverse relationshipbetweendisparity and depth
(D = B f

z ). Let � be the changein depthfor guaranteed
convergence.

B f
D � 1

� z = � (18)

Rotationsin the planeare also dependenton the current
depth.Assuminga uni-axis rotation about the centerof
projectionin the unit focal length camera,the maximum
angleof rotation,� , follows.Figure2 depictsthis formula
in a 2D example.We relatetherotationangleto thedepth
of a projectedpoint, P, in the image� pixels away from
the optical center.

� = arctan (
B �

D � 1
�

z
�

) (19)
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Fig. 2. Depictionof the formula for convergenceradiusunderuni-axis
rotation.

In the following sections,experiment resultsare pre-
sentedanddiscussed.

1) ConvergenceRadius: For a controlledenvironment
with a stationaryplaneandrobot,we calculatedan initial
guessfor the planeparametersandthenvariedthis guess
to test the robustnessof the trackingalgorithm.

In Figure 3, we show the time to convergencewhen
we shift the seed's depthcloserto the cameraat varying
levels. The convergencespeedis directly proportionalto
the magnitudeof the introducederror. We note that the
convergencespeedis only about5 framesfor an error of
10%. In Figure4, we show the convergencespeedwhile
altering the plane's normal about a single axis. We see
similar convergenceratesto thoseobservedwhile altering
seeddepth.

2) Accuracy of Parameter Estimation: Assuming a
suitably texturedscene,the algorithmestimatesa plane's
parameterswith sub-pixel accuracy. However, this esti-
mationaccuracy varieswith the depthof the planebeing
tracked. Becausethe depth-per-disparity increasesas the
distanceto the plane increases,the estimationaccuracy
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degradeswith depth.Table I shows the statisticsfor the
plane.

For a non-stationaryscene,we show the accuracy of
our systemagainstthe robotsinternalodometry. Figure5
shows the robot performingoscillatory rotationsin front
of a plane (700 mm distance),and Figure 6 show the
robot orthogonally translating in a back-and-forthmo-
tion. We seethat the algorithm performsextremely well
for the rotationalmotion. The estimatedorientationlags
minimally behindthe odometricvalues;the lengthof the
lag is proportionalto the convergencespeed.During the

TABLE I

PARAMETER ESTIMATION ACCURACY FOR A PLANE AT A DISTANCE

OF ONE METER.

Z Mean Z Std Dev Normal Error Std Dev
1 1064.8mm 2.2359mm 0:2947�

2 1065.3mm 1.7368mm 0:2673�

3 1065.2mm 1.5958mm 0:2258�

translationalmotion, the algorithm oscillatesabout the
control value during motion. As expected,it is apparent
from the�gure that thetrackingdoesperformbetterwhen
the robot is closerto the plane.
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0 100 200 300 400 500 600 700 800
-1500

-1400

-1300

-1200

-1100

-1000

-900

-800

-700

-600

-500

Time Step (frames)

D
ep

th
 (

m
m

)

Est 1
Odo 1
Est 2
Odo 2

Fig. 6. Accuracy of robot depth.

IV. CONCLUSIONS AND FUTURE WORK

In this paper, we presenteda novel plane-tracking
algorithmthatmaintainedan iteratively re-weightedleast-
squaresapproximationof the planeparameterswith sub-
pixel accuracy. The methodhasbeenappliedto the task
of mobilenavigation.Our implementationof theapproach
typically executesat or near frame rate and maintains
accurateparameterestimate.1 We presenteda setof exper-
iments that analyzedthe algorithm's convergenceradius
andtheaccuracy of theparameterestimation:theseresults
extend to multiple planesbecauseeachplane is tracked
independently.

1The implementationexecutes two iterations of the optimization
routine every frame. This operatingrate is in contrastto a disparity
calculationbasedsystemwhich typically runs at half frame-rateon the
samesystem.



Accurateestimationis highly dependenton theopticsof
theimagingsystemandtheenvironment.Thesedependen-
cies are fundamentalto the set of approachesemployed
in stereovision, however, not speci�cally our approach.
Currentlytheparametersof ouralgorithmarechosenonan
environmentbasis.For instance,the� in (11) is dependent
on thetexturefrequency. However, theimagedtexturefre-
quency may vary from oneplaneto anotherandwill vary
with large depth changes.Such operationis considered
passive in nature.The explorationof algorithmsthat take
more active approaches(i.e. projectinga suitablepattern
dependingon thecurrentenvironment)or moreintelligent
approaches(i.e. alteringoperatingparametersandthresh-
oldsautonomouslyby analyzingimportantscenequalities)
areneededfor further advancementof the �eld.
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