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Abstract

We presenta general techniquefor directlyestimatingand
tracking surfacesfrom a streamof recti�ed stereo pairs in
real-time. Thesetechniquesare basedon the iterative up-
dating of surfacerepresentationsdirectly from image in-
formation and useno disparity search exceptduring ini-
tialization. We performthe tracking throughan iteratively
re-weightedleastsquaresminimizationwherein a maskis
incorporatedto increaserobustnessto occlusion. Theal-
gorithmsare formulatedfor a general family of linear in
parameters surfacemodelsand discussedfor the casesof
planar surfacesand tensorproductsurfaces.Thesealgo-
rithms havebeenimplementedon standard hardware and
run at or near framerate, with accuracy on the order of
1/20 of a pixel. We discussapplicationsof the technique
includingmobilerobotlocalization,general deformingsur-
facetracking, andbiometryof biological surfaces.

1. Intr oduction
Computationalstereohasthepotentialto providedense,ac-
curaterangeinformation to a set of visible surfaces. In-
deed,over the last decade,theadventof cheap,faststereo
systemshasled to a resurgenceof interestin stereovision.
However, mostreal-timesystemsarecurrentlybasedontra-
ditional “brute force” searchtechniquesusinglocal match
measures.Suchmethodsarewell-known to suffer in cases
of occlusionand areasof low-texture, and provide depth
informationof limited (andsometimesquestionable)accu-
racy [15].

Wehavedevelopedeffectivemulti-cameraprocessingal-
gorithmsthatcanreconstructandtrack theevolution of the
setof rigid or deformingsurfacesthatcompriseascene.As
describedin Section3, we havefoundtheresultsto befast,
stable,andsuggestive of accuracy on the orderof 1/20 of
a pixel in disparity resolutionrunningat framerate. Our
formulationimposesno scaleor structuralconstraintsand
implicitly veri�es surfacesat every frame. The projection
of patternedand polarizedlight allows accuratetracking
of surfaceswith specularitiesand low texture. We apply

this methodin multiple settings,including robot localiza-
tion andbiomedicalsurfacetracking.

Our approachis motivatedby previous work in image
registration[12, 9, 17, 18] andtemplatetracking[4] which
posesthe temporalcorrespondenceproblemasoneof ob-
jective functionminimizationover a family of allowedim-
agedeformations.In our case,we considerthestereodis-
parity mapon an imageregion to be a time-varying para-
metric function andoptimize a setof parametersdescrib-
ing that map. We extend and generalizeprevious work
on tracking and registrationas follows. In [17, 18], uni-
form, bi-linear splinesareusedasa registrationtechnique
to computeoptical �o w. In the caseof (calibrated)stereo
we incorporatethe epipolar constraintinto the optimiza-
tion process,thereforereducingthe dimensionalityof the
problem.Furthermore,weformulatetheproblemin acom-
putationallyef�cient, time-varying framework and,in that
context, includemethodsto handlesurfacediscontinuities
andocclusions. In monoculartracking,oneof the princi-
ple dif�culties is the lack of 3D information. Indeed,al-
mostall monoculartrackingmethodsmake someimplicit
or explicit assumptionaboutthe3D structureof thetracked
object[11, 5] andcomputeinter-frameor sequencemotion
basedon it. In our case,we aredirectly inferring the 3D
structureof thesurfaceanddo not explicitly track themo-
tion of pointson the surface[7, 16]. Finally, sincewe do
not trackmotion,ouralgorithmscanbene�t from projected
scenetexture to improve local surfacediscriminationand
accuracy [8]. In fact, we caneven tailor the light to best
improvetheperformanceof localoptimization.

Theremainderof this paperis structuredasfollows. In
thenext section,weformulatetheoptimizationproblemand
presenta solutionfor parameterupdatesandmaskcompu-
tation. In Section3, we describetwo implementationsof
our algorithmandpresentresultsdemonstratingits perfor-
mance. In Section4, we discusssomeextensionsof our
algorithmsandin Section5 weconclude.
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2. Mathematical Formulation

In this development,we assumea calibratedstereosystem.
Thus, incoming pairs of imagescan be recti�ed to form
an equivalent non-verged stereopair. Let L (u; v; t) and
R(u; v; t) denotethe left and right recti�ed imagepair at
time t, respectively.

In the non-vergedcase,the disparitymap,D is a map-
ping from image coordinatesto a scalaroffset such that
L (u; v; t) andR(u + D(u; v); v; t) aretheprojectionof the
samephysicalpoint in 3D space.As outlinedabove, our
objective is to estimatea set of parametersp 2 < n that
describea parametricdisparitymapD : < n � < 2 ! < 1:
This disparitymapis de�ned on a givenregion A of pixel
locationsin the left image. For simplicity, we will con-
siderA to beanenumerationof imagelocationsandwrite
A = f (ui ; vi )0g; 1 � i � N :

In traditional region-basedstereo,correspondencesare
computedbyasearchprocessthatlocatesthemaximumof a
similarity measurede�ned on imageregions.As we intend
to performa continuousoptimizationover p, we areinter-
estedin analyticalsimilarity measures.Candidatefunctions
includesumof squareddifferences(SSD),zero-meanSSD
(ZSSD),andnormalizedcross-correlation(NCC) to name
a few. Robustobjective functions[6] might alsobeconsid-
ered.As we show below, weachievesimilar effectsusinga
reweightingloop in theoptimization[3].

We chooseour objective to beZSSD.In practice,zero-
meancomparisonmeasuresgreatly outperformtheir non-
zero-meancounterparts[1] as they provide a measureof
invarianceover local brightnessvariations. If the average
is computedusingGaussianweighting,thenthis difference
canbeviewedasanapproximationto convolving with the
Laplacianof a Gaussian.Indeed,sucha convolution is of-
tenemployedwith thesamegoalof achieving local illumi-
nationinvariance.

Let L (u; v; t) = L (u; v; t) � (L � M )(u; v; t) and
R(u; v; t) = R(u; v; t) � (R � M )(u; v; t) where� denotes
convolutionandM is anappropriateaveraging�lter kernel
in thespatial-temporaldomain. De�ne di = D(p; ui ; vi ).
We canthenwrite ourchosenoptimizationcriterionas

O(p) =
X

(u i ;v i )2 A

wi (L (ui ; vi ; t) � R(ui + di ; vi ; t))2

(1)

where wi is an optional weighting factor for location
(ui ; vi )0:

For compactnessof notation, considerA to be �x ed
and write L (t) to denote the N � 1 column vec-
tor (L (u1; v1; t); L (u2; v2; t); : : : L (uN ; vN ; t))0: Likewise,
we de�ne R(p; t) = (R(u1 + d1; v1; t); : : : R(uN +
dN ; vN ; t))0:

We now adoptthesamemethodasin [12, 9, 4] andex-
pandR(p; t) in a Taylor seriesabouta nominalvalueof p:
In thiscase,wehave

O(4 p) = k(L(t) � R(p + 4 p; t))W 1=2k2

� k(L(t) � R(p; t) � J (p; t)4 p)W 1=2k2

= k(E(p; t) � J (p; t)4 p)W 1=2k2 (2)

whereE(p; t) � L (t) � R(p; t); J (p; t) = @R=@p is the
N � n Jacobianmatrix of R consideredasa functionof p;
andW = diag(w1; w2; : : : wN ): Furthermore,if wede�ne
JD (p) = @D=@p; we have

J (p; t) = diag(L x (t))JD (p) (3)

whereL x (t) is thevectorof spatialderivativesof L(t) taken
alongtherows 1

It immediatelyfollows that theoptimal4 p is thesolu-
tion to the(overdetermined)linearsystem

�
J (p; t)t W J (p; t)

�
4 p = J (p; t)t W E(p; t) (4)

In thecasethatthedisparityfunctionis linearin param-
eters,JD is a constantmatrix andJ variesonly dueto time
variationof thegradientson theimagesurface.

At this point, the completesurfacetracking algorithm
cannow bewrittenasfollows:

1. Acquirea pairof stereoimagesandrectify them.

2. Convolvebothimageswith anaveraging�lter andsub-
tracttheresult.

3. Computespatialx derivativesin thezero-meanleft im-
age.

4. Warptheright imageby a nominaldisparitymap(e.g.
thatcomputedin thepreviousstep)andsubtractfrom
thezeromeanleft image.

5. Solve(4).

The�nal two stepsmaybeiteratedif desiredto achieve
higherprecision.Theentireproceduremayalsoberepeated
at multiple scalesto improve convergence,if desired. In
practicewe havenot foundthis to benecessary.

1Here,we shouldin fact usethespatialderivatives of the right image
after warpingor a linear combinationof left andright imagederivatives.
However in practiceusingjustleft imagederivativesworkswell andavoids
theneedto recomputeimagederivativesif iterative warpingis used.
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2.1. SurfaceFormulations
In practice,we have found this formulationmosteffective
for trackingdisparity functionsthat are linear in their pa-
rameters(thusavoiding theproblemof recomputingtheJa-
cobianof thedisparityfunction at runtime). A exampleis
whentheviewedsurfaceis planar[2]. In this case,it is not
hard to show that disparity is an af�ne function of image
location,thatis:

D (a; b;c; u; v) = au + bv+ c (5)

A moregeneralexampleof a linearin parametersmodel
is a B-spline. Considera setof scan-linelocations� and
row locations� ; suchthat (�; � ) 2 A: With m parameters
perscan-lineandn parametersfor row locations,a pth by
qth degreetensorB-splineis adisparityfunctionof theform

D(p; �; � ) =
mX

i =0

nX

j =0

N i;p (� ) N j;q (� ) p i;j (6)

To place this in the framework above, let � denote
an indexing linear enumerationof the mn evaluatedbasis
functions,andde�ne B i;k = Nk ;p (� i ) � Nk ;q(� i ) for all
(� i ; � i ) 2 A: It immediatelyfollows thatwe cancreatethe
N � mn matrix B

B �

2

6
6
6
4

B1;1; B1;2::::B1;mn

B2;1; B2;2::::B2;mn
...

BN ;1; BN ;2::::BN ;mn

3

7
7
7
5

andwrite

D(p) = Bp (7)

It follows that the formulation of the previous section
appliesdirectly with JD = B:

2.2. Reweighting
Oneof thepotentiallimitationswith thesystemthusfar is
that it assumesall pixels in the region of interestfall on a
continuoussurface. In particular, an occludingsurfacein-
troducesaC0 discontinuityinto theproblem.As wediscuss
in Section4, it is possibleto directly introduceC0 discon-
tinuities into thesplineformulation. However, for now we
considersuch“outliers” tobeundesirableandto beavoided.

Thereareany numberof methodsfor incorporatingsome
typeof robustnessinto anotherwisesmoothL2 styleopti-
mization. ExamplesincludeIteratively Re-WeightedLeast
SquaresandExpectation-Maximization.Here,we adoptan
approachthattakesadvantageof thespatialpropertiesof the
image.We de�ne a weightingmatrix at eachnew time step

W (t + 1) = N CC(L(t); R(p t ; t)) : Thatis, theweightfor
apixel ateachnew iterationis thenormalizedcrosscorrela-
tion betweenthe left andright imagesunderthecomputed
disparityfunction.

3. Applications
3.1. Implementation

Thealgorithmspresentedabovehave beenimplementedin
Matlab/mex andin C. TheMatlabversionis usedto gather
dataandverify resultswhile theC versionrunsnearframe-
rateandis usedasa demonstrationsystem.TheC version
usesthe OpenGLAPI to renderthe reconstructedsurface
with the video streamtexture mappedonto the surfacein
real-time,andit alsousestheXVision2andIntel Integrated
PerformancePrimitivesLibrariesfor videoandimagepro-
cessing.Unlessotherwisenoted,we run thereal-timesys-
tem on a PentiumIV running Linux with an IEEE 1394
stereocamera.The trackingsystemoperatesasfastasthe
stereovisionsystem,providing a recti�ed streamof images
at a maximumof 26Hz. Biomedicaltrackingsystemsrun
at frame rate, althoughintra-operative sequencesare pro-
cessedpost-operatively.

In all cases,processingis initiated with a standard
correspondence-basedstereocalculation. However, asthe
results indicate, the algorithm admits an approximating
planefor theseed.

3.2. Mobile Robot Localization

The algorithmis appliedto robot navigation. Many tasks
ona mobilerobotrequireknowledgeabouttheincremental
changesin positionduring the operation.We observe that
whenviewedin a non-vergedstereosystem,planesproject
to a linear function in thedisparity(5). Thus,trackingthe
threeparameters

�
a b c

� T
is suf�cient to trackthe3D

plane.For furtherinformationandacompletediscussionof
detectingandsegmentingplanarregionsfrom input images,
referto [2].

Therelativelocalizationbetweenconsecutivecameraac-
quisitionsis basedonsigni�cant planesin the�eld of view
of thecamera.Eachplaneallowstheestimationof threeout
of thesix possibleparametersof thepose.A setof two non-
coplanarplanesallows theestimationof the2D positionin
thegroundplaneof thelocal areaandall rotationanglesof
therobot. Therefore,relative localizationis possiblewhen
at leasttwo planesaretrackedbetweenframes.

For theexperimentsdiscussedin this section,we areus-
ingastereoheadwith 5.18mmlenses,a92mmbaseline,and
squarepixels0.12mmwide. Theplanebeingobserved,un-
lessotherwisespeci�ed, is roughlyorthogonalto theview-
ing axisandata depthof one-meter.
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Table1: Parameterestimationaccuracy for a planeata dis-
tanceof aboutonemeter.

Z Mean Z StdDev NormalErrorStdDev
1 1064.8mm 2.2359mm 0:2947�

2 1065.3mm 1.7368mm 0:2673�

3 1065.2mm 1.5958mm 0:2258�

3.2.1 ConvergenceRadius

For a controlledenvironmentwith a stationaryplaneand
robot,we calculatedan initial guessfor theplaneparame-
tersandthenvariedthis guessto testthe robustnessof the
trackingalgorithmto initializationerror.
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Figure 1: Graphfor convergencewhile introducingerror
into theseed'sdepthby 2, 5 and10percenttowardthecam-
era.

In Figure1, we show the time to convergencewhenwe
shift theseed'sdepthcloserto thecameraat varyinglevels.
Theconvergencespeedis directly proportionalto themag-
nitudeof theintroducederror. Wenotethattheconvergence
speedis only about5 framesfor anerrorof 10%.

3.2.2 Accuracy of Parameter Estimation

Assuming a suitably textured scene,the algorithm esti-
matesa plane's parameterswith sub-pixel accuracy (ap-
proximately1 pixel per cm). However, this estimationac-
curacy varieswith thedepthof theplanebeingtrackedbe-
causethedepth-per-disparityincreasesasthedistanceto the
planeincreases.Table1 showsthestatisticsfor theplane.

For a non-stationaryscene,weshow theaccuracy of our
systemagainsttherobotsinternalodometry. Figure2 shows
therobotperformingoscillatoryrotationsin front of aplane
(700mm distance).We seethatthealgorithmperformsex-
tremelywell for the rotationalmotion. The estimatedori-

entationlags minimally behindthe odometricvalues;the
lengthof thelag is proportionalto theconvergencespeed.
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Figure2: Accuracy of robotorientation.

3.3. Tracking Deforming Surfaces
Thealgorithmmay alsobeappliedto trackingdeformable
surfacesin a varietyof applications.This techniqueoffers
a meansto physicallymodelthe�o w or irregulardeforma-
tion of continuoussurfaceswithout imposingconstraintson
scaleor structure. The systemimplicitly veri�es the sur-
faceat everystep.Thesefeaturesensurethatit canreliably
trackthetruemotionof a �ag in thewind, thegentleswell
of anoceanwave,andeventheotherwiseindistinguishable
irregularitiesof a beatingheart.

Sincethecomputationallylimiting stepof thesystemis
dominatedby the solution to the large linear system(4)
which is dependenton the size of the region being ob-
servedandtheresolutionof thecontrolpoints,it is ambigu-
ousto give hardframe-rates.However, in the typical case,
we track an imageregion about20 percentof the image,
andusebi-cubicsurfacesapproximatedwith 4 to 6 control
pointsin eachdirection,runningat framerate. Furtherim-
provementswill take advantageof thebandednatureof the
linearsystemandothersimplealgorithmicconsiderations.

3.3.1 Convergencevs. Parameter Density

As notedby otherauthors[15], it is dif�cult to measurethe
accuracy of stereoalgorithmsasthereis usuallyno way to
getgroundtruth. Onemeasureof performanceis theabil-
ity of the algorithmto correctly register the left andright
images. To this end, we plot the meanimagedifference
betweenthe left and the warpedright imageon a repre-
sentative sequencefor threedifferentcontrol point resolu-
tions (Figure 3). The graphsshow the averagepixel er-
ror per iteration. The noticeablepeakscorrespondto new
imagesin thesequence;for a given frameof thesequence
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we continuouslyre�ne our surfaceapproximationuntil the
intra-iterationupdateis below a threshold.For our experi-
ments,we usea convergencethresholdof 10� 3 pixels. As
expected,for a low controlpoint density, theaveragepixel
error is slightly higherthanfor highercontrol point densi-
ties. However, the convergencespeedis slower for higher
controlpoint densities.It shouldbenotedthatthereal-time
systemis not left to convergeon 10� 3. Instead,a nominal
number(2-5)of iterationsyieldssatisfactoryresultswithout
jeopardizingaccuracy (i.e. inter-frameimagedifferencere-
mainssmallin realtimerecordings).
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Figure3: TrackingConvergence.

3.3.2 Tracking Performance

To evaluatethe system's performance,it is run on a se-
quenceof a deforming surface (Figure 4). For this se-
quence,themodelwasbi-cubicwith varyingcontrolpoint
density(4x4,8x8,12x12);therecreatedsurfaceandnascent
left intensity imageare provided for selectedkey frames,
along with averagepixel error at eachkey frame (Figure
5). Theincreasein pixel errorarisesfrom anelevatedinter-
framedifferencefor later frames(recordingat 0.5Hz,with
increasedspeedof deformationstartingat approximately
frame 10). Given the above dataon time to convergence
(numberof iterations),it is possibleto intuit theappropriate
densityof parametersbasedon thedesiredspeedandaccu-
racy (determinedby evaluationmetricsincluding residual
andparametervariances).Althoughan automatedmethod
for decidingthis densityhasnot beenfully implemented,
theunderlyingprincipleshave beenformulatedandareun-
der investigation. Theseprinciplesarebuilt on minimum
descriptionlengthformulations[14, 19]. It is importantto
note that the averagepixel error is relatively low in both
scenes,comparedto theacceptednoiselevel of 2 pixel val-
uesfor thesecameras.

3.3.3 Structur edLight

This experimentteststheperformanceof the trackingsys-
tem (bi-cubic with 4x4 control point density) in a scene

Figure4: TrackingCloth with VaryingControlPointDen-
sities.

with projectedpatternedlight, or structuredlight. Struc-
turedlight canprovide thesurfacetexturenecessaryto fuel
the optimizationprocessin regionsof inherentlylow sur-
facetexture. Certainpatternsof light provide better tex-
turesthanothers. For example,a patternwith vertically-
repetinghorizontallinesmaycausethesystemto entera lo-
cal minimumwheretheupdateddisparitymaskis actually
”matching” too distantor too nearcorrespondencesin the
subtractionprocess.In the next sequence(Figure6), note
thatasthefrequency of thepatternincreasesto a point, the
pixel erroralsorises.Thismaybeattributedto theincrease
in overall textureof thehigherfrequency images.This �g-
uredemonstratesthatasthefrequency increasesbeyondthis
point, thepixel errordecreasesagain.As the frequency of
thepatternincreasesto an extreme,the projectedlight be-
comeshomogeneous,andessentiallyactsasa �ood light.
Thus,we arrive at the �rst conditionof no projectedlight,
wherepixel erroris low dueto lackof texture.

3.3.4 OcclusionRobustness

Thisexperimentis designedto testtheef�cacy of theframe-
work in the faceof occlusions.Assumingocclusionscan
berepresentedasC0 discontinuities,the tracker effectively
masksout occlusionsfrom the optimization process(2),
prohibitingtheocclusionfrom erroneouslyalteringtheun-
derstandingof the surface. Key-framesof a sequenceare
run throughthetracker, recordingthemaskandreconstruc-
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Figure6: Trackingwith StructuredLight.

tionsof thesurface.
Figure7 shows two contrived examplesillustrating the

ability of low degreesplinesto approximateC0 andC1 dis-
continuities. Theseapproximationsincorporateno knot-
multiplicities. It is evident that the low degreesplinescan
approximatethediscontinuitieswell.

AlthoughsplinescanhandleC0 discontinuities,in most
casessuchdiscontinuitiesarerepresentative of off-surface
occlusionandwould interruptthestability of theoccluded
surface'sapproximation.

As mentionedearlier in Section2.2, we incorporatea
weightingmatrix(amask)into ourschemein orderto make
our tracking robust to suchocclusions. We calculatethe
weightasthenormalizedcrosscorrelationof thesplinesur-
faceat theendof eachframe.Thecomputedmaskof each
frameis dilatedandpropagatedforwardfor thenext frame.

Figure7: Fitting Discontinuities.

For eachkey-framesin Figure8, L (top), E (top-middle),
mask(bottom-middle),andthe reconstructedsurface(bot-
tom) are provided with and without masking(above and
below the heavy line, respectively). Note that without the
maskthesurfacedemonstratesexaggerateddeformationin
thefaceof occlusions.

Figure8: Trackingwith/withoutocclusionrobustness.

3.4. Tracking BiomedicalSurfaces
Three-dimensionalbiomedicalimagescanprovide impor-
tant information about the propertiesof the objectsfrom
which the imagesare derived. An understandingof the
overall surfaceanatomymayprovide immensenew oppor-
tunities for medicaldiagnosisand treatmentespeciallyin
roboticassistedsurgeries.This techniquecanprovidemore
accurateintra-operative imageguidancewhen registration
to preoperativeimagesis no longervalid dueto movements
anddeformationsof tissues.

We usedananesthetizedWistar rat asananimalmodel.
Imagesof the rat's chest's movementwere acquiredby
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a stereomicroscope(ZeissOPMI1-H) mountedwith two
CCD cameras(SONY XC77). Theratsfur provideda nat-
ural texture. An eight secondsequencewasprocessedof-
�ine by our Matlab implementation.In Figure9 we graph
therespiration(75breathsperminute)of theratwhichwas
computedby recordinga �x edpointon thetrackedsurface.
This disparity representingrespirationvariesby 1/10 of a
pixel. Closeinspectionsuggestsanotherperiodicsignalrid-
ing the respiratorysignal that is of the orderof 1/20 of a
pixel. We believe this secondvariationto betheheartbeat,
althoughfurtherstudiesareneededcon�rmation.

Figure9: Graphof rat respiration.

In a second experiment, a cross-breddomestic pig
(weight, 19.5 kg) wasanesthetizedwith telazol-ketamine-
xylazine (TKX, 4.4 mg T/kg, 2.2 mg K/kg, and 2.2 mg
X/kg) andmechanicallyventilatedwith amixtureof iso�u-
rane(2%) andoxygen. Heartratewascontinuouslymon-
itoredby a pulseoximeter(SurgiVet, Waukesha,WI). The
daVinci tele-manipulationsystem(IntuitiveSurgical,Sun-
nyville, CA) wasusedfor endoscopicvisualization.Three
small incisionsweremadeon thechestto facilitatethe in-
sertionof azero-degreeendoscopeandothersurgical tools.
The pericardiumwas openedand video sequencesof the
beatingheartfrom theleft andright cameraswererecorded
at 30 frames/sec.The recordinglastedapproximatelytwo
minutes.

The systemcapturedboth the beatingof the heartand
the respirationof the subject(Figure10). The resultsare
consistentwith theothermeasurementswe took duringthe
surgery. In Figure10, theblue line is a plot of themotion
of a �x edpoint on thesurface.Therespiration(red-dotted
line) is computedusingSavitzy-GolayFiltering. For amore
detaileddiscussionof theexperimentpleasesee[10].

4. Extensions
Multigrid Enhancements The results in this paper
speci�cally tracksurfacesin pre-speci�edregionsof theim-

Figure10: Graphof pig respirationandheartbeats.

ages.However, to handlegeneralimageryandpotentially
trackmultiple surfaces,furtherresearchis required.In [2],
wetrackmultipleplanesusingamaskingtechnique,but this
doesnot generalizeto all linear in parameterssurfacesas
thetrackingmethodin thispaperdoes.Thus,weplanto ex-
ploretheuseof adaptive multigrid techniques[13]. Multi-
gridsprovideasystematicmethodof managingmultiplere-
gionsin theimageeachhavingdifferentsurfaceparameters.

Tracking Depth Rather Than Disparity Onemight ob-
ject that locally polynomial(e.g. locally quadratic)surface
patchesdo not project, in generalto locally quadraticdis-
parity functions. In this regard,we note two facts. First,
if we considerparameterizedrangeasa function of image
coordinates,thenfor a non-vergedcamera,we canwrite

D(p; u; v) = s=z(p; u; v) (8)

wheres combinesscalingdueto baselineandfocal length.
It follows immediatelythat

r p D(p; u; v) = � s=z(p; u; v)2r p z(p; u; v) (9)

If we approximatez asa tensorB-splinesurface,andwe
de�ne z(p) = Bp; this wehave immediatelythat

JD (p) = � s diag(1=z(p; u; v))2B: (10)

Thus,we cantracka rangemapratherthana disparitymap
with little extracost.

Onemight furtherobjectthat this formulationstill does
not adequatelyaddresslocally polynomialsurfaces.In this
case,the logical solutionis to userational b-splines.This
is asubjectof our ongoingresearch.

5. Conclusion
We presentedan approachto real-time3D surfacetrack-
ing anddemonstratedits applicationto a numberof �elds

7



includingmobile-robotnavigation,generaldeformablesur-
facetracking,andbiomedicalsurfacetracking. This tech-
niquehasbeenformulatedasa generallinearin parameters
optimizationwithout disparitysearching.In performinga
continuousoptimizationovertheseparameters,wecompute
thedisparitysurfacedirectly from imageintensitydata.We
offer resultsdemonstratingtheconverged�t of multiplesur-
facesin avarietyof robotic,general,andmedicalschemes.
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