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1 In tro duction

Man y computer vision systems rep orted in the literature no w emplo y the app earance-based paradigm for

ob ject recognition. One primary adv an tage of app earance-based metho ds is that it is not necessary to create

represen tations or mo dels for ob jects since, for a giv en ob ject, its mo del is no w implicitly de�ned b y the selection

of the sample images of the ob ject.

When using app earance-based metho ds, w e usually represen t an image of size n � m pixels b y a v ector in

an n � m dimensional space. In practice, ho w ev er, these ( n � m )-dimensional spaces are to o large to allo w robust

and fast ob ject recognition. A common w a y to attempt to resolv e this problem is to use dimensionalit y reduction

tec hniques. Tw o of the most p opular tec hniques for this purp ose are: Principal Comp onen ts Analysis (PCA) and

Linear Discriminan t Analysis (LD A, also kno wn as Fisher Discriminan t Analysis - FD A).

PCA has b een used in face recognition [16 , 5 , 18, 9, 7 ], handprin t recognition [11 ], h uman-ma de ob ject

recognition [12 ], industrial rob otics [13 ], and mobile rob otics [19 ]. LD A has b een used in face recognition [17 , 1 ]

and mobile rob otics [19 ]. LD A has also b een prop osed for generic ob ject recognition [17 ], but results using a large

database of ob jects ha v e not b een rep orted y et.

Of late, there has b een a tendency to prefer LD A o v er PCA b ecause, as in tuition w ould suggest, the former

deals directly with discrimination b et w een classes, whereas the latter deals with the data in its en tiret y for the

principal comp onen ts analysis without pa ying an y particular atten tion to the underlying class structure. It is thistendency in the vision community that is subject to examination in this paper.
1



PCA

LDA

DPCA

LDAD

Figure 1: Ther e ar e two di�er ent classes emb e dde d in two di�er ent \Gaussian- like " distributions. However, only two

sample p er class ar e supplie d to the le arning pr o c e dur e (PCA or LD A). The classi�c atio n r esult of the PCA pr o c e dur e

(using only the �rst eigenve ctor) is mor e desir able than the r esult of the LD A. D

P C A

and D

LD A

r epr esent the de cision

thr esholds obtaine d by using ne ar est-neig hb or classi�c atio n.

In this pap er w e will sho w that the switc h from PCA to LD A ma y not alw a ys b e w arran ted and ma y

sometimes lead to fault y system design, esp ecially if the size of the learning database is small.

1
Our claim carries

in tuitiv e plausibilit y , as can b e established with the help of Fig. 1. This �gure sho ws t w o learning instances,

mark ed b y circles and crosses, for eac h class whose underlying (but unkno wn) distribution is sho wn b y the dotted

curv e. T aking all of the data in to accoun t, PCA will compute a v ector that has largest v ariance asso ciated with

it. This is sho wn b y the v ertical line lab eled PCA. On the other hand, LD A will compute a v ector whic h b est

discriminates b et w een the t w o classes. This v ector is sho wn b y the diagonal line lab eled LDA. The decision

thresholds yielded b y the nearest neigh b or approac h for the t w o cases are mark ed DPCA and DLDA . As can b e

seen b y the manner in whic h the decision thresholds in tersect the ellipses corresp onding to the class distributions,

PCA will yield sup erior results.

Although examples suc h as the one depicted in Fig. 1 are quite con vincing with regard to the claim that

LD A is not alw a ys b e sup erior to PCA, w e still b ear the burden of establishing our claim with the help of actual

data. This w e will do in the rest of this pap er with the help of a face databases: the AR-face database (a publicly

a v ailable data-set).

As additional evidence in supp ort of our claim, w e should also dra w the atten tion of the reader to some

of the results of the Septem b er 96 FERET comp etition [15 ]. In particular, w e wish to p oin t to the LD A results

obtained b y the Univ ersit y of Maryland [2 ] that compare unfa v orably with resp ect to a standard PCA approac h

as describ ed in [18]. A notable c haracteristic of the data used in suc h exp erimen ts w as that only one or t w o

learning samples p er class w ere giv en to the system.

Of course, as one w ould exp ect, giv en large and represen tativ e learning datasets, LD A should outp erform

PCA. Simply to con�rm this in tuitiv e conclusion, w e will also sho w results on the AR-database of faces. In

this database, the sample size p er class for learning is larger than w as the case for the FERET comp etition.

2
F or example, the database w e will use to sho w LD A outp erforming PCA has images of 13 di�eren t facial shots

corresp onding to di�eren t expressions or illumi nation conditions and/or o cclusions for eac h sub ject.1This is not to cast any aspersions on the system design employed by the previously cited contributions. Our claim has validityonly when the size of the learning database is insu�ciently large or non-uniformly distributed.2Note that FERET deals with a very large number of classes, but the number of classes is not the issue in this paper. Our mainconcern here is with the problems caused by insu�cient data per class available for learning.
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Figure 2: L o c alization and morphing: T o morph an image, we must �rst lo c alize the b oundaries of the fac e, as shown by

the overlaid horizontal and vertic al lines in the left image in (a). We must also lo c ate b asic fe atur es such as the nose, as

shown by the overlaid line running thr ough the nose in the same image in (a), and the eyes, as shown by the white dots in

the eyes in the right image in (a). Shown in (b) and (c) ar e two di�er ent examples of morphe d fac es.

2 Lo calization and Morphing of F ace Images

W e will b e comparing PCA and LD A with regard to only the iden ti�cation of faces, indep enden tly of an y

lo calization and scale related issues. Therefore, w e ha v e man ually carried out the lo calization step, follo w ed b y a

morphing step so that eac h face o ccupies a �xed size arra y of pixels.

F ormally , let us consider the set of N sample images Iip�q (where p is the n um b er of columns, q the n um b er

of ro ws and i the image n um b er, i.e. i = f 1 ; :::; N g ).

W e �rst man ually lo calize the left, the righ t, the top and the b ottom limits of the face as w ell as the left

and the righ t ey es and the nose; as sho wn in Fig. 2(a). After lo calization, faces are morphed so as to �t a grid

of size 85 b y 60. Figs. 2(b) and (c) sho w the �nal results of morphing for t w o di�eren t sub jects. As sho wn, after

morphing the ey e cen ters, the medial line of the nose, and the arc where the lips join, etc., are at the same pixel

co ordinates in all images. W e will refer to these new images b y Îin�m , where n and m are the dimensions of the

morphed image.

Eac h of these images can no w b e segmen ted b y means of an o v al-shap ed mask cen tered at the middle of

the morphed image rectangle. The pixels in the o v al are v ectorized in to a t -dimensional v ector xi (where t

corresp onds to the n um b er of pixels within the o v al-shap ed segmen t) b y reading pixel v alues within the o v al

segmen t in a raster-scan manner. The v ectors obtained in this manner from all N sample images will b e denotedX = f x1 ; :::; xN g .

3 The PCA Space

Giv en a t-dimensional v ector represen tation of eac h face, the Principal Comp onen t Analysis (PCA) [4] can b e

used to �nd a subspace whose basis v ectors corresp ond to the maxim um -v aria nce directions in the original space.

Let W represen t the linear transformation that maps the original t -dimensional space on to a f -dimensional feature

subspace where normally f � t . The new feature v ectors yi 2 <

f
are de�ned b y yi = WTxi ; i = 1 ; : : : ; N . The

columns of W are the eigen v alues ei obtained b y solving the eigenstructure decomp osition � iei = Qei , whereQ = XXT
is the co v ariance matrix, and � i the eigen v alue asso ciated with the eigen v ector ei . Before obtaining

the eigen v ectors of Q: (i) the v ectors are normalized suc h that k xi k = 1 to mak e the system in v arian t to the

in tensit y of the illuminatio n source, and (ii) the a v erage of all images is subtracted from all normalized v ectors

to ensure that the eigen v ector with the highest eigen v alue represen ts the dimension in the eigenspace in whic h

v ariance of v ectors is maxim um in a correlation sense. The co v ariance matrix Q is normally to o large for an

easy computation of the eigen v ectors. F ortunately , sev eral w a ys to get around this di�cult y ha v e b een prop osed

[10 , 16, 5, 12].
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P en tland et al. [14 ] ha v e empirically sho wn that sup erior face recognition results are ac hiev ed when the �rst

three eigen v ectors are not used (b ecause the �rst three eigen v ectors seem to represen t c hanges in illuminatio n).

It has b een recen tly sho wn that the elimination of more than 3 eigen v ectors will, in general, w orsen the results

[8 ]. In this pap er, w e will also analyze ho w the eliminatio n of these �rst three eigen v ectors a�ects recognition

p erformance.

4 The LD A Space

Linear Discriminan t Analysis (LD A) [3, 4] searc hes for those v ectors in the underlying space that b est

discriminate among classes (rather than those that b est describ e the data). More formally , giv en a n um b er of

indep enden t features relativ e to whic h the data is describ ed, LD A creates a linear com bination of these whic h

yields the largest mean di�erences b et w een the desired classes. Mathematically sp eaking, for all the samples of

all classes w e de�ne t w o measures: (i) one called within-class scatter matrix, as giv en b y

S w =

cXj=1 NjXi=1 ( xji � � j )( xji � � j )

T
where xji is the i th sample of class j , � j is the mean of class j , c is the n um b er of classes, and N j the n um b er of

samples in class j ; and (ii) the other is called between-class scatter matrix

S b =

cXj=1 ( � j � � )( � j � � )

T
where � represen ts the mean of all classes.

The goal is to maxim i ze the b et w een-class measure while minimi zing the within-class measure. One w a y to

do this is to maxim ize the ratio

detjSbjdetjSwj . The adv an tage of using this ratio is that it has b een pro v en [3] that if

S w is a non-singular matrix then this ratio is maximi zed when the column v ectors of the pro jection matrix, W ,

are the eigen v ectors of S

�1w S b . It should b e noted (and it is v ery easy to pro v e) that: (i) there are at most c � 1

nonzero generalized eigen v ectors, and so an upp er b ound on f is c � 1, and (ii) w e require at least t + c samples

to guaran tee that S w do es not b ecome singular (whic h is almost imp ossible in an y realistic application). T o solv e

this, [17 ] and [1] prop ose the use of an in termediate space. In b oth cases, this in termediate space is c hosen to

b e the PCA space. Th us, the original t -dimensional space is pro jected on to an in termediate g -dimensional space

using PCA and then on to a �nal f -dimensional space using LD A.

5 Exp erime n tal Results

The results to b e presen ted in this section w ere obtained using the AR-face database [6].

3
This database

consists of o v er 3200 color images of the fron tal images of faces of 126 sub jects. There are 26 di�eren t images for

eac h sub ject. F or eac h sub ject, these images w ere recorded in t w o di�eren t sessions separated b y t w o w eeks, eac h

session consisting of 13 images. F or illustration, these images for one sub ject are sho wn in Fig. 3. All images

w ere tak en b y the same camera under tigh tly con trolled conditions of illumina tion and viewp oin t. Eac h image in

the database consists of a 768 � 576 arra y of pixels, and eac h pixel is represen ted b y 24 bits of R GB color v alues.

F or the exp erimen ts rep orted in this section, 50 di�eren t individuals (25 males and 25 females) w ere randomly

selected from this database. As stated earlier, images w ere morphed to the �nal 85 � 60 pixel arra ys, segmen ted

using an o v al-shap ed mask, and con v erted to gra y-lev el images b y adding all three color c hannels, i.e. I =13 ( R + G + B ).3The AR database of face images is publicly available from http://rvl1 .ec n. pur due .ed u/ ARd ata bas e/A Rd ata bas e.h tml
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Figure 3: Images of one subje ct in the AR fac e datab ase. The images (a) thr ough (m) wer e taken during one session and

the images (n) though (z) at a di�er ent session.5.1 Small Training Data Sets
As discussed in the in tro duction, when a small (or non-represen tativ e) training data set is used, there is no

guaran tee that LD A will outp erform PCA. In the in tro duction, this w as justi�ed on purely in tuitiv e grounds with

the help of Fig. 1. In this subsection, w e study this e�ect on real data using the images of the AR face database.

T o sim ulate the e�ects of a small training data set, our results here use t w o images p er p erson for training

and �v e for testing. In this subsection, only the non-o ccluded images recorded during the �rst of the t w o sessions

are used. F or example, for the sub ject sho wn in Fig. 3, only the images lab eled (a) through (g) are used. Of the

sev en uno ccluded images for eac h sub ject, there are ob viously man y di�eren t w a ys { a total of 21 { of selecting

t w o for training and �v e for testing. W e will use all these 21 di�eren t w a ys of separating the data in to the training

and the testing parts for the results rep orted here.

T o eac h of the 21 di�eren t training and testing datasets created in the manner describ ed ab o v e, w e applied

(i) PCA, (ii) PCA without the �rst three eigen v ectors, and (iii) LD A. T esting w as carried out b y using the

nearest-neigh b or algorithm using the standard L 2 -norm for the Euclidean distance. The datasets w ere indexed

1, 2, ......, 21, and the test results for the i

th
dataset w ere represen ted b y Test# i. In Fig. 4 w e ha v e sho wn the

results for Test# 4; Test# 6, and Test# 9. The horizon tal co ordinate in this �gure represen ts the parameter f .

Recall from Section 3 that f is the dimensionalit y of the �nal subspace in whic h face iden ti�cation tak es place.

As w as stated earlier, for LD A w e also need to sp ecify the v alue of the parameter g , whic h is the dimensionalit y

of the in termediate space describ ed in Section 3. Ob viously , the v alue c hosen for g w ould strongly a�ect the face

recognition results. In order to mak e a fair comparison b et w een PCA and LD A, for eac h v alue of f , w e tried all

p ossible v alues of g from a lo w of 15 to its maxim um p ossible v alue of 50. The LD A results sho wn in Fig. 4 for

eac h v alue of f are based on that v alue of g whic h yielded the b est recognition rate.

W e c hose Test# 4; Test# 6, and Test# 9 for displa y in Figure 4 b ecause eac h represen ts a di�eren t t yp e
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M ethod f = 1 f = 2 f = 3 f = 4 f = 5 f = 6 f = 7 f = 8 f = 9 f = 10

PCA 6 9 13 9 9 9 7 4 4 3

PCA w/o 3 4 1 0 0 0 0 0 0 0 0

LD A 11 11 8 12 12 12 14 17 17 18

T able 1: This table summarizes the r esults for al l 21 ways of dividing the data into tr aining and testing subsets. F or

the value of the dimensionality p ar ameter f fr om 1 to 10 . The top r ow shows the numb er of c ases in which the b asic

PCA outp erforme d the other two algorithms, the midd le r ow the numb er of c ases in which the PCA without the �rst thr e e

eigenve ctors did the b est, and last r ow the numb er of c ases for which LD A did the b est.

of comparativ e p erformance from the three algorithms tested. The p erformance curv es for Test# 6 are t ypical

of the datasets for whic h PCA outp erformed LD A. The p erformance curv es for Test# 4 are t ypical for those

datasets for whic h PCA pro v ed to b e sup erior to LD A for some v alues of the dimensionalit y f and inferior for

others. Finally , the p erformance curv es in Test# 9 are t ypical for those datasets for whic h LD A outp erformed

PCA. That the same database should yield suc h di�eren t results is not surprising at all. Going bac k to Fig. 1,

it is not di�cult to visualize that if w e altered the lo cations of the training samples sho wn there, w e could get

decision thresholds that w ould sho w either LD A outp erforming PCA, or neither LD A or PCA yielding a clear

separation b et w een the underlying class distributions.

In Fig. 4, w e ha v e fo cussed on only lo w-dimensional spaces b ecause w e w an t to mak e a comparison of themost discriminan t features for the LD A case with the most descriptiv e (in the sense of pac king the most \energy")

features for the PCA case. Ho w ev er, there is still the matter of whether or not the same conclusions hold in high-

dimensional spaces that one w ould need to use for ac hieving su�cien tly high recognition rates demanded b y

practical face recognition systems. Sho wn in Fig. 5 are results similar to those in Fig. 4 but when the n um b er of

dimensions is large. The three test cases sho wn in Fig. 5 w ere c hosen so that one re
ected PCA outp erforming

LD A ( Test# 2), the other LD A outp erforming PCA ( Test# 4) , and third with neither conclusiv ely outp erforming

the other ( Test# 8), as the n um b er of dimensions w as increased. In case the reader is w ondering as to wh y the

LD A curv es do not go b ey ond f = 40, this is dictated b y the follo wing t w o considerations:

� The dimensionalit y of LD A is upp er-b ounded b y c � 1, where c is the n um b er of classes, since that is the rank

of the S

�1w S b matrix. Since w e used 50 classes, this giv es us an upp er b ound of 49 for the dimensionalit y of

the LD A space.

� The dimensionalit y of the underlying PCA space (from whic h the LD A space is carv ed out) cannot b e

allo w ed to exceed N � c where N is the total n um b er of samples a v ailable. This is to prev en t S w from

b ecoming singular. Since w e used 100 samples and since w e ha v e 50 classes, the dimensionalit y of the

underlying PCA space cannot b e allo w ed to exceed 50.

Since it mak es no sense to extract a 49 dimensional LD A subspace out of a 50 dimensional PCA space, w e

arbitrarily hard-limited the dimensionalit y of the LD A space to 40.

T able 1 summarizes the results for all 21 cases of training and testing datasets for the case of lo w-

dimensionalit y . And, T able 2 do es the same for the case of high-dimensionali t y . F or eac h v alue of the di-

mensionalit y parameter f , the top ro w sho ws the n um b er of cases for whic h the basic PCA outp erformed the

other t w o algorithms, the middle ro w the n um b er of cases for whic h PCA without the �rst three eigen v ectors w as

the b est, and the last ro w the n um b er of cases for whic h LD A outp erformed PCA.

It is in teresting to note from T able 1 that if w e limit the dimensionalit y f of the �nal subspace to b et w een

roughly 1 and 6, PCA (including PCA without the �rst three eigen v ectors) can b e exp ected to outp erform LD A
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M ethod f = 20 f = 30 f = 40

PCA 3 2 2

PCA w/o 3 0 0 0

LD A 18 19 19

T able 2: Same as in T able 1 but for high-dimensio nal sp ac es.

almost just as frequen tly as the other w a y around. But, as established b y the dataset for the Test# 6 (results

sho wn in Fig. 4), w e can also exp ect PCA to outp erform LD A regardless of the v alue of the dimensionalit y

parameter f . It w ould not b e a stretc h of the imaginati on to sa y that PCA outp erforms LD A when it is more

imp ortan t to someho w learn the general app earance of a face from all the training samples supplied than ho w

to b est discriminate b et w een faces of di�eren t sub jects. F or high-dimensional spaces, w e can dra w comparable

conclusions, except that LD A has a greater c hance of outp erforming PCA for our data set. But note that this

conclusion applied only to the sp eci�c data set used b y us for the exp erimen ts rep orted here. One ma y end up

with an en tirely di�eren t conclusion for a di�eren t data set.

Another observ ation w e wish to mak e is that while the suppression of the �rst three eigen v ectors impro v es

the p erformance of PCA in the presence of illuminati on v ariations, the LD A transform will usually do ev en

b etter for small training datasets. This is the reason wh y the \PCA without the �rst three eigen v ectors" wins so

infrequen tly .

One last observ ation regarding small training datasets has to do with the relativ e b eha vior of PCA and LD A

as the dimensionalit y parameter f b ecomes larger. The p erformance of b oth transforms gets b etter as the v alue

of f increases. What's di�eren t b et w een the t w o is that while the recognition rate with PCA saturates around

28% to 53% for f = 10 and around 44% to 75% for f = 80 for all di�eren t datasets, the p erformance of LD A can

v ary widely . F or the exp erimen ts under discussion, the recognition rate obtained with LD A v aried from a lo w of

31% to a high of 68% for f = 10 and 41 to 82 for f = 40.5.2 Using Representative Samples Per Class
The previous subsection sho w ed unequiv o cally that when the n um b er of training samples p er class is small,

it is p ossible for PCA to outp erform LD A. In this subsection, w e reinforce what our in tuition w ould naturally

suggest: that when the n um b er of learning samples is large and represen tativ e for eac h class, LD A will outp erform

PCA. The study in this subsection is carried out using all the 26 images for eac h sub ject in the AR database.

That means that for a sub ject suc h as the one sho wn in Fig. 3, all the images lab eled (a) through (z) are no w

used. As men tioned earlier, the �rst thirteen of these, (a) through (m), w ere tak en in one session; these are

used for training no w. And the last thirteen, (n) through (z), w ere tak en in a second session; these are used for

testing.

4
As for the exp erimen ts describ ed in the preceding subsection, for the LD A algorithm w e c hose that v alue

for the dimensionalit y parameter g whic h ga v e us the b est �nal classi�cation results for eac h v alue of f , the

dimensionalit y of the �nal subspace in whic h classi�cation is carried out. (Recall that g is the in termediate

subspace needed in the implemen tation of LD A.) F or eac h v alue of f , w e tried all v alues of g from a lo w of 50 to

the maxim um allo w ed v alue of 600. The b est �nal results w ere usually obtained for small v alues of g . This can b e

explained on the basis of the fact that the n um b er of samples that a learning tec hnique needs is prop ortional to

the dimensionalit y of the dataset. This implies that in order to obtain go o d results with LD A, the total n um b er4In face recognition circles, this is referred to as the problem of recognizing \duplicates." A \duplicate" is an image of a face thatis taken at a di�erent time, weeks or even months later. Duplicate images for testing are taken under roughly the same illuminationconditions and with similar occlusions as in the original set. Facial expressions should also be nearly the same.
7



Figure 4: Shown her e ar e p erformanc e curves for thr e e di�er ent ways of dividing the data into a tr aining set and a testing

set.

Figure 5: Performanc e curves for the high-dimensi ona l c ase.
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Figure 6: R esults obtaine d for e ach of the thr e e algorithms while using 50 individuals (classes).

of samples should b e m uc h larger than t + c , or, equiv alen tly , m uc h larger than the v alue of g . Fig. 6 sho ws the

results. As w as exp ected, LD A outp erforms PCA when a large and represen tativ e training dataset is used.

6 Conclusions

App earance-based metho ds are widely used in ob ject recognition systems. Within this paradigm, PCA and

LD A ha v e b een demonstrated to b e useful for man y applications suc h as face recognition. Although one migh t

think that LD A should alw a ys outp erform PCA (since it deals directly with class discrimination), empirical

evidence suggests otherwise. This pap er discusses the reasons for this seemingly anomalous b eha vior.

Our Fig. 1 illustrates ho w PCA migh t outp erform LD A when the n um b er of samples p er class is small

or when the training data non-uniformly sample the underlying distribution. In man y practical domains, and

esp ecially in the domain of face recognition, one nev er kno ws in adv ance the underlying distributions for the

di�eren t classes. So one could argue that in practice it w ould b e di�cult to ascertain whether or not the a v ailable

training data is adequate for the job.

The exp erimen ts w e rep ort v alidate our claim. Sev eral of our exp erimen ts sho w the sup eriorit y of PCA o v er

LD A, while others sho w the sup eriorit y of LD A o v er PCA. When PCA outp erforms LD A, the n um b er of training

samples p er class is small, but not at ypical of the data sizes used previously b y some researc hers.
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