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The title Lasso has been suggested by Tibshirani (1996) as a colourful name for a technique
of variable selection which requires the minimization of a sum of squares subject to an l1
bound κ on the solution. This forces zero components in the minimizing solution for small
values of κ . Thus this bound can function as a selection parameter. This paper makes two
contributions to computational problems associated with implementing the Lasso: (1) a
compact descent method for solving the constrained problem for a particular value of κ

is formulated, and (2) a homotopy method, in which the constraint bound κ becomes the
homotopy parameter, is developed to completely describe the possible selection regimes.
Both algorithms have a finite termination property. It is suggested that modified Gram–
Schmidt orthogonalization applied to an augmented design matrix provides an effective
basis for implementing the algorithms.

1. The problem

Exploratory data analysis involves a collection of techniques for variable selection
(selection of a subset of the columns in the design matrix A) in the linear model

r = Ax− b. (1)

The precise form of the model in this class of problems is not known a priori but must
be selected from a class of possible models using information contained in the given
data set. These selection methods are now finding important applications in areas such
as data mining where there is a requirement for adequate and economical models for
summarizing aspects of the information in very large data sets. The classical technique of
exploratory data analysis is stepwise regression where a greedy algorithm adds a variable
at a time to the model set using the criterion of best fitting the current residual vector r
in the sense of making the most significant reduction in the sum of squares of residuals.
Also, variables are removed from the model set if they satisfy a criterion of redundancy
which basically reverses the addition criterion. In this approach the generated model with
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k variables typically contains the model with k−1 variables, but this need not be true of the
best subsets. Tibshirani’s (1996) Lasso provides a new approach to the variable selection
problem which makes use of the polyhedral structure of the l1 norm. One reason for interest
in the Lasso is that it provides a sense of optimality for the variable set selected not shared
by stepwise regression. Implemented as a piecewise linear homotopy it also possesses
many of the attributes of a stepwise procedure. Another advantage of the homotopy is
that it provides an explanation of the variable selection attributes of the Lasso.

The basic problem of the Lasso is to minimize the sum of squares of residuals in (1),

min 1
2 rT r; r = Ax− b, (2)

where A : R p → Rn , and where the columns of A provide the totality of variables
available to the selection procedure, subject to the nonsmooth constraint expressed in terms
of the l1 norm of the solution vector

κ − ‖x‖1 � 0. (3)

This choice of norm provides a selection mechanism by forcing components of x to zero
when κ is small.

The plan of the paper is as follows. In the next section, preliminary results on the
Lasso are derived. These include necessary conditions for an optimum, duality, and a
convenient partitioning of the variables. The descent and homotopy methods are derived in
the following two sections. These have complementary roles. The descent algorithm solves
the constrained optimization problem for a given κ by means of an active set algorithm that
exploits a local constraint linearization, and the homotopy algorithm extends the optimum
solution for a range of values of κ by making use of the result that the optimal trajectory is
piecewise linear in κ . The emphasis here is on the explicit treatment of the norm constraint,
and it is argued that this results in more compact problem formulations than possible
alternatives which make use of families of linear inequalities. Brief concluding sections
summarize the problem scaling strategy used, implementation details, and preliminary
numerical results. Summary conclusions are presented.

2. Properties of the Lasso

It is the nonsmooth nature of the particular norm constraint (3), which treats zero values
of x as special, that provides the mechanism for variable selection. It proves an interesting
constraint set because it has a natural representation as a system of linear inequalities, but
the number of these inequalities can be large. For example, if x has k zero components then
there are 2k possible representors v of ‖x‖1, that is vectors with elements ±1 such that

vT x = ‖x‖1 .

More compact representations which involve only O(p) additional linear constraints are
possible. For example, the constraint can be replaced by the inequalities

−ti � xi �ti , ti � 0, i = 1, 2, . . . , p,

κ −
p∑

i=1

ti � 0.
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However, this system does involve increasing the number of variables, and it has the added
disadvantage of leading to degenerate constraint sets in this application. For these reasons
we are interested in developing compact algorithms which use the norm information
directly. This will be done by means of a careful local linearization with a property we
call sign feasibility being used to delimit its scope. The crucial dependence of the norm
constraint is on the bound κ .

REMARK 1 Let κL S be the smallest value of κ in (3) for which the solution of (2), (3)
also minimizes the sum of squares (2). Clearly, the least squares solution is obtained for all
larger values of κ . Thus the interesting values, those which imply that the constraint (3) is
active, satisfy κ < κL S .

The explicit use of the norm constraint leads to a compact form for the Kuhn–Tucker
conditions (Osborne, 1985) for the problem (2), (3). These are:

rT A = −µvT , µ � 0, (4)

where

x = PT
[

xσ

0

]
, v = PT

[
θσ

v2

]
∈ ∂ ‖x‖1 , (5)

P is the permutation matrix which collects together the nonzero components of x (these
are pointed to by the index set σ ), θσ( j) = sgn(xσ( j)), −1 � (v2) j � 1, j ∈ σC , and
σ ∪ σC = {1, 2, . . . , p}. Note that vT x = ‖x‖1, ‖v‖∞ = 1, and

µ = −rT Ax
‖x‖1 =

∥∥∥rT A
∥∥∥∞ .

It follows from this equation that µ > 0 if and only if κ < κL S .
The Lagrangian function is given by

L(x, µ) = 1
2 rT r−µ (κ − ‖x‖1)

and is convex in x for µ � 0· The dual function is given by

w (µ) = min
x

L(x, µ).

The condition for a minimum in x is 0 ∈ ∂xL(x, µ)· This gives the necessary conditions
(not quite the Kuhn–Tucker conditions (4) because of the dependence on µ)

rT A + µvT = 0, vT ∈ ∂ ‖x‖1 . (6)

Taking the scalar product with x gives

rT Ax+ µ ‖x‖1 = 0.
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Substituting in the expression for L gives

w (µ) = − 1
2 rT b− 1

2κµ

where the dependence on µ is through (6).
It is convenient to partition the Kuhn–Tucker conditions by introducing the (partial)

factorization of APT into the product of an orthogonal times block upper triangular matrix
(Clark & Osborne, 1988)

APT = Q

[
U1 U12
0 B

]
, QT b =

[
c1
c2

]
. (7)

Here U1 is strictly upper triangular, but B need not be reduced. Substituting in (4) gives[
U T

1
U T

12 BT

] {[
U1 U12
0 B

] [
xσ

0

]
−

[
c1
c2

]}
+ µPv = 0.

This simplifies to

U1xσ = c1 − µU−T
1 θσ , (8)

µv2 = BT c2 + µU T
12U−T

1 θσ . (9)

The optimal solution can be obtained from this pair of equations, which must be solved in
conjunction with the constraint equation (3), provided the correct partitioning (5) is known
a priori. Otherwise the problem reduces to one of finding this correct partition. Setting
wσ = U−T

1 θσ in (8) gives another formula for the multiplier

µ = wT
σ c1 − κ

wT
σ wσ

= θT
σ xσ

L S − κ

wT
σ wσ

(10)

where xσ
L S = U−1

1 c1 is the least squares solution corresponding to the variables referenced
by σ .

3. The descent algorithm

This algorithm is a rather standard active set method in which a simple quadratic program
is solved at each step in order to generate a descent direction. The interest lies in the
treatment of the active constraint. The basic step involves computing a correction h to
the current solution estimate using what amounts to a local linearization of (3) about the
current x:

min
h

1
2 ‖r (x+ h)‖22 ; θT

σ (xσ + hσ ) � κ, h =
[

hσ

0

]
(11)

where x is a feasible starting point and θσ is fixed by the local constraint condition

‖x‖1 = θT
σ xσ � κ . (12)
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The Kuhn–Tucker conditions for the linearized system comprising the sum of squares and
this linear constraint are

AT
1 r (x+ h)+ µ̃θσ = 0, µ̃ � 0 (13)

where A1 is made up of the columns of A associated with the nonzero components of x.
The advantage of this ‘linearized’ problem is that the system (12) and (13) can be solved
directly. An application of the factorization (7) gives the equations

U1hσ = −QT
1 r (x)− µ̃U−T

1 θσ ,

θT
σ (xσ+hσ ) = κ,

assuming the constraint is active so µ̃ > 0. Setting wσ = U−T
1 θσ gives

µ̃ = wT
σ c1 − κ

wT
σ wσ

.

Note that this agrees with (10) if the correct θσ is known. If the optimum satisfies

x←
[

xσ + hσ

0

]
, sgn(xσ ) = θσ

then x is called sign feasible for (2) and satisfies (8). It can be tested for optimality in (2)
by solving (9) for v2, and checking that

−1 � (v2)i � 1.

If these constraints are satisfied then the solution has been obtained.
The following strategies can be used to develop an appropriate partition σ :

Case 1 x+ h given by (11) is not sign feasible for (2). Here the actions taken are (compare
(Clark & Osborne, 1988)):

1. Move to first new zero component in the direction h, 0 = xk ← xk + γ hk , k ∈ σ ,
0 < γ < 1.

2. Now there are two possibilities: either setting θk = −θk, xσ← xσ + γ h, and
recomputing h yields a descent direction that is consistent with the revised θσ (this
has the advantage that downdating of the factorization (7) is not necessary so the
computation is relatively cheap), or it is necessary to update σ ← σ \ {k} , reset
xσ , θσ (they are feasible for the restricted problem), downdate the factorization, and
recompute hσ .

3. Iterate until a sign feasible x is obtained.

Case 2 xσ is sign feasible for (11) but v2 is not feasible. Here the actions taken are:

1. Select an infeasible multiplier condition involving (say) (v2)s .
2. Update

σ ← σ ∪ {s} , xσ ←
[

xσ

(xs = 0)

]
, θσ ←

[
θσ

θs

]
,

where θs is chosen so that sgn(θs) = sgn(hs) in (11).
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3. Solve (11) and iterate.

REMARK 2 To justify Case 1 note that x is either optimal for the restricted problem, in
which case this stage of the iteration is terminated, or it is not optimal, in which case h
is a descent direction so the objective is reduced in the next step. Thus there can be no
cycling, and the procedure must converge. Further, the procedure must be finite as the total
number of configurations is finite, and the final x must be sign feasible or the limiting
process is contradicted. This argument extends to show that the full algorithm also has a
finite termination property.

REMARK 3 Assuming that the norm constraint is active (otherwise there is nothing to do
as (9) is trivially satisfied), then the correct choice of θs in Case 2 is

θs = sgn((v2)s). (14)

To show this note that, because the initial point for the augmented problem is not optimal,
it follows that the solution of (11) gives a descent direction. Thus

0 > r
([

xσ

0

])T [
A1 as

] [
hσ

h

]
= rT A1hσ + rT ash

= −µ
[
θT
σ hσ + (v2)s h

]
,

where equations (8), (9) have been used in evaluating the right-hand side. Feasibility for
(11) gives

θT
σ hσ + θsh � 0.

Adding µ times this to the previous inequality gives

0 > µ
(
θs − (v2)s

)
h.

This shows that

sgn (θs) = sgn
(
(v2)s

)⇒ sgn (h) = sgn (θs) .

It follows that the constraint

[
xT
σ xs

] [
θσ

θs

]
� κ

is equivalent to the norm constraint for small enough displacements in the direction[
hσ

h

]
. Thus it gives the appropriate linearization.

REMARK 4 In Case 1, more than one fresh zero can be encountered, but this just causes
the deletion of the corresponding components from σ . There is no analogue of degeneracy
in linear programming here. This point is well made in Fletcher (1993).
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REMARK 5 To detect and avoid dependences in the design matrix A, the test in Case 2
should be modified to one that selects the most infeasible of the (v2)i subject to the
norm of the corresponding column of B being greater than a prescribed threshold. The
implementation of this test requires that the problem has been scaled in a way which makes
comparisons between columns of the design matrix meaningful.

The iteration can be started from x = 0 by choosing an initial s to insert into σ and
solving the resulting one-variable problem. Starting from this end of the problem has two
advantages:

1. It puts the emphasis on building up the optimal σ by starting from a small base rather
than by pruning a large one which could be ill-conditioned;

2. It permits the computation to proceed while at the same time building up the
factorization (8), (9).

The solution of the unconstrained problem

min
h
‖has − b‖22

is

h = aT
s b

‖as‖22
.

Thus the norm bound κ must satisfy

κ < max
s

∣∣aT
s b

∣∣
‖as‖22

if a constrained solution is to be possible, and the appropriate choice of θs is

θs = sgn
(

aT
s b

)
where s is the maximizing index. The equations determining the solution of the constrained
problem are

aT
s ash − aT

s b+ µθs = 0,

hθs = κ .

This gives

µ =
∣∣∣aT

s b
∣∣∣− κaT

s as,

xs = θsκ .

It follows that the solution of this initial problem is sign feasible. Thus the next step
increases |σ | illustrating the building up of the approximation basis characteristic of this
initialization.
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4. Homotopy

The descent algorithm can only probe selection status information at a discrete set of
values of κ . This could prove expensive if this information is needed in fine detail for
0 � κ � κL S . In Osborne (1992) a piecewise linear homotopy is used to provide full and
easily computed information on the optimal trajectory in a regression quantile problem.
Based on this experience a homotopy approach to follow the trajectory of optimal variable
selections as a function of κ is investigated. To develop this consider the basic necessary
conditions (8), (9), (10):

U1xσ = c1 − µwσ ,

µv2 = BT c2 + µU T
12wσ ,

µ = wT
σ c1 − κ

wT
σ wσ

.

The optimization problem minimizes a strictly convex objective over a convex feasible
region and so has a unique minimizer for each κ . This implies that the trajectory must be
continuous. Thus, if

−µe < µv2 < µe, (15)∣∣xσ(i)
∣∣ > 0, i = 1, 2, . . . , |σ | , (16)

then this will be true also for points on the optimal trajectory corresponding to small
enough perturbations in κ . Differentiating the above necessary conditions with respect to
κ gives the equations

dµ

dκ
= − 1

wT
σ wσ

, (17)

U1
dxσ

dκ
= 1

wT
σ wσ

wσ , (18)

d(µv2)

dκ
= − 1

wT
σ wσ

U T
12wσ . (19)

The right-hand side of this system is constant provided the constraints (15) remain satisfied.
It follows that there must be an interval of κ in which the solution variables µ, xσ , µv2 are
linear functions of κ , and the optimality conditions are satisfied pointwise. A key question
is what happens at the end of such an interval when one of the constraints (15) becomes
an equality. If a break occurs through a component of xσ becoming zero then continuity
requires that the corresponding component of θσ augment v2 and then remain feasible by
moving away from its bound as κ increases. If a component of v2 reaches its bound of ±1
then it augments θσ , and the corresponding component of x is added to xσ and moves away
from 0. Note that this updating corresponds to the rule (14) for ensuring sign feasibility in
the descent method.

It is necessary to update or downdate the factorization (7) at each break point of the
trajectory in order to actually carry out the homotopy calculations. The update step is
considered here. It assumes that the break is caused by a component of v2 reaching a
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bound and releasing the corresponding component of x from zero. If an x component
reached 0 then the process must be reversed and the factorization is downdated. The
specific assumptions are:

1. |σ | = k < p,

2. |(v2)1| → 1 as κ ↑ κ∗, the critical value identifying the right-hand end of the
interval of validity of the current piece of the homotopy, and

3. the homotopy is restarted with the new state component being xk+1 and
corresponding sign φ.

REMARK 6 As with the descent algorithm, dependences can be removed from consider-
ation by restricting this test to components of v2 that correspond to columns of B with
norms exceeding a prescribed threshold.

The action here corresponds to freeing a component of x from zero and requires sweeping
out the appropriate column of B in order to add another row and column to U1. There
is no real restriction in the choice of (v2)1 to be the component reaching its bound, and
it simplifies the notation in the subsequent calculation because the column added to U1
is derived from the first column of the remainder of the matrix. The updating is done
conveniently using a Householder transformation:

[
I − 2

[
0
z

] [
0 zT

]] [
U1 U12
0 B

]
=




[
U1 [U12]1

π ‖[B]1‖2
] [

[U12]2
uT

]
0 B


 ,

where the quantities defining the transformation are

z = γ−1 (
[B]1 − π ‖[B]1‖2 e1

)
,

γ 2 = 2 ‖[B]1‖2
(‖[B]1‖2 − π ([B]1)1

)
,

π = sgn (B11), and where the notation is used that [G]1 denotes the first column of a matrix
G, while [G]2 is the remaining submatrix. Here [B]1 maps into a multiple π ‖[B]1‖2 of
the first unit vector while the remainder of the transformation gives

[B]2 →
[

uT

B

]
.

The change in the right-hand side is

c→

 c1

c11
c2


 ,

where

c11 = eT
1

(
I − 2zzT

)
c2,

= (c2)1 − 2

(
([B]1)1 − π ‖[B]1‖2

) (
[B]1 − π ‖[B]1‖2 e1

)T c2

2 ‖[B]1‖2
(‖[B]1‖2 − π ([B]1)1

) ,

= [B]T
1 c2

π ‖[B]1‖2
= µ

(
(v2)1 − [U12]T wσ

)
π ‖[B]1‖2

. (20)
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The last equation follows from equation (9) and expresses the condition that (v2)1 reaches
its bound when κ = κ∗:

µ (v2)1 = [B]T
1 c2 + µ [U12]T

1 wσ .

The updated index set is

σ = σ ∪ {k + 1} ,
and bars are used to denote updated quantities. To update wσ we have to select the correct
sign φ for xk+1. Then

wσ =
[

U−T
1

− [U12]T
1 U−T

1 /π ‖[B]1‖2 1/π ‖[B]1‖2

] [
θσ

φ

]
.

It follows that

wk+1 =
[
− [U12]T

1 w+ φ
]
/π ‖[B]1‖2 . (21)

Explicit calculations can now be made to verify continuity and sign feasibility. For
example, consider the updated state value

xk+1 = c11

π ‖[B]1‖2
− µ

π ‖[B]1‖2
eT

k+1U
−T
1

[
θσ

φ

]
,

= c11

π ‖[B]1‖2
− µwk+1

π ‖[B]1‖2
,

= µ(
π ‖[B]1‖2

)2 ((v2)1 − φ) . (22)

It follows that a necessary condition for xk+1 to be continuous with 0 when κ = κ∗ is

(v2)1 − φ = 0, (23)

and this is identical to (14) in this case. It remains to verify that this choice of φ ensures
sign feasibility when κ > κ∗. From (19) it follows that

dµ

dκ
(v2)1 + µ

d (v2)1

dκ
= − 1

wT w
[U12]T

1 w

whence

µ
d (v2)1

dκ
= 1

wT w

(
(v2)1 − [U12]T

1 w
)

.

It follows from (22) and (23) that

sgn

(
dxk+1

dκ

)
= sgn(wk+1) = sgn

(
d (v2)1

dκ

)
= sgn ((v2)1) .

Similar calculations can provide explicit verification of the continuity of µ and of the
components of v2 not at a bound.

Two useful properties of the homotopy are noted:
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PROPERTY 1 There are at most a finite number of steps in the homotopy. In particular, no
index set σ can repeat in the homotopy. This follows on noting that if σ is appropriate at
κ1 and κ2 then linearity forces it to be valid at all points in between.

PROPERTY 2 The sum of squares of residuals is monotonic decreasing as κ increases.
Differentiating gives

1
2

d ‖r‖22
dκ

= rT A
dxσ

dκ
,

= − 1

wT
σ wσ

µθT
σ U−1

1 wσ ,

= −µ < 0.

This suggests that the typical action as κ increases through a breakpoint is variable
addition.

REMARK 7 The following computation suggests a method for finding starting values for
the homotopy. Assume the component of maximum modulus of AT b is unique, and that
the corresponding index is s = 1. Then there is an optimal solution for κ small enough in
which only x1 �= 0. This is given by

σ = {1} , µ =
∣∣∣aT

1 b
∣∣∣− κaT

1 a1, x = θ1κ .

To verify this, write the Kuhn–Tucker conditions as[
aT

1
AT

2

]
(xa1 − b) = −µ

[
θ1
v2

]
.

The condition that the components of v2 lie in the correct range can be written

max
i>1

∣∣∣∣∣θ1κaT
i a1 − aT

i b∣∣aT
1 b

∣∣− κaT
1 a1

∣∣∣∣∣ < 1.

It is satisfied for small enough κ as a consequence of the assumption that there is a single
component of AT b of maximum modulus. The value of i for which equality holds for the
smallest value of κ > 0 determines the range of validity of this solution.

REMARK 8 The above discussion has assumed that a breakpoint in the trajectory occurs
by a single state or multiplier vector component changing status. However, the possibility
of a multiple change, although unlikely, has not been excluded. If this was to cause cycling
behaviour then a brute force remedy is to make a small increment in κ and then apply
the descent algorithm using the current values as initial conditions. Use of an analogous
procedure is discussed in Osborne (1992).

5. On problem scaling

Central to any consideration of variable selection is a requirement of scale independence
in the criteria for making the necessary selection choices in the preceding algorithms. The
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residual vector r is independent of the diagonal scaling of the columns of A for we can
write

r = Ax− b = AD
(

D−1x
)
− b.

However, scaling questions are important for x and hence necessarily have implications
for the norm constraint (3). For example, is it legitimate to start by scaling the columns
of A to have unit length in order to impose a form of comparability on the variables? Let
ai = Aei be the i th column of A. Use of the column scaled form of A corresponds to an
initial scaling of the constraint given by

κ −
p∑

i=1

‖ai‖2 |xi | � 0.

This form is invariant under diagonal scaling, and has the further advantages:

1. The scaling depends only on the structure of the set of basis functions and so is
independent of the particular vector of observations.

2. If κ is small then the first variable selected is the same as that chosen by the standard
stepwise regression procedure.

Column norms of the design matrix are scaled to have length 1 in our implementations of
both the descent and homotopy algorithms.

An alternative that could be considered is one that has been used to good effect in
implementing a version of the Levenberg algorithm for nonlinear least squares (Moré,
1978). This scales each component xi by |∇Fi | where F(x) is the objective function and
the weight |∇Fi | is evaluated at the beginning of the current step of the Levenberg iteration.
Clearly it is invariant to diagonal matrix transformations. Also, in the Lasso, the weights
can be evaluated at the initial point x0 because the design matrix is fixed. This gives the
modified constraint

κ −
p∑

i=1

∣∣∣r (x0)
T Aei

∣∣∣ |xi | � 0.

It reduces to

κ −
p∑

i=1

∣∣∣bT ai

∣∣∣ |xi | � 0, (24)

in the case that the initial value is x0 = 0. However, this form has the interesting
disadvantage that if the weights corresponding to (24) are chosen then the corresponding
initial step is degenerate in the sense that all variables prove to meet the selection criteria
of our algorithms.

6. Implementation

Modified Gram–Schmidt orthogonalization provides an elegant base for implementing the
above algorithms. The basic idea is to consider the tableau array

W =

 AT

1 AT
1 b I 0

AT
2 AT

2 b 0 I
−bT 0 0 0


 .
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At step i there will be (i − 1) orthonormalized rows corresponding to AT
1 in the above

partition. The next sequence of operations is as follows.

1. Select a row of AT
2 to act as pivotal row. Let this be (A2)

T
1 . Compute

d2
1 =

∥∥∥(A2)
T
1

∥∥∥2

2
.

2. Form the scalar products d1 j of the remaining rows of AT
2 (and including the last

row of W ) with the pivotal row. d1 j = (A2)
T
1 (A2) j .

3. Orthogonalize the pivotal row to each of the remaining rows (including the last row
of W ), but apply the operation to the full matrix W

(W2) j = (W2) j −
d1 j

d2
1

(W2)1 .

4. Scale the pivotal row

(W2)1 ← 1

d1
(W2)1 .

5. Repartition W by adding the pivotal row to W1.

At this point the following identifications can be made using the partial Q R factorization:

[
A1 A2

]→ [
Q1 Q2

] [
U1 U12

B

]
.

Modified Gram–Schmidt applied to A is equivalent to premultiplying AT by[
U−T

1 0
−U T

12U−T
1 I

]
.

Applying this transformation, suitably augmented to take account of the last row, to W
gives

W →




QT
1 c1 U−T

1 0

BT QT
2 BT c2 −U T

12U−T
1 I

r(xL S
σ )T bT Q1 QT

1 b
(
xL S
σ

)T
0


 .

Not only does the solution of the least squares problem defined by σ appear explicitly,
but quantities needed to implement the descent and homotopy algorithms can be derived
readily from the tableau. As an illustration note that


U−T

1

−U T
12U−T

1(
xL S
σ

)T


 θσ =




wσ(
wT

σ wσ

)
(d(µv2)/dκ)(

wT
σ wσ

)
µ+ κ


 .
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TABLE 1
Progress of homotopy, Hald data

κ µ x1 x2 x3 x4 x5

0·00 0·989 0·0 0·0 0·0 0·0 0·0
0·18 0·806 17·635 0·0 0·0 0·0 0·0
0·73 0·270 44·072 0·0 0·52433 0·0 0·0
1·02 0·9–2 52·270 1·4152 0·65726 0·0 0·0
1·04 0·2–4 48·203 1·6952 0·65692 0·24972 0·0
1·13 0·00 62·405 1·5511 0·51017 0·10191 −0·14406

TABLE 2
Multiplier vectors, Hald data

v1 v2 v3 v4 v5

1·0 0·8640 0·9917 0·8487 0·8226
1·0 0·8791 1·0 0·8401 0·8093
1·0 1·0 1·0 0·7684 0·8045
1·0 1·0 1·0 1·0 0·7077
1·0 1·0 1·0 1·0 −1·0

7. Numerical results

Results are presented for the homotopy algorithm applied to the Hald data set (Draper &
Smith, 1998). It is considered here as a data set with 13 observations and 5 variables in
order to show the intercept variable explicitly (it can be removed as part of a process of
centring and scaling in standard least squares regression). Here the intercept corresponds to
variable 1. This data set has been used as a good example to illustrate stepwise regression
procedures because it shows both variable addition and deletion with the test being an F test
for significance at the 10% level. The homotopy algorithm appears better organized. The
progress towards the solution is illustrated in Table 1. This gives the value of the homotopy
parameter κ , the multiplier µ, and the (unscaled) solution values x at the breakpoints. It
shows that only addition steps are taken, that the intercept term is added first, and that the
multiplier has already become small (0·9d − 2) by the time the fourth variable to enter has
been selected. If the computation had been stopped at this point then the xσ

L S corresponds
to the final solution of the stepwise regression. A check on the solution process is available
because when µ = 0 then x = xL S which is available from the tableau.

Table 2 gives the corresponding values of the multiplier vector v. It shows how the
values of θσ build up as the algorithm progresses.

An example that makes variable deletion steps in order to achieve sign feasibility is
obtained by considering the descent algorithm applied to the Hald data with the constraint
bound being given by κ = 1·03. The results, including unscaled solution values, are
given in Table 3. The initial steps correspond to stepwise regression steps which continue
until the current x violates the constraint bound. The implementation of the descent
algorithm allowed only for the second (downdating) option when a zero component of
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TABLE 3
Descent algorithm, constraint bound k = 103

# µ x1 x2 x3 x4 x5

1 0 95·423 0·0
5 0 117·57 −0·7382
2 2·661-2 95·924 0·0 −0·1023
3 2·281-2 81·874 1·7058 0·0 −0·0460
−5 5·529-4 54·4608 1·4848 0·6129 0·0
4 2·832-3 52·488 1·4529 0·6608 0·0 0·0

5·823-3 50·620 1·5288 0·6571 0·1012 0·0
x is encountered. It is interesting that the steps actually mirror the stepwise regression
computation reported in Draper & Smith (1998). In both cases variable 5 enters early
(actually as a stepwise regression step) and is replaced at the penultimate step.

8. Conclusion

Two algorithms of complementary nature have been presented for computing the Lasso.
Both appear capable of efficient implementation and prove effective in practice. The
descent algorithm can operate as a probe for solving the selection problem for a particular
value of κ , while the homotopy procedure gives global results. The descent algorithm
can be used to generate initial values as a preliminary to exploring particular ranges of
κ using the homotopy procedure. The functioning of the homotopy algorithm provides a
satisfactory explanation of the variable selection mechanism. The usefulness of the Lasso
depends on the successful development of an associated statistical theory. There is informal
evidence that this problem is attracting a good deal of attention.
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