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Abstract

Finding the sparsest solution to a set of underdetermined linear equations is NP-hard in general. However, recent
research has shown that for certain systems of linear equations, the sparsest solution (i.e. the solution with the smallest
number of nonzeros), is also the solution with minimal ¢' norm, and so can be found by a computationally tractable
method.

For a given n by m matrix ¢ defining a system y = @a, with n<m making the system underdetermined, this
phenomenon holds whenever there exists a ‘sufficiently sparse’ solution oy. We quantify the ‘sufficient sparsity’
condition, defining an equivalence breakdown point (EBP): the degree of sparsity of o required to guarantee equivalence
to hold; this threshold depends on the matrix @.

In this paper we study the size of the EBP for ‘typical’ matrices with unit norm columns (the uniform spherical
ensemble (USE)); Donoho showed that for such matrices @, the EBP is at least proportional to n. We distinguish three
notions of breakdown point—global, local, and individual—and describe a semi-empirical heuristic for predicting the
local EBP at this ensemble. Our heuristic identifies a configuration which can cause breakdown, and predicts the level of
sparsity required to avoid that situation. In experiments, our heuristic provides upper and lower bounds bracketing the
EBP for ‘typical’ matrices in the USE. For instance, for an n x m matrix &,, with m = 2n, our heuristic predicts
breakdown of local equivalence when the coefficient vector « has about 30% nonzeros (relative to the reduced
dimension n). This figure reliably describes the observed empirical behavior. A rough approximation to the observed
breakdown point is provided by the simple formula 0.44 - n/log(2m/n).

There are many matrix ensembles of interest outside the USE; our heuristic may be useful in speeding up empirical
studies of breakdown point at such ensembles. Rather than solving numerous linear programming problems per n,m
combination, at least several for each degree of sparsity, the heuristic suggests to conduct a few experiments to measure
the driving term of the heuristic and derive predictive bounds. We tested the applicability of this heuristic to three
special ensembles of matrices, including the partial Hadamard ensemble and the partial Fourier ensemble, and found
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that it accurately predicts the sparsity level at which local equivalence breakdown occurs, which is at a lower level than
for the USE. A rough approximation to the prediction is provided by the simple formula 0.65 - n/log(1 + 10m/n).

© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Traditionally, many practitioners in signal and
image processing observed strict basis monogamy;
they chose a fixed representation—Fourier, Ga-
bor, Hadamard, Wavelet—and stuck with it, come
what may. Recently, perhaps mirroring a loosen-
ing of traditional attitudes in other matters, some
practitioners experimented with serial basis mono-
gamy—choosing a new basis with each project [1].
Finally, coinciding with ‘postmodern’ attitudes in
general culture, some researchers call for a
rejection of monogamy altogether: advocating to
represent signals and images using several different
bases at once [1-3].

This approach faces an obvious immediate
difficulty, stemming from traditional notions of
linear algebra. If we have a signal vector y
containing n entries and B different orthonormal
bases, represented by n x n matrices @y, ..., g, the
matrix ¢ = [@, D,, ..., Pp] defines a linear system

V= b (L1)

any o solving this system of equations gives a
representation of y. Since @ is n by Bn, with B> 1,
there are many such «’s. By traditional attitudes—
for example, as symbolized by college-level in-
struction in linear algebra—this indeterminacy is
problematic.

Recently, researchers have embraced the variety
of solutions, seeing it not as an obstacle, but an
advantage, allowing to select from among many
solutions the sparsest one. Here sparsity is
considered an important objective per se, allowing
simpler description, more compression, or more
noise removal than a non-sparse solution.

In general the goal of finding sparse solutions to
underdetermined linear systems is known to be
NP-hard; it contains classic combinatorial optimi-
zation problems as subcases [4]. Against this, it has

been recently discovered that, at least for many
matrices @ of interest, if there is a sufficiently
sparse solution of (1.1), it can be found by
tractable convex optimization.

1.1. Equivalence phenomena

Let us formalize matters. Let @ be an n x m
matrix—not necessarily of the kind described
above—whose columns are scaled to unit norm
in 5%, and with m>n so that Eq. (1.1) is
underdetermined. For a vector y € R" we seek
the sparsest possible representation of y using
columns of @; this solves the optimization problem

(Py) min ol subject to do =y,

where the £° quasi-norm is defined as
lloellg = #{i : o; #0, 1 <i<m},

i.e, the ¢° norm measures the number of nonzero
elements in o.

In general solving (Py) involves combinatorial
optimization and is considered intractable. In-
stead, the basis pursuit approach [3] considers the
minimal ¢'-norm representation:

(P;) min|af; subject to ®o = y.

This poses a convex optimization problem, and in
principle is more tractable than (Py). In fact, when
working in the real setting, (P;) can be written as a
linear program and solved as such [3].

The equivalence phenomenon is the following:
there is a constant EBP(®) depending only on @ so
that whenever y permits a decomposition y = Pag
with oy having fewer than EBP (equivalence
breakdown point) nonzeros, then o is the unique
solution to both (Py) and (P;). This phenomenon
has been studied by numerous researchers in recent
years [5-14]. One stream of research [5-11]
showed, among other things, that if the Gram
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matrix T has all its off-diagonal entries smaller
than M, then EBP>(1+ M~')/2. Hence, even
though @ cannot have orthogonal columns (as
m > n), if they are all near-orthogonal, EBP can be
substantial; special examples can be given where
M =1//n while m=n> [15]; in a measure-
theoretic  sense, the case where M~
/2 log(mn)/n(1 + o(1)) is prevalent [6], and so

for large n and m, ‘most’” @ have

n
EBP(®,,,)> /m(l + o(1)). (1.2)

Thus, for many matrices @, if there are no more
than roughly O(y/n) nonzeros, solutions to (Po)
and (P;) are equivalent.

Candes et al. [13] and Candés and Tao [16]
started a new direction, by considering large
random matrices from the partial Fourier ensem-
ble. Starting from an m by m Fourier matrix, select
n rows at random, n<m. They showed that for
some >0, one typically obtains a matrix @ with

n
log(m)”

This made it clear that results far surpassing the
(1.2) case ought to be possible.

Donoho then considered matrices chosen at
random from the uniform spherical ensemble
(USE), i.e. collection of all matrices @ with
columns of unit length. Equivalently, for such
matrices the columns are chosen iid at random
from the unit sphere S"~! in R". He was able to
show that, if we consider a sequence (m,) of
problem sizes with m, < An for some 4 >0, there is
a constant p*(4)>0 so that for random @,

Prob{n 'EBP(®,,,)=>p*(A)} - 1, n— oo.

EBP(¢) >0

In words, for most large matrices, EBP(®,,,,) is
proportional to n. While it is possible to calculate
an explicit lower bound for p* based on the proof
in [14], it is pessimistically small. In the following,
we write simply EBP to denote EBP(®,,,,,) where
the meaning is clear from context.

1.2. Individual and local equivalence

The notion of equivalence behind the EBP is
both strong and difficult to quantify precisely. In

principle, to verify that EBP>k would seem to
require solving a huge number of linear programes.
For each possible support set of size k and each
pattern of k signs on that support, we would have
to run a linear program to check whether a
corresponding instance of (P;) had a unique
solution, equal to the known sparse solution.

However, this is more than one really wants to
know. In particular, one might be interested in one
of the following two questions:

e For a specific sparse o solving y = ®a, is this the
sparsest representation and the unique ¢!
solution?

e For a specific support set I, will every y
generated as y = o by a vector o supported
in 7, lead to a unique ¢' solution by that ag?

We call the first notion individual equivalence
and the second one, local equivalence. Clearly,
local equivalence at [ implies individual equiva-
lence at every o supported in [; just as clearly,
EBP > |I| implies local equivalence at I.

We are interested in what follows, only in
matrices @ which have columns in general posi-
tion, or equivalently, full Kruskal rank [17]. (A
referee asked that we emphasize that not all
matrices have columns in general position; thus
® = [IF] where I is the n x n identity and F the
n x n Fourier matrix, will not have columns in
general position when m is non-prime.)

For matrices with columns in general position, if
there is any solution o with fewer than n/2
nonzeros, then that solution is the unique sparsest
solution [6]. It follows that, if we have local
equivalence at I with |7|<n/2, then the solutions
of (Py) and (Py) are the same for every o supported
in I [14].

Definition 1.1. We say that local equivalence holds
for @,, at a specific subset [ if, for all vectors
y = ®uy with supp(ag) € I, the minimum ¢! solu-
tion to (Py) has o) = o.

As we have suggested, for any particular signal
of interest, we are only interested in whether local
equivalence holds for that signal. Global equiva-
lence, which is stronger, provides a guarantee that
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goes beyond what we need, as it refers to other /
than the one actually occurring.

We now turn to study the size |/| for which local
equivalence can hold. We focus on the ‘typical’ @
chosen from the space of n by m matrices with
unit-length columns. Equivalently, we consider a
random dictionary @ with columns chosen iid
from the unit sphere. For this dictionary, the
probability of the event ‘local equivalence holds
for I’ depends only on |I|.

Definition 1.2. Let Ej, = {local equivalence
holdsat I = {1, ...,k}}. The events Ey, are decreas-
ing with increasing k. The Local Equivalence
Breakdown Point LEBP(®,,,) is the smallest k
for which event Ej , occurs.

It holds trivially that EBP(®,,,,,) SLEBP(®,,,,).

We note that the event {LEBP>k} could be
verified computationally with far less work than
EBP, but that it would still require exponentially
many different linear programs (one for each sign
sequence on 1,...,k).

1.3. Empirical breakdown results

In a manner similar to that in which we defined
the notion of local equivalence, we can define
individual equivalence.

Definition 1.3. We say that individual equivalence
holds at a specific instance (y,®), if oy is the
sparsest solution to y = @« and if the minimum ¢
solution to y = @« is unique equal to op.

This of course is directly accessible to computa-
tion. We now give experimental evidence about the
size of |I| for which EBP of (Py) and (P;) observed
in practice; the experiment is similar to earlier
experiments in [5,13].

For n,m given, we generate an n X m matrix @,
with columns iid uniform on S"~!. We create a
sparse coefficient vector oy consisting of k non-
zeros. Specifically, we draw k values at random
from a uniform distribution on (0,1) and place
them on a random support set of cardinality k. We
then compute y = ®oy and solve (P;) for «. We
performed this experiment 50 times for different
values of k, and calculated the percentage of
‘perfect’ reconstructions, i.e. reconstructions where
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Fig. 1. Individual equivalence for the uniform spherical
ensemble. Panels (a)—(c) show percentage of perfect reconstruc-
tions versus the size of the support interval I for n = 1024,m =
2048,3072 and 4096, respectively.

o =09 to machine precision. We repeated the
experiment at each k,n, m combination.

Fig. 1 has results. Panels (a)-(c) display the
percentage of perfect reconstructions versus k—
the size of the interval I—for n = 1024 and m =
2048,3072 and 4096, respectively. We observe that
even for coefficient vectors with a substantial
number of nonzeros relative to n, the ¢'-norm
solution recovers the sparse solution correctly. In
addition, we note that the empirical breakdown
point decreases as 4 = m/n increases.

It seems clear from the above empirical results—
and others discussed below—that, for a given 4 =
m/n there is p;(A) so that |ja|ly ~ p;n marks a
‘phase transition” between absence and prevalence
of individual equivalence.

1.4. Performance prediction

In this paper, we describe a heuristic to derive
bounds p;+(4) with np,—(m/n)<LEBP<np;+
(m/n). We discuss the idea behind the heuristic,
which is to propose a problematic ‘bad guy’ and to
propose circumstances under which the ‘bad guy’
actually causes breakdown.

As we will see, our heuristic supplies bounds
which agree with the observable empirical
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behavior of solutions to (P;). For instance, for a
matrix @, ,, drawn from the USE, with m = 2n, we
get that p; +(2) ~ 0.33. In other words, breakdown
of local equivalence is predicted when the coeffi-
cient vector o has a fraction % nonzeros. Indeed,
this figure reliably reflects the observed empirical
behavior; see Fig. 1(a).

The heuristic is semi-empirical. It requires as
input a function vy describing the ‘scaling proper-
ties’ of the value of (P;) for random problems
where there is no a priori sparse representation.
This function gives the median value of (P;) across
an ensemble of randomly generated instances
(y,®) with different problem sizes n, m, in
which by construction the left-hand side y is pure
‘noise’. This function, which is of independent
interest, can be approximated by solving a series
of linear programs and then fitting a curve to
the results. For example, we find that a simple
form vo(m/n) =~ 0.78/+/log(m/n) fits well to the
USE. Armed with this approximation, the heur-
istic proposes simple upper and lower bounds for
the breakdown point, approximately taking the
form:

pr+(m/n) =~ cy /log(2m/n), cy = 0.44,

c_ =0.34.

1.5. Applications

We propose that the heuristic be used to
efficiently predict breakdown performances in
other matrix ensembles. Indeed, the heuristic is
derived here within the framework of the USE,
where it has a rigorous motivation, but empirically
it seems useful in many other ensembles of
matrices.

Several examples of such ensembles will be
discussed here, and many other can be envisioned,
particularly in the context of compressed sensing
[18,19]. In such settings m is fixed at the dimension
of an object to be sensed, # is variable and we need
to determine just how big »n should be in order to
get good results. We are thus confronted with the
problem of determining ‘how many’ nonzeros a
certain matrix ensemble can cope with before the
' reconstruction fails.

From a naive perspective, to determine break-
down properties would seem to require, for each
m, n operating point, a large number of experiments
trying many different sparsities in order to see at
what sparsity level equivalence breaks down. Then
it would seem necessary to try many s, n pairs to
obtain the desired performance characteristics for a
given known level of sparsity. In contrast, the
heuristic allows to predict behavior using a
relatively small number of experiments to determine
the typical value 9(m/n) of randomly generated ¢!
minimization problems. Relatively few m,n pairs
are necessary to determine the form of the needed
scaling and there is no need to cycle through large
numbers of vectors of different sparsity.

We illustrate this principle here in the case of
two random matrix ensembles seemingly quite
different than the USE: the partial Fourier and
partial Hadamard ensembles. We verify that the
function vy behaves differently in these ensembles
than for the USE and we obtain from this different
predictions which are lower than the USE case,
but still accurate for the case at hand. We also note
that the two ensembles, while both different from
the USE, behave similarly to each other, at least
concerning the scaling relation vo(m/n).

Another application of the heuristic is to
support further theoretical studies. Our observed
estimate vy suggests that a precise scaling relation
may hold, giving py +(m/n)~0.44/log(2m/n) at the
USE. This concrete prediction is testable theore-
tically, and the elements of the heuristic formula
seem theoretically tractable, although this journal
does not seem to be the suitable place for detailed
mathematical analysis. Perhaps this work will
inspire further theoretical investigations.

1.6. Contents

The rest of this paper is organized as follows.
Section 2 describes our heuristic formally, and
gives a numerical example of the ingredients that it
contains. Section 3 considers the key semi-empiri-
cal fact used in the heuristic, the behavior of the
value of (P;) on random non-sparse signals, as a
function of m/n. Section 4 reviews evidence
showing that our heuristic accurately predicts
LEBP. Section 5 considers generalizations to other
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matrix ensembles, namely the random signs,
partial Fourier and partial Hadamard ensembles,
finding surprising similarities and differences.
Section 6 has concluding remarks.

2. The heuristic

We describe a heuristic which assumes that a
specific ‘failure mode’ is responsible for break-
down of equivalence. If that is the case, then a
convenient formula allows to derive a predicted
range for the breakdown point.

2.1. Form of the upper bound

We start by defining a certain random ¢!
optimization problem. Let x be random and uni-
formly distributed on S"~! and consider the problem

(RP/(n,m))

Here @ is, as usual, drawn from the USE. Define the
random variable V,,,, = val(RP(n, m)), i.e, the value
of the objective function for the problem instance
(RP(n,m)). In [14], it was shown that, for m< An,
there is a constant #(A4) so that, with overwhelming
probability for large n,

Vi =n(A)/n.
Define the median

min |||, subject to Px = x.

v(n,m) = med{V, n};
for the median we also have

v(n, An) =n(A)/n.

There is numerical evidence, described below, that
v(n, An) - n='? = vo(A),

where v is a decreasing function of 4. In fact, from
[14,18] it is clear that, at the USE

vo(4) < 1/+/log(4),
Under the hypothesis that (2.1) holds, one has the
following:

Upper Bound for Breakdown of Local Equiva-
lence. Let p;+ = pp+(A4) solve the equation

2= JBna = 22)

n— oo, @.1)

A — 0.

Fix ¢>0; for n>ng(e) we anticipate that, with
probability exceeding 1 — ¢,

LEBP,,/n<p +(m/n) +e.
2.2. Derivation of the upper bound

Let I={1,....,k}cC{l,...,m},
n(pr+ + ¢). Suppose also that m — k> n.

With high probability, we will be able to
construct a vector oy supported on the fixed
support set I of cardinality & so that the convex
optimization problem (P;) generated by y = ®u
does not have its smallest objective value at o. As
n/2>k, oy is the unique sparsest representation of
y = ®oy and this gives an example where £'—£°
equivalence breaks down. The analysis exhibits a
perturbation of oy overwhelmingly likely to
increase the objective value.

For the given support set I, denote by @; the
n x |I| matrix containing just the columns of @
belonging to subset I (similarly for @). Let enin
denote the right singular vector of @; associated to
the smallest nonzero singular value. Because the
columns of @; are uniform on the sphere, ep, is
uniformly distributed on the sphere S*~! and so all
its entries are nonzero with probability one. Let o
be an m-vector which is zero outside the subset 7
and which on the subset  has entries proportional
to the negatives of the corresponding entries of ey;y.
In particular, outside an event of probability 0,

n/2>k>

OCO(i)emin(l.) < 0, i € I;

the two vectors have opposite sign patterns.
Consider the partial perturbation J; given by the
eigenvector epi, of q)}@ with smallest eigenvalue.
We now complete this to an m-vector 0.

Define the matrix @j containing just the
columns of @ belonging to subset I¢ outside the
support set 1. Suppose that m — |I|>n, outside a
set of probability 0, so that the columns of @
span R”. Construct the m-long vector 6 = (d;,d;¢),
where the component d;c off the support of Iis a
special vector obeying

@07 = —Ppedpe. (2.3)
Such vectors exist because the columns of @;c span

R" (m — k>n). Note that the constructed pertur-
bation direction § obeys @6 = 0.
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Our vector d;c is any solution of the linear
program

min ||d]; subject to @jcd = —P;0y, 2.4)

where the minimum is over vectors d € R" ¥
having entries associated with I°. Any solution
will satisfy (2.3), and, among all such vectors, have
the smallest attainable ¢' norm. This turns out to
make o the most clever perturbation for our
purposes.

Let y = ®&oy. We will show that o is not the
minimizer of the objective for (P;). Consider the
alternate representation

y =P +1-9),

where the perturbation direction was constructed
to obey @6 =0. It will turn out that for small
enough >0, |lag + 20|, <|l«|l;, i.e. the perturba-
tion decreases the objective value. Hence o is not
the solution of (P;), even though it is sparsely
supported.

For all sufficiently small >0,

log + 2+ 311y — llewolly = 2> sgn(oo(i)31(0)
iel
+1) 10,0
iel®
Now by construction d;(i) sgn(og(i)) = —|6;(7)|,
i € I. Hence for sufficiently small >0,

llotg + 2+ 0lly — Nlowolly = tCOselly — 0zll1)-
Hence, if we can show that
071l >N10se 1, (2.5)

then the perturbation ¢ #0 reduces the ¢! norm. In
words, the perturbation reduces the ¢! norm more
on the support of oy than it increases the norm off
the support of g, so it reduces the £! norm overall.

We now derive conditions under which (2.5)
must hold. ep;, is a uniform random point on
Sk, since @, consists of |I] points from the USE,
and the distribution of the eigenvector inherits the
rotational symmetry. It is an elementary fact that
for such a uniform random point,

1071 = \/% VI 1,(1 + op(1)), (2.6)

where op(1) denotes negligible order in probability
[20]. (Indeed a uniform random point of $¥~! can

be represented as a vector of standard Gaussian iid
N(0,1)’s that is then rescaled to lie on the unit
sphere. The identity (2.6) is transparent to rescal-
ing, while for a Gaussian vector the counterpart of
(2.6) is standard, amounting to

E\Z|=+/2/n, Z~N(0,1),
and the law of large numbers. The random point
d; generates v; = @;0; with
lorlly = (0] @] @152 = 7,/ 11012 2.7)
We now estimate the size of A.,;,. Using again
the fact that a random uniform point on the sphere
is, up to a random scaling by a y,, random variable,
a Gaussian iid vector, one can see immediately as
in [14,21] that Ay, is essentially the minimal
eigenvalue of a Wishart matrix, which has been
well-studied. Let p = |I|/n, we have [22]

Jmin = (1= p'/2) - (1 + op(1).

We now estimate the size of ||d;]|;. Note that v,
is a random point on a scaled copy of S"~!, and is
stochastically independent of ¢, for i € I°. We see
that the defining linear program (2.4) is in fact a
scaled version of RP(n,m — |I|) and therefore has
the same probability distribution as V', ,,— 5+ llvrll,.
By a standard concentration of measure argument,

|Vn,m - v(n,m)l = OP(\/E),

so we can replace V', by v(n, m) for our purposes.
Now if p>p;+, then by Eq. (2.2) we have

2
\/;ﬁwo(A —p)-(1—/p)
and consequently, Egs. (2.6) and (2.7) give

2 2
||51||1N\/; VIO, = \/;vpn||51||2

>/n-vo(d —p)- (1 = /p)logll

~v(n,m — [Dl[oglly~ 110l
Hence, for our specific choice of support and
specific perturbation,
07l > N0l (2.8)

Thus a small perturbation in the direction of ¢ can
reduce the ¢! norm below that of 0. As o is the
sparsest representation, £'—¢° equivalence breaks
down.
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Our derivation sketches the following condi-
tional result—the proof of which can easily be
made rigorous.

Theorem 1. Suppose that (2.1) holds in the follow-
ing sense:

V(l’l, An)_)PVO(A)’

with vo(A) a positive continuous decreasing function
of A. Fix ¢>0. The following is true for n>ny(e).
Consider a subset I chosen independently of ®
obeying |I|=(pr+ + e)n. With probability at least
1 — &, local equivalence fails at this 1.

n— oo, 2.9

This suggests that it would be interesting to
prove (2.9).

2.3. Numerical example

To illustrate the upper bound part of our
heuristic, we conducted experiments comparing
the predicted theoretical bounds and the empirical
behavior of some of the measures appearing in the
derivation. In each of these experiments, we fixed n
and m = A - n, and generated a random dictionary
@, from the USE. Letting k be the size of the
support I, we constructed the Gram minor @}(D,
and computed its smallest eigenvalue A, and
associated eigenvector en;,. We let é; = en,. For
clarity of illustration, we normalized J; to have
unit l-norm. We then computed v; = &6; and
solved Eq. (2.4). The result, ||0,c|l;, appears in
Fig. 2 as a function of p, along with the heuristic
prediction, for the case n = 1024, m = 2n.

Our heuristic seems to give a fairly tight bound
on the actual behavior of ||d;c||;. We observe that,
since ||0;]|; =1, the breakdown point is the
intersection of the curve with the horizontal line
1, which is indeed 0.33 for 4 = 2. Our prediction is
of course dependent on our assumed behavior for
the limit function vy(A); see Section 3.

2.4. The lower bound

There is an convenient quasi-lower bound
which, while seemingly accurate and computation-
ally tractable, is non-rigorous. (As we will see, a
rigorous bound would involve some difficult-to-
compute quantities.)

18,c 115 = v(n,m-k) - IIv,ll,

Computed
— - - Theoretical

0 0.05 0.1 0.15 0.2 025 0.3 035 04 045 0.5
p

Fig. 2. Illustration of the LEBP heuristic. The solid line shows
the empirical bound, and the dash-dotted line shows the
theoretical prediction for n = 1024, m = 2048.

Quasi-‘lower bound for breakdown of local
equivalence. Let p; - = p;-(A) solve the equation

P4y, (2.10)

(1=p)
Suppose m,/n — A as n — oo, we anticipate that
LEBP,,,,, /n=p1-(my/n) — ¢.

Under our heuristic, we predict the behavior of
LEBP simply by fitting a curve vo(4) summarizing
behavior of v(n, An), and plugging that into (2.10).
We keep in mind here that the upper bound is on
stronger foundation than the lower bound. In the
Appendix we give an explanation showing that a
rigorously supportable lower bound is smaller
than this bound by about a factor (1 — ./p)
(a weaker lower bound has been rigorously proven
in [14]).

3. Behavior of v(n, An)

We now directly study the limit behavior of
v(n, An)//n as a function of A. Our empirical
evidence suggests that this indeed tends to a
function vy(4) not depending on n. This comes
from the following simulation study. For n,m
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Fig. 3. Empirical estimate of the limit function vy(A) for the
uniform spherical ensemble.

given, we drew a dictionary ®,,, at random from
the USE, and computed V,,, the value of
RP(n,m). We repeated this experiment 20 times
at each specific (n,m) pair, taking the median at
each instance. For the purposes of this simulation,
we fixed n = 1024 and varied m in the range
[1024,...,6784]. To our empirical results we fitted
a decaying log-power law of the form
vo(A4) = C -log(A)~". The results are illustrated in
Fig. 3. In our experiment, a least-squares line fit on
the logarithmic scale resulted in the estimate

vo(4) =~ 0.78 - log(A4) 7.

As clearly evident in Fig. 3, our model
accurately reflects the behavior of the measured
data. We note, however, that the range of 4 we
considered in our simulations is rather limited.

4. Predictivity

Based on the estimate for vy(4) we obtained in
the previous section, our heuristic allows us to
predict the LEBP bounds p; +, p; - for given values
of the overcompleteness factor 4. Indeed, comput-
ing these bounds amounts to solving the non-
linear Eq. (2.2) or (2.10). We feel it would be
instructive to compare the heuristic predictions

with empirical observations. To that end, we
conducted the following simulation study. For
n,m given, we generated a dictionary ®,, at
random from the USE. In addition, we created a
sparse random coefficient vector o« consisting of k
nonzeros, in a manner similar to that describes in
Section 1.3. We then computed y = ®«, and solved
(Py) for a. We repeated this experiment 50 times
for each value of k and calculated the percentage
of ‘perfect’ reconstructions, i.e. reconstructions
where o = oy to machine precision. For each (n, m)
pair, we considered a range of values for k, and
computed the Empirical Breakdown Point to be the
smallest value of k for which we get 100% accurate
reconstructions.

The results of this simulation study are pre-
sented in Table 1, which compares predicted values
of p;+ and p; -, obtained using our heuristic, with
observed empirical values of the breakdown point.
We note that the heuristic values for
p1+(A4), pr-(A) indeed bracket the breakdown
points observed in our simulations, despite the
modest data sizes utilized.

To gain further insight about the breakdown
phenomenon for a wider range of 4, we computed
p1+(A) and p;-(A) for A in the range [1, 100] and
fitted each with a curve of the form C;/log(C,A4).
The least-squares fit resulted in the estimates

pL+(A) = 0.44/ log(2A4),

p1-(4) = 034/ log(2A).

These curves are depicted in Fig. 4, alongside the
computed empirical values. This figure can be

Table 1

Predicted versus empirical breakdown point for the uniform
spherical ensemble. p;+ and p;- are the heuristic bounds
defined by Egs. (2.2) and (2.10), respectively

n m A PL+ pL- Empirical
LEBP
512 1024 2 0.33 0.26 0.27
512 1536 3 0.24 0.18 0.22
512 2048 4 0.2 0.16 0.18
512 2560 5 0.19 0.14 0.16
1024 2048 2 0.33 0.26 0.26
1024 3072 3 0.24 0.18 0.2
1024 4096 4 0.19 0.14 0.16
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Estimates of p +/- (A) for the Uniform
Spherical and Random Signs Ensembles

0.5
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Fig. 4. Estimates of heuristic LEBP bounds. Solid curve shows
empirical breakdown values, dashed curve shows p; -, dash-
dotted curve shows p;+. The region below the p;- curve is
where perfect reconstruction is predicted by the heuristic.

interpreted as displaying a ‘phase transition’
phenomenon; the region below the p;- curve is
where the heuristic predicts that the £°—¢! equiva-
lence holds, whereas the region above the py+
curve is the ‘failure’ region.

5. Universality

Motivated by the apparent success of our
heuristic, we now turn to ask if it would work
for more varied dictionaries, drawn from different
matrix ensembles. We considered three ensembles:

e Random signs ensemble. Matrices in this en-
semble have entries +1/./n with signs chosen
independently and both signs equally likely.
This ensemble is known to be effective in
various geometric problems associated with
underdetermined systems, through work of
Kashin [23], followed by Garnaev and Gluskin
[24].

e Partial Hadamard ensemble. Matrices in this
ensemble are obtained by taking an m by m
Hadamard matrix and sampling n rows at
random. Such matrices are known to be

important for various extremal problems in
experimental design [25].

e Partial Fourier ensemble. Matrices in this
ensemble are obtained by taking an m by m
Fourier matrix and sampling # rows at random.
Such matrices were studied by Candeés et al.
[13]; see also [19].

We note, however, that many more ensembles
warrant exploration. Among these we count:

e Random spikes and sinusoids. Matrices in this
ensemble are obtained by taking a concatena-
tion of the m by m identity with the m by m
Fourier matrix, and sampling n rows at
random.

e Random spikes and square waves. Matrices in
this ensemble are obtained by taking a con-
catenation of the m by m identity with the m by
m Hadamard matrix, and sampling n rows at
random.

e Random orthogonal bases. This ensemble is a
generalization of the last two. Matrices in this
ensemble are constructed by concatenating A
random ortho-bases of dimensions n by n, so
that the resulting matrix is n by A4n.

In the following, we find that the heuristic
essentially provides a general scheme that can be
applied to such ensembles, bounding the behavior
of the LEBP.

5.1. Random signs ensemble

We studied the behavior of vy(A4) for the random
signs ensemble, as we did for the USE, and
obtained

vo(A4) ~ 0.78 - A7,

as Fig. 5 illustrates. This is nearly identical to the
fitted curve for the USE. Because our heuristic
depends only on vy(4), it predicts the same
breakdown points for the random signs ensemble
as for the USE, i.e. the figures in Table 1 and the
curves shown in Fig. 4 hold for the random signs
ensemble as well.

To verify our predictions, Fig. 6 displays the
percentage of perfect reconstructions versus k for
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Fig. 5. Empirical estimate of the limit function vy(A) for the
random signs ensemble.
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Fig. 6. Individual equivalence for the random signs ensemble.
Panels (a)—(c) show percentage of perfect reconstructions versus

the size of the support interval  for n = 1024, m = 2048,3072
and 4096, respectively.

the random signs ensemble, summarizing the
results of an experiment similar to the one
described in Section 1.3 for the USE case. Panels
(a)—(c) have plots for n = 1024 and m = 2048, 3072
and 4096, respectively. The empirical breakdown
points are similar to those observed for the USE,
and to our predictions.

5.2. Partial Hadamard and partial Fourier
ensembles

We now consider the partial Hadamard and
Fourier ensembles, which give results strikingly
similar to each other, but also different from the
other two ensembles.

We first ask if our heuristic even makes sense
here. Recall that in deriving the heuristic, we
implicitly assumed that the solution of (2.4) is in
fact Vyu_yr - lvrll,, where Vi, is the random
variable representing the solution of RP(n,m).
This assumption can be justified reasonable for the
USE and random signs ensemble, where different
columns of @ are stochastically independent.
However, suppose we generate @ by randomly
sampling rows of an ortho-basis, like a Hadamard
or Fourier basis. In that case, it is no longer trivial
to assume that the solution of (2.4) behaves as
Vipm—in - lvrll,. We now check this assumption.

We conducted the following experiment. We
generate a dictionary @ from the partial Fourier
ensemble, and a random vector y uniform on S"~!.
We then solve

méin I6]l; subject to @6 =y,

and denote the value of this problem v;(n, m). This
is the familiar problem RP;(n,m), only with @, ,,
drawn from a partial Fourier ensemble. In
addition, given a random subset I with |I| =k,
we pick y uniform on span{®;} N S"~!' and solve

m{sin I6]l; subject to @;cd =y,

denoting the value v,(n, m; k); this is the problem
appearing in (2.4), which we shall denote
(RPy(n,m; k)). For our heuristic to be valid on
the partial Fourier ensemble, we need v (n,m) ~
vo(n,m — k).

Table 2 summarizes our findings. We see that v,
and v, give very similar results, encouraging our
use of the heuristic when @ is drawn from the
partial Fourier ensemble.

An additional finding is given in Fig. 7, which
shows curves that were fitted to both sets of data,

using the model v(4) = C;/+/log(l + C,A4). The

differences are indeed negligible.
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Table 2
Comparison of solution values val(RPi(n,m)) and
val(RP,(n,m; k)) for the partial Fourier ensemble

n m my k val(RP, val(RP,
(n,m)) (n,m; k))
512 1024 1054 30 15.03 15
512 1024 1084 60 15.03 14.85
512 1024 1114 90 15.03 14.7
512 1280 1310 30 14.32 14.28
512 1280 1340 60 14.32 14.16
512 1280 1370 90 14.32 14.03
512 1536 1566 30 13.64 13.73
512 1536 1596 60 13.64 13.57
512 1536 1626 90 13.64 13.58
512 1920 1950 30 13.02 12.96
512 1920 1980 60 13.02 13.04
512 1920 2010 90 13.02 12.96
512 2176 2206 30 12.79 12.7
512 2176 2236 60 12.79 12.69
512 2176 2266 90 12.79 12.67
512 2560 2590 30 12.35 12.26
512 2560 2620 60 12.35 12.31
512 2560 2650 90 12.35 12.25
512 3072 3102 30 11.9 11.89
512 3072 3132 60 11.9 11.84
512 3072 3162 90 11.9 11.86

Similar results are obtained for the partial
Hadamard ensemble. Fig. 8 shows the curves
fitted to vi(4) and vy(A). Test curves were
generated in a manner similar to that described
above. Again, we see that the two sets of results
have numerically similar behavior. Further, we
observe that the limit function for the partial
Hadamard ensemble is nearly identical to the limit
function for the partial Fourier ensemble.

While the results for the partial Fourier ensemble
and the partial Hadamard ensemble are indeed
similar, the behavior of ¥y(A4) is markedly different
in these cases than the behavior seen for the uniform
and the random signs ensembles. This raises the
natural question: With this new behavior of 9y(4),
will the heuristic accurately predict the LEBP?

Indeed, our experiments show that when using
the obtained limit function, our heuristic reliably
predicts p;+(A4) and p;-(A4) for these two ensem-
bles. Table 3 summarizes our simulation results.

To gain insight about the behavior of the LEBP
bounds for a wide range of A, we followed the

Partial Fourier Ensemble

« Measured val(RP,(n,m))
v,(A) = 0.84 * log(1+2A)®

097 o Measured val(RP,(n,m))
__v,(A) = 0.84 * log(1+2A) %5

0.4 - . L . . .

1 2 3 4 5 6 7 8
A=m/n

Fig. 7. Comparison of the behavior of val(RP;(n,m)) and

val(RP»(n, m; k)) for the partial Fourier ensemble. The solid line

shows the curve fitted to v;(4), the dash-dotted line shows the

curve fitted to v,(A4).

Partial Hadamard Ensemble

« Measured val(RP,(n,m))
v,(A) = 0.84 * log(1+2A)*®
(

0.9r

©  Measured val(RP,(n,m))
— — V,(A) =0.84 * log(1+2A)°®

0.4 - - - - - -
1 2 3 4 5 6 7 8
A=m/n

Fig. 8. Comparison of the behavior of RPi(n,m) and
RP,(n,m; k) for the partial Hadamard ensemble. The solid line
shows the curve fitted to v;(4), the dash-dotted line shows the
curve fitted to v,(A4).

guidelines of Section 4 and fitted the model
Ci/log(l + C,A4) to the computed p;+(A4) and
pL-(A), yielding the approximations

pr+(A) = 0.65/log(1 + 104),
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Table 3

Predicted versus empirical breakdown point for the partial Fourier and partial Hadamard ensembles. p;+ and p; - were obtained by

solving Egs. (2.2) and (2.10), respectively

n m A pr+ PL- Empirical LEBP Empirical LEBP
(Fourier) (Hadamard)
512 1024 2 0.21 0.16 0.17 0.15
512 1536 3 0.18 0.14 0.13 0.12
512 2048 4 0.17 0.13 0.1 0.1
1024 2048 2 0.21 0.16 0.16 0.17
1024 3072 3 0.18 0.14 0.12 0.12
1024 4096 4 0.17 0.13 0.09 0.1
Estimates of p, +/~ (A) for the Partial g 100 ) T T T T T
Fourier and Partial Hadamard Ensembles £ 80t
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Fig. 9. Estimates of heuristic LEBP bounds for the partial
Fourier and partial Hadamard ensembles. Solid curve shows
empirical breakdown values, dashed curve shows p; -, dash-
dotted curve shows py+.

pL-(A4) = 0.47/1log(1 + 8.54),

for the partial Fourier ensemble (since the
estimates for the partial Hadamard ensemble are
nearly identical to the estimates for the partial
Fourier ensemble, these results hold for the partial
Hadamard ensemble as well). The results are
depicted in Fig. 9.

To better visualize the empirical breakdown
point for these two matrix ensembles, Fig. 10,
panels (a) and (b) show the percentage of perfect
reconstructions versus the support size || for the

partial Hadamard ensembles. Panels (a) and (b) show
percentage of perfect reconstructions versus the size of the
support |/| in the case n = 512,m = 1024 for the partial Fourier
and partial Hadamard ensembles, respectively.

partial Fourier and partial Hadamard ensembles,
in the case n = 512,m = 1024.

6. Conclusions

We studied the ensemble of n by m matrices @
which have unit-norm columns in ¢2, where
n<m<An. We considered the phenomenon of
£'—¢° equivalence; namely, that, for certain sparse
vectors o having (say) k nonzeros, a ‘typical’ n by
m matrix @, m<An, the data y = ®oq afford
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instances of problems (P;) and (Py) with the same
solution, namely oy. We identified three different
notions of equivalence—global: (for all ay with at
most k nonzeros); individual (most oy with at most
k nonzeros); local (most support sets supp(o) and
all vectors sharing that common support). The last
two notions—individual and local equivalence—
are important because they refer to computation-
ally verifiable (hence empirically measurable)
phenomena. We focus on the analysis of local
equivalence and give heuristic formulas suggesting
that (for large n) breakdown of local equivalence
happens for arbitrarily supported objects with &
nonzeros, in an interval defined by

pL-(m/m(1 —e)sk/n<pp+(m/n)-(1+¢),

with the lower bound being non-rigorously sup-
ported. These heuristic formulas were empirically
tested by an extensive simulation, generating many
random sparse vectors with different supports and
different degrees of sparsity and checking whether
the solution of (P;) was indeed the preferred
sparsest solution.

We see three possible applications of the heuristic:
first, in generating a simple approximate formula for
the breakdown point for matrix ensembles of
current interest; second, in the predicting break-
down points of new matrix ensembles; and third, in
suggesting new theoretical analyses.

In this paper we explored the application of the
heuristic to several matrix ensembles beyond the
USE. We applied the heuristic to the ensemble of n
by m matrices with random =1 entries, with
completely parallel results to the USE case. On
the other hand, for n by m matrices drawn from
the partial Hadamard and partial Fourier ensem-
bles, the heuristic formulas predict different break-
down points than the USE. The predictions are
systematically smaller but again accurate.

We also show that our heuristic formula can be
converted into rigorous in-probability bounds
simply by a rigorous proof of (2.9).
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Appendix

To understand why p;- cannot be rigorously
supported let us try to derive it along the lines of
the upper bound. Let oy be any vector with
support I, where |I|/n<p;-(m/n)—¢e. Consider
all perturbations J lying in the nullspace of @, i.e.
&6 = 0. We will show that every such perturbation
of oy increases the ' norm. Hence oy is the global
solution of the ¢' problem.

For small >0,

llowg + - 811y — llowolly = 7Y sgn(ao(@)3,(0)
iel
+1y 100
iel®
>+ (161l = 16711h)-
Hence, if
187> 15111y

for such a perturbation, it must increase the
objective value. It is needed to show that this to
hold for all such perturbations.

Note that for any perturbation,

011l < v/ 11011l

and, for v; = @,6;
21/2
llorlla = 222 1671,

As above, let p;- = p -(A4) solve Eq. (2.10).
Then, if k<n(p,-(m/n) — &) we have

611 < V011l = /prlldrla
<vn-vo(Ad—p)- (1= /pllorll
~v(n,m— Dol S 105

Here everything is on sound footing until the
symbol <. This is non-rigorous, because if we
looked closer at the underlying arguments we
would see that the needed quantity is not v(n,m —
|7]) but an alternate (and still smaller) quantity we
will call ¥(n,m — |I]; |1]).

To define this, let X; denote a random uniform
subspace of R" of dimension |[I|. Let
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ST = x;nS""!. Then
(RPy(n,m))

xesih

min ||a||; subject to ®o = x,

In short, we look for the smallest value of (RP;)
over all x’s of unit length in a random subspace of
dimension k. Define now V(n,m—|I|;|I|) =
med(val(RPi(n,m))); clearly ¥(n,m — |I|;|1])<
v(n,m — |I|). Supposing the existence of the con-
jectural limit

Vo(d, p) = lim (n, LAn — pn]; Lpn]), (A.T)

the formal solution p; - to

VP o4

G = i) (A2)
can be put on a rigorous footing. Thus, one could
show by the above arguments that, conditional on
(A.1), for sufficiently small ¢>0, and sufficiently
large n, for k<n(p — ¢) we have, with probability
exceeding 1 — e, the following display, uniform
in d;:

671l - (1 + &) <V(n,m — ks k)lloglla <l167e [l (1 — &).

This, as indicated above, would prove that any o
with support I must be the corresponding mini-
mum ¢' solution.

This more involved line of argument yields a
rigorously motivated lower bound p;-. Unfortu-
nately, V(n,m — k;k) is not directly accessible
to computation, although it is a geometrically
very natural and interesting quantity, associated
with Milman’s quotient of a subspace (QS)
theorem [26].

How much smaller is %(n,m — k;k) than
v(in,m —k)? An argument, based on the QS
theorem, suggests that the value of the solution
will be smaller by a factor (1 —+/k/n)log(n/k)
than the value of the solution of (RP;(n, m — k)).

In practice, we use p; -, which is computation-
ally accessible, trivial to compute in conjunction
with the upper bound p; ,, and roughly accurate.
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