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CENSORED DISCRETE LINEAR !/, APPROXIMATION*

R. S. WOMERSLEYt

Abstract. The censored linear [, approximation problem is to minimize the nonconvex piecewise linear
function F(x)=Y 7", |y; —max (z, x7a;)|. The problem arises in regression models where the range of the
dependent variable is restricted. Unlike the maximum likelihood and least squares estimators the censored
I, estimator provides a consistent estimator without an assumption that the errors are normally distributed.

This paper presents a compact characterization of the generalized gradient of F, and necessary and
sufficient conditions for a (strict) local minimizer of F. A reduced gradient algorithm for linear programming
and [, approximation is extended to provide a stable finite direct descent method for calculating a local
minimizer of F. This provides an efficient method of calculating the censored I, estimator.

Key words. censored /, approximation, censored LAD estimation, generalized gradient, reduced gradient
algorithm

AMS(MOS) 1980 subject classification. Primary 90

1. Introduction. The censored discrete linear I, approximation problem is to
minimize over x € R" the nonconvex piecewise linear function F:R" >R defined by

1.1) F(x)= g‘, |y; —max (z, x"a;)|,

where y;€R, z;eR and a;eR" fori=1,---, m.

The interest in this problem arises from the censored and truncated least absolute
deviation (LAD) estimators proposed by Powell [8] and [10] for regression coefficients
in two models with limited dependent variables—that is, regression models where the
range of the dependent variable is restricted to some subset of the real line. Consider
a linear process, where the dependent variable is restricted to be nonnegative, namely

(1.2) y:=max (0, X a; + &;).

Here X is the underlying vector of parameters to be estimated, ¢; are unobservable
errors and y;€R and a;€R" are observable data. The consistency of the maximum
likelihood and least squares estimators depends critically upon the assumption that
the errors are normally distributed. However the censored LAD estimator, that is the
global minimizer of (1.1) with z;=0Vi=1,---, m, provides a consistent estimator
of X which does not depend upon the functional form of the distribution of the errors.

An important feature of (1.1) is the generality obtained by taking z; arbitrary.
Thus the results of this paper apply to censored [, estimation (z; =0 Vi), truncated [,
estimation (z; = y;/2 Vi), general lower and upper bounds on the observed dependent
variable, as well as to standard I, estimation (z; = —o0 Vi). The results could also be
extended to regression quantile estimation [9].

One aim of this paper is to provide an efficient algorithm for computing the
censored LAD estimator, and thus remove a major obstacle to its use. For instance
Paarsch [7] published a simulation study of the censored I, estimator which uses a
grid-search method to minimize (1.1)! Although Powell’s proof [10] of the consistency
and asymptotic normality of the censored LAD estimator assumes the unique global
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minimizer of F is calculated, in practice only a local minimizer can be calculated as
F is not convex. However on some randomly generated test problems this seemed to
be a major difficulty only when m is of the same order of magnitude as n. When m » n,
as in most practical applications, the algorithm usually found the global minimizer of
F (see § 5 for further comments).

The following example [11] of temperature accelerated life tests on electrical
insulation in 40 motorettes illustrates the type of problem on which the algorithm can
be used. Ten motorettes were tested at each of four temperatures. Testing was terminated
at different times at each temperature giving the data in Table 1. The model fitted in
[11]is

lng H= il + 1000f2/(T+ 273.2) + g,

where H is the failure time and T is the temperature. At each temperature there is an
upper bound H, (the time at which testing was stopped) on the observed failure times,
so the logarithms of the observed failure times are given by

min (log,o H,, x;+1000x,/(T+273.2)+¢).

A problem with upper bounds on the observed variable can be converted into one
with lower bounds by changing the sign of the data y, z; and a,, as

|y: —max (z;, x"a;)| = |-y, —min (-z, —x"a;)|.

TABLE 1
Data for motorette example.

Test temperature T °C

150 170 190 200
Failure times H in hours 1764 408 408
2722 408 408
3444 1344 504
3542 1344 504
3780 1440 504
4860
5196
Termination time H, 8064 5448 1680 528
10 units 3 units S units S units

The next section considers the differential properties of F and establishes a concise
characterization of the generalized gradient  F(x) of F(x). Section 3 strengthens the
usual necessary conditions 0 € 3 F(x) of nonsmooth optimization (Clarke [5]) to provide
necessary and sufficient conditions for a (strict) local minimizer of F. The interpolation
result for /; approximation (see for example Watson [12, p. 119]) extends to censored
I, approximation. That is a global minimizer of F is characterized by n (when the
vectors a;, i=1,- -, m have rank n) linear equations r;(x)=max (y, z;) —a;x=0.
This reduces the search for a minimizer of F to a finite number of points.

A finite direct descent algorithm is developed in § 4. This algorithm is a generaliz-
ation of a reduced gradient algorithm for I, approximation, which in turn is simple
an extension of a reduced gradient algorithm for linear programming (see Osborne
[6]). The algorithm which is numerically stable, can be implemented in a convenient
tableau form for relatively small dense problems. An efficient algorithm, where for
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large m the number of operations per iteration is dominated by nm log m, can be
developed. For fixed n the number of iterations needed to find a solution appears to
grow slowly with m.

2. Differential properties. The function F defined by (1.1) can be written as the
sum of a nonconvex function and a convex function, namely
(2.1) F(x)= Y |y;—max(z,x"a)|+ ¥ -y +max/(z,x"a,).
iy;>z; ity =z;
The character of the component functions is illustrated by the following one-
dimensional examples. The situation where y;> z; is typified by the function f,(x) =
[1 —max (0, x)|, where y; =1, z, =0 and a, = 1, which is sketched in Fig. 1. The situation

where y; = z; is typified by the function f,(x) = max (0, x) where y,=0,z,=0and a, =1,
which is sketched in Fig. 2.

r %

x LS. VS S S

F1G. 1. A function with y,> z,. F1G. 2. A function with y, = z,.

It should be noted that for censored estimation problems with a lower bound z;
on the dependent variable

yi=max (z, XTa;+ &)=z,

Thus the inequalities y; = z; could be replaced by y; = z; in the definition of the sets
T';(x) below. However this does not produce any further simplification, so is not used
in the rest of the paper. Define the functions r;(x) by

(22) ri(x)=max (y, z)—x"a; fori=1,--+,m,

and the index sets [;(x), j=1,--+,5 by

I(x)={iel, -+, m:y;>z and x"a;=y;},

M(x)={i€l, -+, m:y;=z and x"a;=z},
(2.3) Ta(x)={iel, -+, m:y;>z and x"a,=z},

TJ(x)={iel, -+, m:x"a;>z and x"a;# y;},

Ts(x)={iel, -, m:xTa; <z}

As an example the nonempty sets I';(x) are marked on Figs. 1 and 2. Also define the
index set #/(x) by

(2.4) A(x)=T(x)UTly(x)={iel, -, m: r(x)=0}
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The sets [;(x), j=1, - -, 5 form a disjoint partition of {1, - -, m}, that is
5
UT(x)={1,---,m} VxeR"
j=1

Fi(x)NTj(x)=¢ Vi#j, VxeR"

A definition of the generalized gradient d F(x) (Clarke [5]) of a piecewise smooth
function F at the point x is

25) dF(x)=conv {ucR": 3 a sequence {x*} such that x* - x, VF(x*)

exists Vk, and VF(x*®)) > u as k- oo},

where conv G denotes the convex hull of G. For functions F: R" >R, dF(x) is a
nonempty compact convex set in R".

For i € I'y(x) the component functions |y; — max (z, x"a;)| are smooth (continuously
differentiable) in a neighbourhood of x, with gradient —6,a; where 6;=sign (r;(x)).
For i e's(x) the component functions |y; —max (z, x"a;)| =|y; — z| are also smooth in
a neighbourhood of x, but with zero gradient. The gradient g = g(x) of the smooth
component functions is thus

(2.6) gx)=— Y 6a.

iel4(x)
For ie (x) the component functions |y; —max (z, x"a;)| are nonsmooth, but convex
is a neighbourhood of x, with generalized gradients (subdifferentials) given by, for

iel(x)
d|ly; —max (z;, x"a;)| =conv{—a, a;} ={ueR™": u=—-ra, - 1=\, =1},

and for ieTy(x)
a(—y;+max (z; x"a;)) =conv {0, a;} ={ueR": u=—-\a, -1 =\, =0}.

For iel3(x) the component functions are nonsmooth and nonconvex at x with
generalized gradient

d|y: —max (z;, x"a;)|=conv{—a, 0} ={ueR": u=—-1a,0=,=1} for iel;(x).

As generalized gradients satisfy a(F,(x)+ F,(x)) < 8F;(x)+3F,(x), one has F(x) <
G(x) where G(x) is the nonempty compact convex polytope defined by

G(x)= { veR™": v=g(x)— Y Aa; where
ie A (x)UI'3(x)

2.7
|)«,-|é l,iel(x),-1=)1,=0,iel(x),0=\,=1,i¢€ I‘3(x)}.

F may not be convex, so the inclusion dF(x)< G(x) can be strict as the following
example illustrates. Let n=2, m=3, z7 =(0,0,0), y"=(1,2,2), a; =(1,-1), a; =
(1,1) and af = (-1, 3). The contours of F are sketched in Fig. 3, whilst the sets 9 F(x)
and G(x) at the point X7 =(3/2,1/2) are sketched in Fig. 4. At the point X' =
(3/2,1/2)T,={1,2}, T3={3} and ', =T, =T's = ¢. Thus the possible extreme values of
A in (2.7) are
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giving

o= (LT

However from (2.5) and Fig. 3 one can see that

_ =1[=27 1] o][-37[2
oFE) °°“V{ -—3] i o] =1 [—2_ [ 3 [O]}
which is a strict subset of G(X).
The following result gives conditions which ensure the equality of the sets d F(x)
and G(x).
LEMMA 1. Let A;=+1 for ieT'(x), \;=—1 or 0 for ieT5(x) and X,=0 or 1 for
i e'5(x). Define the set ¥()) by

FN)={weR": z=w'a; =y forieT(x) with ;=1

yi=wTa; forieT,(x) with \;=-1
z=w"a; for ieT,(x) with X;=—1 and i T5(x) with X;=1

o7Ta, = z; for ieT,(x) UT5(x) with A =0}



110 R. S. WOMERSLEY

Then 3F(x) = G(x) if and only if F(X) has nonempty interior for every A which corresponds
to an extreme point of G(x).

Proof. (a) Assume %(A) has nonempty interior for every A corresponding to an
extreme point of G(x). As dF(x)< G(x) one only has to show G(x)<dF(x). Note
that %(}) is the subset of R" in which the linear function specified by A is active, so
the gradient of this linear function is

t=g— Y Aa.
ie U3
Let xeint #(1), and set s=%—x. Then F(x+ as)= F(x)+adVa €[0, 1]; moreover
VF(x+ as) exists and VF(x+as) =19 for all « in (0, 1]. Thus from (2.5) € dF(x).
This holds for all extreme points ¢ of G(x) giving G(x) < dF(x).

(b) Assume 9F(x) = G(x). Let A correspond to an extreme point # of G(x), and
hence dF(x). Then from (2.5) there exists a sequence {x©'} such that x* > x, VF(x®)
exists for all k and VF(x'*¥) > as k->o0. As F is piecewise linear, this implies
# =VF(x™) for all k sufficiently large (x* # x). As VF(x®) exists, one has x**¥’ e
int #(\) for these k. O

If rank {a;: i€ o(x) UT5(x)} = n, then there are vectors A for which #(1) has an
empty interior. The sets dF(x) and G(x) are equal if and only if these A correspond
to points ¥ which are not extreme points of G(x). If I';(x) is empty, then F is convex
in a neighbourhood of x, so 3F(x) = G(x). Thus difficulties only arise at points where
I';(x) is nonempty.

A key tool in the development of optimality conditions in nonsmooth optimization
is the one-sided directional derivative F'(x; s) defined by

F(x+ as)— F(x)

b

F'(x;s)= lim

o
a->0

which exists for all x, seR" as F is a continuous piecewise linear function. For the
function (1.1) one has

(2.8) F'(x;s)=s"g+ ¥ |sTal+ ¥ max(0,s"a)— ¥ max(0,s"a).

iely(x) ielH(x) iel3(x)
As F may be nonconvex at points x where I';(x) is nonempty, one only has

! . < T
2.9) F'(x;s) _uggé) u's.

If T';(x) is empty, then (2.9) holds with equality.

3. Characterization of minimizers. The inclusion dF(x)< G(x) means that the
well-known necessary conditions 0€ 0 F(x*) [5] for x* to be a local minimizer of F
carry through to 0 e G(x*). However sufficient conditions are only immediately avail-
able when I';(x*) is empty, as then F is convex in a neighbourhood of x*. In that
case dF(x*) = G(x*) and 0 € G(x*) is both necessary and sufficient, whilst 0 € int G(x*)
ensures that x* is a strict local minimizer of F. Two one-dimensional examples; F;
with y=(1,1/2)7, z=(0,0)", a,=1, a,=—1/2 and F, with y=(1,1,2)", 2=(0,0,0)",
a,=2,a,=1, a;=1, are sketched in Figs. 5 and 6. F; has strict local minima at x = —1
with F; =1 and at x=1 with F,=1/2, whilst any x€[1/2, 1] is a local minimizer of
F, with F,=1.

When I';(x) is nonempty, the situation is more complicated. However one can
obtain an interpolation result similar to the discrete I, case where a solution is
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F1G. 5. Distinct local minimizers. F1G. 6. Multiple minimizers.

characterized in terms of the residual functions r;(x) which are zero. Define
A=[a;:ie A(x)]

LEMMA 2. Let x be a point with 0€ G(x) and rank(A)<n. Then F'(x;s)=0 for
all directions s satisfying s"A=0. Moreover if there exists an index keTy(x) with
a, & R(A), the range of space of A, then there exists a descent direction s with sTA=0.

Proof. As 0e G(x) there exists a vector A satisfying |A;|=1, ie}(x), —-1=1,=0,
iel(x),0=A;=1, iel';(x) and

g= 2 Aa;
ie A (x)Ul3(x)

Let s satisfy s"TA=0. If I';(x) is nonempty, then
sTg= Y As'a.
ieT5(x)
From (2.8)

F'(x;s)=s"g— Y max(0,s"a;)
iel3(x)

) [/\iSTai —max (0, STai)]
iel3(x)

Y o AasTa+ Y (L—1)sTa
iel'3(x) iel(x)
s a;=0 sTa,~>0

=0,

as 0= A, =1 for all i e [5(x). If T';(x) is empty, then s”A =0 implies s "g = 0 and hence
F'(x;s)=0. Now let keI';(x) be such that a, ¢ Z(A). If 0<A=1 and s is chosen
so that s7a, <0, then F'(x;s)<0. Alternatively if 0=, <1 and s is chosen so that
sTa, >0, then F'(x;s)<0. 0O

Note that if kel5(x), 0<A, <1, and a; £ R(A) then any direction s such that
sTA=0is a descent direction. It is only if A, is at one of its bounds that an additional
restriction needs to be placed on s to obtain a descent direction.

The significance of the above result is that in searching for a minimizer one need
only consider points where a; € Z(A) for all i e I';(x). Typically methods also involve
a line search, and the following result shows that only points where a new residual
r;(x) becomes zero need be considered in minimizing F along a line. Define

(3.1) I(x;s)={iel, -, m: r(x)(s"a;)>0}.
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LeMMA 3. Let s be a direction such that F'(x;s)=0. If I(x;s) is empty, then
F(x+as)=F(x) Ya=0. Otherwise any local minimum of F(x+ as) over a =0 is
attained at a point o; > 0 satisfying r(x+ a;s) =0 for some ie I(x; s).

Proof. Define

F'(x+a“s;s)= {lim_ F'(x+{s;s)=—-F'(x+as;—s).
The only points @ where F'(x + as; s) changes are those that satisfy either r;(x + as) =0

or (x+as)"a,=z for some ie {1, -, m}. Let a be a point at which only the second
of these conditions is satisfied, then from (2.8)

F'(x+as;s)=F'(x+a"s;s)— Y staa+ Y s'a
iel(x+as) iel3(x+as)
sTa;>0 sTa;<0

<F'(x+a7s;s).

Thus points a satisfying just (x+ as)”a; =z, need not be considered in looking for
minimizers of F(x + as). It is easily verified that there exists an a > 0 with r;(x+ as) =0
if and only if i€ I(x; s). If I(x;s)=¢ then F'(x+ as; s) is a nonincreasing function
of a=0. As F is continuous and bounded below by zero the only possibility is that
F'(x+as;s)=0forall «a=0. O

Solving r;(x+ a;s) =0 gives

o = max (y; z) -x"a

i

sTai ’ ieI(x;s),
as the points to be considered in a line search. These may include separate local minima
as well as points which do not correspond to minima of F(x+ as) (see Figs. 5 and
6). The global minimum may also be attained at other points.

Lemmas 2 and 3 enable one to obtain the following result, which states that when
the vectors a;, i=1,- -+, m have rank n (which is usually true as m » n in practice)
the global minimum of F is attained at a point characterized by n linear equations
r:(x) =0. This reduces the search for a global minimizer of F to a finite number of
points, which may also include nonglobal local minimizers of F (for example x = —1
in Fig. 5.). However certain nonglobal local minima are excluded (for example any
x <0 in Fig. 6). This result corresponds to the interpolation result for discrete I,
approximation (see for example Watson [12, p. 119]), remembering that r;(x) =0 if
and only if i€ A(x).

THEOREM 1. If the vectors a;, i=1, - - -, m have rank m,, then there exists a global
minimizer x* of F(x) with rank (A*) = m,, and hence f(x*)=T,(x*) UT,(x*) contains
at least m, indices.

Proof. Suppose % is a global minimizer of F with rank (A) < m, Then 0 G(X).
Let s #0 be a direction satisfying s”A=0. As rank (A) < m, there exists an index k
with k& /(%) and s"a, # 0. The sign of s can then be chosen so that r.(%)(s"a,)>0,
and hence ke I(x; s). Then F'(X;s)=0 by Lemma 2, and by Lemma 3 the minimum
of F(X+as) over a =0 is attained at a point a;>0 where r,(X+ a;s) =0 for some
ie I(x; s). This process can be repeated until rank (A)=m,. 0O

The following theorem strengthens the condition 0 € G(x) to provide necessary
and sufficient conditions for local minimizers and strict local minimizers of F. The
proof also illustrates how descent directions may be calculated. Let o™ denote o/(x*),
g*=g(x*) and so on.
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THEOREM 2. The point x* is a local minimizer of F if and only if there exist multipliers
A and u?, jeT¥ satisfying

(1)
(3.2) g =¥ \a, a= % na; Vjerly;
ieAd* ied*
(2)
A+ Y max (0, u)=1 Vie o*,
jeTy
(3.3) A+ Y max (0, —uY)=1 Viel¥,
jersy
A+ Y max (0, —u?)=0 Viel%.
jeTy

Moreover the point x* is a strict local minimizer of F if and only if the following condition
also holds.
(3) Theset of vectors a,, i € 4* such that all the inequalities (3.3) are strict has rank n.
Proof. (a) Suppose there exist multipliers A and u'”, j e I';(x*) satisfying condi-
tions (1) and (2). Now x* is a local minimizer of F if and only if F'(x*; s) Z0VseR".
Moreover x* is a strict local minimizer of F if and only if F'(x*, s)>0Vs#0, seR"
Now from (2.8).

F(x*;5)= ¥ [AsTa;+|sTa]]l+ ¥ [AsTa;+max (0, 57a;)]
iel'}

i *
iel'f

- Y max (0, )3 uE”sTa,-)

jel'} iesd*
(3.4) !
=) [/\i sign (s7a;)+m;— Y max (0, u” sign (sTai)]|sTai|
ied* jery
=¥ {ilsTaJ%O,
iesd*

where 7, = 1for i e '} and n; = max (0, sign (s "a;)) for i € I'¥. The last inequality follows
as {;=0Vie oA* from condition (2). Moreover if condition (3) holds, then ;>0 for
a set of indices i such that the corresponding vectors a; have rank n, and one obtains
F'(x*;5)>0Vs#0.

(b) Suppose x* is a local minimizer of F. Then 0e G*, so there exist multipliers
X such that

gk= 3 Aia;
ieg*UI%
As a descent direction cannot exist at x*, Lemma 2 implies there exist u‘” satisfying
aj = z [.ij)a, V] € F;k.
iesd*
Hence there exist multipliers A and u'”, jeI'# satisfying (3.2).
Now suppose there exists an index k€ &£* such that

. 1 kel¥
—oAt 0, ol >{ ’ L
T jez;'"g max (0, opi”) max (0, o), keT¥,

where o =+1 or —1. Let A be a subset of &/* such that k€ A and the vectors a;, i€ A
form a basis for &R(A). For i€ o* such that i A the multipliers A; and u{’, jeT'¥
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can be chosen arbitrarily whilst still satisfying (3.2). Let s be a direction satisfying
sTay=0 and s"a,=0 for i# k, i€ A. Also for all jeT# and ic #*/A let u{’ =0 and
A; = —sign (s"a;). Then from (3.4)

1, ke F;“]
max (0, o), kel%
This contradicts the fact that x* is a local minimizer of F, so establishing the inequalities
(3.3).

Finally suppose x* is a strict local minimizer of F. Then exactly as above one
establishes conditions (1) and (2). Suppose that condition (3) does not hold. Then
there exists an index k € «£* which satisfies (3.5) with equality, and a direction s such
that sTa, = o and s7a; =0 for all indices i for which the inequalities in (3.3) are strict.
One can then choose a subset A of &* such that ke A, the vectors a;, i€ A form a
basis for Z(A), and s"a; =0 for i e A/{k} implies s"a; =0 for all the indices i for which
the inequalities (3.3) are strict. Then following the proof above one has a direction s
such that F'(x*; s) =0, contradicting the fact that x™* is a strict local minimizer of F. [0

An immediate consequence of the inequalities (3.3) is that

Al=1 iel¥,
=1,
—1=A7,=0, iel%,

; *
AP E
jery l, iEI“zk.

— Y max (0, on$?) <0.

jer}

F'(x*;s)= o-/\k+{

This theorem includes the degenerate situation when the vectors a,, i € o* are linearly
dependent, in which case the multipliers A and p' are not uniquely determined.

4. Areduced gradient algorithm. As F is nonconvex, the censored [, approximation
problem cannot be posed as a linear programming problem, as the discrete linear [,
approximation problem can. Thus this section presents a direct descent method based
on the reduced gradient method for I, approximation. A detailed discussion of the
reduced gradient method, and its equivalence to the modified simplex algorithm of
Barrodale and Roberts [1], can be found in Osborne [6]. An equally viable alternative,
which is not considered here, is to develop a projected gradient algorithm based on
the work of Bartels, Conn and Sinclair [2] for the I, problem. Osborne [6] also gives
a comparison of the reduced and projected gradient methods for linear programming
and discrete linear I, approximation. Note that the distinction between the reduced
and projected gradient algorithms is only of importance whilst a complete active set
(one with n elements) is being built up.

Let vectors a;, i=1, - -, m have rank m, (in most practical situations m,=n as
m >» n). The basic idea is to generate a sequence of points satisfying sets of equations
r;(x) =0 for i € # (an approximation to &/*). The number of elements ¢ in # increases
until t=m,, and thereafter one element at a time is changed until # = «* and the
optimality conditions are satisfied. At each point x a step is made in a direction s
satisfying F'(x; s) =0 (usually F'(x; s) <0) and r;(x + as) =0forall or allbut one i € /.

Let # be an index set with ¢ elements such that # < &, and let

A=[a;ieM]=[aymnauex " Ayl

It will be shown later that, because of the way elements are added to /#, A always has
full rank. Define the n X n matrix B by

B=[A|E],
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where E comprises the columns of the nXn identity matrix chosen to make B
nonsingular. Let

H =span{a;: ic M}.

The reduced gradient algorithm is based on the fact that the vectors B~ e, for j=
t+1,---,n, where ¢;eR" is the jth unit vector, form a basis for the orthogonal
complement of H, and so provide a suitable basis from which to choose a search
direction.

Using the above notation a typical iteration of the basic algorithm can now be
given. Each step will then be discussed along with possible improvements. The
implementation of the algorithm along with its numerical properties is considered in
§5. ThesetsI';, i=1,---,5 are defined by (2.3).

Step 1. Calculate

(4.1) g= Y 6a,
iel'y
where 6, =sign (r,(x)) and r,(x) =max (y; z;) — x"a
Step 2. Calculate multipliers: solve

4.2) Bu=g for u,
and
(4.3) B =a; for v, jels.

Step 3. Check optimality
a) Calculate

(44) 5(0)=—ou+ ¥ max (0,00)=n(o), i=1,-:-,n

Jjers

where o =+1 and —1, and

1 if M(i)eT,and 1=i=1t,
(4.5) ni(o)={ max (0, o) if M(i)eT,and1=i=t,
0 ift+1=i=n
(4.6) y;=max (8,(1), 8,(-1)), i=1,---,n,
(4.7) p=argmax{y,i=1,--,t, 1y, i=t+1, -, n},
1 ify=m(1),
48 =
“9 7 {4 if o= mi(-1)

If v,>0 go to step 4.
If t=n STOP: Rank n termination.
b) If t<nand J={iel,---,m: y;>z;>x"a;}# O set j=J(1) and

(4.9) (i) Solve Bt =a,

(ii) Let
(4.10) p=argmax {|5Y|, i=t+1,- -+, n},
(4.11) o, =sign (8Y).

(iii) If |65°|> 0 go to step 4
cherwise select next je J and go to (i).
If 57=0Vi=t+1,--,n and VjeJ STOP: Rank deficient termination.
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Step 4. Compute search direction

(4.12) s=0,B e,
Step 5. Line search
(4.13) I={iel, - ,m:ig M r(x)(a]s)>0},
(4.14) @ = "'(f ) foricl
a;s
(4.15) =argmin {F(x+ a;s), i€ I}.
q g

Step 6. Update X,ew = X + a,s.
If p=t then M,.,,= M+{q}—{p}
otherwise M., = M +{q}.
Update B and go to Step 1.

Given a starting point x the algorithm is initialized by setting # = J, so t =0 and
B=1, (the nxn identity matrix). Step 1 calculates the gradient of the component
functions |y; —max (z, x"a;)] which are smooth at x, whilst step 2 calculates the
multipliers 4 and v" for jeT';. The usual situation is that T'; is empty, in which case
steps 2 and 3 simplify considerably. Step 3 then checks the optimality conditions (3.2)
and (3.3), and if they are not satisfied calculates the index p by an unnormalized
steepest edge test so that the direction s in step 4 is a descent direction. Step 5 then
calculates the next point by a line search along s, where from Lemma 3 the minimum
is known to lie at one of a finite number of points.

Step 3 needs further discussion. Consider the nondegenerate case where M = &,
that is (x?) = & where x'® is the starting point and the index q calculated in step
5 is uniquely determined. For the search directions s defined by

(4.16) sP=oB"Te, i=1,---,n,
where o = +1, (2.8), (4.2)-(4.5) yield
F'(x;s9)=-8(0) fori=1,--- n.
If the index p is chosen by
p=argmax{y,i=1,---,n},

with o defined by (4.11), then the search direction s‘? minimizes F'(x;s”) over
i=1,-++,nand o =+1.1If y,>0, then F'(x; 5'P) <050 5P corresponds to the steepest
descent edge direction.

The first part of the optimality conditions is that there exist multipliers satisfying
(3.2), that is g H and a;€ H for all jeTI';. This is true if and only if

;=0 and v’=0 Vjel,, fori=t+1,---,n,
or equivalently if and only if
v:=0, i=t+1,---,n

Note that y,= || for i=t+1,- - -, n with equality if and only if I'y = ¢. The factor 7
in (4.7) is a positive weight (typically 7=100) to ensure that the columns of E are
favoured for deletion until y;i=¢+1, - - -, n are all small or ¢t = n (the usual situation).
This permits relaxing off active equations r;(x) = 0 when a very large negative directional
derivative would result, before (3.3) is satisfied.
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If t=n and y;<0, i=1, - -, n then the sufficient conditions are satisfied and x
is a strict local minimizer of F. However if ¢t <n then x can be a local minimizer, but
there exists a nearby point with the same function value and at which there is a descent
direction. This is only likely to occur with relatively small values of m or poor choices
of starting point, a typical example being any point x <0 in Fig. 4.

Step 3b) thus checks to see if there are any directions along which a line search
will result in an increase in t without increasing F. This ensures that t = m, =rank (a,, i =
1, - -, m), so excluding certain types of nonglobal local minima. Let

J={jel, - ,my;>z;>x"a},
and for every je J let
KP={iet+1,---,n:a]s?”#0}

For any i€ K a line search in the direction s‘” defined in (4.16) with the sign o
chosen so that a]s*”>0 will increase ¢ without increasing F. For i€ K/ let

(4.17) B = min {%@Jej}
where o is always chosen so that a]s”>0. If
BY <min {a;: l€ I(x; s™)},
where I is defined by (3.1), then as t+1=i=n F'(x; s”) =0, moreover
F(x+as?)=F(x) VYae[0,B8"]
and
(4.18) F'(x+pPsW;59)=afs® <0,

where k is the index which achieves the minimum in (4.17) (if k is not uniquely defined,

there will simply be more negative contributions to (4.18)). As the set J can be large,

step 3b) simply finds the first je J for which K is nonempty. The search direction

chosen is that which would give the most negative directional derivative (4.18).
Finally the updating of B must be considered. Let

B=B+[a,— Be,le;.
In order that the structure of B is preserved
Bnew = ER

where if 1+ 1= p = n then P is the permutation matrix which corresponds to swapping
the pth column of B with the (¢+1)st. Otherwise P is the identity matrix.

LemMA 4. If B is nonsingular, then B,.,, is nonsingular.

Proof. B,.. is nonsingular if and only if B is nonsingular. Now

B=B(I+[B'a,—¢,le}).
The result follows as
det (I+[B'a,—e,Jel)=1—e) (B 'a,—e,)=e, B 'a, =sign (u,)s"a,#0. O
As B is initially the identity matrix, all matrices B are nonsingular.

In the nondegenerate case the above algorithm is finite, as on every iteration either
F decreases or if F does not decrease ¢ (the number of elements in ) increases. Thus
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as t never decreases, the sets /# never repeat. As there are only a finite number of
possible sets # the algorithm must terminate in a finite number of iterations.

The degenerate case arises if / is a strict subset of &, in which case the direction
s generated in steps 3a) and 4 may not be a descent direction. Some allowance for
this can be made by changing the definition of I in (4.13) to

(4.19) I={iel,--- ,m:ig M, s"a,#0 and ri(x)(s"a;)=0}.

It is then possible for (4.14) and (4.15) to produce a, =0, so that an element in / is
exchanged without F decreasing. In this case it is theoretically possible for the sets
M to cycle. However the various techniques available for resolving degeneracy in linear
programming can be extended to remove this difficulty.

Some remarks should be made on the use of the unnormalized steepest edge tests
(4.4)-(4.7) used to calculate a descent direction. The use of (4.7) assumes that v,
i=1,---,n are of comparable magnitude, and calculates p by computing a minimum
over unnormalized directional derivatives F'(x;s). If these are normalized so that
|ls|| =1 one obtains

TYi
1B~ e

(4.20) = argmax Y - 1,---,¢
p g

i=t+1,---,nf.
1B el ' ’ }

This test can be computed economically by setting up a recursion for the quantities
(4.21) xi=|B "el?, i=1,---,n

One obtains

(422) X‘ilew =Xi— 2.z:ip¢i + §2ipo
where
(4'23) ¢=B_1(B—Tep)a l/l= B_laq and lipz(l//i_aip)/‘l'p

where §8;, is the Kronecker delta. A complete discussion of the relative merits of
unnormalized and normalized steepest edge tests in the context of linear programming
and [/, approximation can be found in Osborne [6].

Although conceptually one of the simplest, step 5 of the algorithm, the line search,
is one of the most time-consuming steps for large m, as the number of elements in I
in (4.13) is often a significant fraction of m (see § 5 for more comments). A more
efficient line search algorithm can be developed as one knows the points at which the
slope of F(x+ as) changes and the amount by which it changes. These are the points
a;, i€l given by (4.14) and (4.19) where a minimum may occur, and at which the
slope changes by

2ls7a;| if y;> z,
424 A i)= .
(4.24) gla) {IsTaiI ify, =z
The only other points where the slope changes are given by
z,—x"a, .
= 1 1 f . e I’
(4.25) B; Ta, or i

where

(4.26) I={iel, -, m:y,>z and (z;—x"a;)s"a;> 0}.
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At these points the change in slope is given by
(4.27) Ag(B) = —|s"ajl.

A local minimizer along the line is characterized by the slope changing from nonpositive
to positive upon passing through that point. Let n; denote the number of elements in
the set I The partition sort techniques of Clark and Osborne [4] can be used to find
an o; corresponding to a local minimum of F(x+ as) in O(n;) operations. This has
the disadvantage that the algorithm is then slightly more likely to converge to a local
minimum rather than a global minimum of F. Alternatively if one requires the global
minimum along the line, as in step 5 of the algorithm, the «;, i € I must be completely
sorted. This can be done by a QUICKSORT algorithm taking O(n; log n;) operations.
In either case one only needs a partition sort of the B;, i€ I, as for any ke [

(4.28) F(x+as;s)=—y,+ L Agla)+ ¥ Ag(B).

il =ay iBi=ay

5. Implementation and numerical experience. Osborne [6] gives a convenient
tableau representation for relatively small dense I, problems, which can be extended
to censored [, problems in the following way.

(5.1) W=[In|AF]’

where

AF =[ala az, -, am]a
and let
T
w

T T
=[x®7[r %7,

where x* is the point on the kth iteration and r™ is the corresponding vector of
residuals r{® —max (y, z;) — alx®. Also let

B = [0y
where L™ is unit lower triangular and U is upper triangular. Define

wk = 7 w.
The key point is that at each stage one works with the tableau W, The multipliers
u™ satisfying (4.2) are calculated by solving

U®Ou® = g
by backsubstitution, where

g(k) — Z ogk)L(k)_'ai.
iery®
Note that the vectors L)™' g; are just certain columns of W), Also as U = L% ™' B®)
the columns of U'® are simply those columns of W which correspond to the columns
of W forming B‘*). The vectors v'** satisfying (4.3) are similarly given by a backsubsti-
tution to solve
() (k) _ 7 ()~
Uo7 =L" a,.

To calculate the search direction, one computes

§Uk) = )T, _ T (k)
§sV=o0,U =L s,
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which involves a forward substitution with special structure from the unit vector e,. Then
A T
Aw®T = Tyl = gy - [s(k)T|s(k)TAp].

The line search (4.13)-(4.15) requiring r* = w', and a/s™ = Aw'?; provides the

steplength a{ and the column a, to be pivoted into B”. The vector w'*’ is updated
by

wk D = w4 g AW,

The factors of B are updated by the Bartels-Golub scheme [3]. W® must be updated
when the pth column of U'® is deleted and L'®" a, is added. After the appropriate
column shifts one has

rr(k) k k k k k)~ !
GO =[UP - UR, U, - URLO g ],

The subdiagonal elements U Eii),,i fori=p+1,---,n are zeroed by row operations to
produce U**Y. If necessary rows are interchanged to ensure that the multipliers in
the elimination do not exceed one in magnitude. This ensures there is no unnecessary
growth of rounding error. It also means that L' can lose its lower triangular structure,
which causes no difficulties as L'® is never explicitly used.

The quantities (4.22) and (4.23) required to implement the normalized steepest
edge test (4.20) can also be efficiently calculated. The details are omitted as the following
numerical results refer to the basic algorithm with the unnormalized steepest edge test
(4.4)-(4.8) and the basic line search on function values given by (4.13)-(4.15).

To test the numerical performance of the algorithm, some pseudo-random censored
estimation problems are generated by the following procedure. A vector X is produced
by taking X;€ ®&[aq, b], i=1,- -+, n, where R[a, b] generates a sequence of numbers
uniformly distributed on [a, b]. The input invectors a;, i=1, - - -, m are generated in
a similar manner. With error terms ¢; € ®[ a,, b.], the observed data values y; are then
generated by (1.2). The algorithm described in § 4 is then used to calculate a local
minimizer of (1.1) with z;=0, i=1,---, m.

For each value of n and m 10 different problems were generated, and for each
problem the algorithm was applied from 10 different starting points generated by
xYe R[a, b]. The results with a=—-10, b=10, a,=—5 and b, =5 are collected in
Table 1. The reported figures are the minimum number of iterations, the median number
of iterations and the maximum number of iterations taken to converge to a local
minimum. A figure in brackets indicates the number of nonglobal local minima found
and the number of times the algorithm converged to a nonglobal local minimum out
of the total of 100 runs for each value of n and m. Only problems with m>n were
solved, whilst time restrictions limited the results available for the larger values of n
and m.

If the problem has a nonglobal local minimum, then it was usual for several of
the starting points to produce convergence to it. Unfortunately there seems to be no
way of verifying that a point is a global minimizer, even for the very special case where
a;z0and y;=zz; fori=1,---,m

It was previously remarked that the line search (4.13)-(4.15) based on function
values is expensive as the number of points «; to be checked is usually a significant
fraction of m. For the problems in Table 2 the average number of points in the line
search is around m/2. Thus the line search requires O(m?) operations. For large m
the rest of the algorithm requires O(nm) operations, which is dominated by the line
search. Hence a more efficient line search based on a sorting algorithm and the changes
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TABLE 2
Results for some random censored estimation problems.

m 2 5 10 15 20 25
10 2 35 5 69
(7,14)
20 2 47 5 813 10 13 18 15 15 20
(1,2) (14,24) (39,43)
40 2 47 6 11 21 13 20 28 19 25 29 20 28 46 25 27 39
(1,4) (2,4) (32,38) (62, 67)
60 2 47 613 21 18 24 34 21 33 44 25 39 54 3143 71
(4,18) (2,4) (2,4) (5,18) (12,21)
80 2 48 813 20 18 27 37 27 38 49 32 46 63 41 50 69
(1,2) (3,12) (1,8) (1,2) (4,13) (3,10)
100 2 49 8 14 25 20 29 41 29 41 58 38 52 71 45 59 79
(1,1 (3,15) 2,7 (3,6) (1,1
200 2 510 11 18 27 22 36 51 37 52 66 51 69 90 72 90 113
(2,6) (2,12) (3,8) (1,3) (2,8)
400 3 712 11 20 36 31 43 59 48 65 89 68 87 113 | 80 103 126
(1,3) (1,3) (2,14) (4,14)
600 3 611 9 22 30 32 45 63 55 70 93 74 95 116
(1,3) (1,2) (1,1
800 2 612 14 23 32 33 49 70
(1,2) 9,23)
1000 3 710 13 23 33
(1,4

(4.24) to (4.28) in the directional derivative, which would require O(m) or O(m log m)
operations, should be used.

Finally to check consistency (x} - X as m -» oo, where x} is the global minimizer
of (1.1)) and vm-consistency (/m || —x%|| is bounded in probability) the average
values of ||X¥—x¥%| for n=5 (which is typical of the other values of n) for the 10
different problems of Table 2 are listed in Table 3.

TABLE 3
Average values of ||x¥ —X| for n=5.
m 10 20 40 60 80 100
[lx¥ = %|| 4.324 679 .389 277 .290 255
Jm f|xk = %| 13.7 3.04 2.46 2.15 2.59 2.55
m 200 400 600 800 1000
|_|xﬁ =X 179 147 130 .099 .095
Jm || x¥ - | 2.53 2.94 3.18 2.80 3.00

Finally Table 4 gives the results for the motorette example given in § 1. For this
problem the function (1.1) has a nonunique global minimizer, so the points listed in
Table 4 are the global minimizers x* characterized by r;(x*)=0 for i € #(x*). From
all starting points tried the algorithm converged to one of these points in 2 or 3
iterations. Note that observations with identical data values z, y; and a; were grouped
together to minimize the effects of degeneracy. The iterated least squares solution
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reported in [11] is x*=(—5.818, 4.204)7, whilst the maximum likelihood solution is

x*=(-6.027, 4.314). Both these points are very close to the convex hull of the points
in Table 4.

TABLE 4
Global minima for motorette example.

A* x¥ x¥

1,6 -3.386 3.086

1,7 967 2.062
6,13 —4.578 3.615
6,15 -5.054 2.826
6,16 —4.855 3.737
7,15 —6.022 4.303
7,16 -5.822 4214
13,15 -5371 3.982
13,16 -5.039 3.828
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