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better agreement, four broad diffraction peaks
alone are insufficient for uniquely constraining
the low-symmetry structure and bond lengths.
Nevertheless, x-ray diffraction data provide ad-
ditional information supporting the conclusion
obtained from the IXS observation of �-�
bonding change that the cold-compressed
graphite is a new, distinct phase of carbon.

We observed exceptional hardness in the
new phase, as indicated by the broadening of
the ruby fluorescence lines. After releasing
pressure from the high-pressure phase (with-
out He pressure medium), the graphite sam-
ple left a ring crack indentation (9) on the
diamond anvils following the original bound-
ary of the sample in the gasket (Fig. 3). In
normal DAC operation, ring cracks have only
been observed when a diamond anvil is in-
dented by another superhard material, such as
an opposing beveled diamond anvil. The oc-
currence of ring cracks indicates that the

high-pressure form of graphite is harder than
the strong materials commonly used in a
DAC, e.g., rhenium gaskets, ruby crystals,
and refractory oxides. The reversible, orders-
of-magnitude change in strength from very
soft graphite to superhard materials offers a
possibility for intriguing applications as a
pressure-dependent structural component (for
instance, a composite gasket for high-pres-
sure apparatus) (9).
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Always Good Turing:
Asymptotically Optimal
Probability Estimation

Alon Orlitsky,1,2* Narayana P. Santhanam,1 Junan Zhang1

While deciphering the Enigma code, Good and Turing derived an unintuitive, yet
effective, formula for estimating a probability distribution from a sample of
data. We define the attenuation of a probability estimator as the largest
possible ratio between the per-symbol probability assigned to an arbitrarily
long sequence by any distribution, and the corresponding probability assigned
by the estimator. We show that some common estimators have infinite at-
tenuation and that the attenuation of the Good-Turing estimator is low, yet
greater than 1. We then derive an estimator whose attenuation is 1; that is,
asymptotically it does not underestimate the probability of any sequence.

In preparation for your next safari, you ob-
serve a random sample of African animals.
You find three giraffes, one zebra, and two
elephants. How would you estimate the prob-
ability of the various species you may en-
counter on your trip? A naı̈ve, empirical-
frequency, estimator may assign probability
1/2 to giraffes, 1/6 to zebras, and 1/3 to
elephants. But the poor estimator will be
completely unprepared for an encounter with
an offended lion.

To address this unseen-elements problem,
Laplace (1) proposed adding 1 to the count of
each species, including to the collection of
unseen ones, thereby assigning probability (3 �
1)/10 � 0.4 to giraffes, (1 � 1)/10 � 0.2 to

zebras, (2 � 1)/10 � 0.3 to elephants, and
(0 � 1)/10 � 0.1 to unseen species. The
Laplace and other add-constant estimators have
since been applied and studied extensively.
In particular, the add-half, or Krichevski-
Trofimov (2), estimator was shown to possess
certain optimality properties when the number
of possible elements is fixed and the sample
size increases to infinity (3, 4).

However, when the number of possible
elements is large relative to the sample size,
add-constant estimators are lacking (5). Sup-
pose that during your safari trip you evaluate
the distribution of animals’ DNA sequences.
You observe a large number n of animals and,
predictably, find that each has a unique DNA
sequence. You therefore have a sample of n
sequences, each observed once, from which
you would like to estimate the distribution of
all sequences. An add-c estimator would as-
sign probability (1 � c)/(n � nc � c) to each
observed sequence and probability c/(n �
nc � c) to all unseen ones. It follows that the

probability (n � nc)/(n � nc � c) assigned to
all observed sequences is close to 1, whereas
that assigned to all unseen sequences is close
to 0. Clearly, the opposite better represents
the truth.

Good and Turing encountered this prob-
lem while trying to break the Enigma cipher
during the Second World War (6). British
intelligence was in possession of the Kenn-
gruppenbuch, the German cipher book that
contained all possible secret keys, and used
previously decrypted messages to document
the page numbers of keys used by various
U-boat commanders. They wanted to use this
information to estimate the distributions of
pages that each U-boat commander picked
secret keys from.

Good and Turing came up with a sur-
prising estimator that bears little resem-
blance to either the empirical-frequency or
the add-constant estimators above. After
the war, Good published the estimator (7 ),
mentioning that Turing had an “intuitive
demonstration” for it but not describing
what this intuition was.

The Good-Turing estimator has since been
incorporated into a variety of applications such
as information retrieval (8), spelling correction
(9), and speech recognition [e.g., (10, 11)],
where it is applied to estimate the probability
distribution of words. Although the Good-Tur-
ing estimator performs well in general, it is
suboptimal for elements that appear frequently,
and hence it was modified in subsequent esti-
mators [e.g., the Jelinek-Mercer, Katz, Witten-
Bell, and Kneser-Ney estimators (11)].

On the theoretical side, interpretations
of the Good-Turing estimator have been
proposed (12–14), and its convergence rate
was analyzed (15). Yet, lacking a measure
for assessing the performance of an estima-
tor, no objective evaluation or optimality
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results for the Good-Turing estimator have
been established.

To evaluate the performance of an estima-
tor, we apply it not just once but repeatedly to
a sequence of elements, all drawn according
to the same underlying distribution. Before
each element is revealed, we use the estima-
tor to evaluate its conditional probability giv-
en the previous elements. Multiplying the
conditional probability estimates together, we
obtain the probability that the estimator as-
signs to the whole sequence.

The sequence attenuation of the estimator
for a given sequence is then defined as the
ratio between the highest probability assigned
to the sequence by any distribution (including
the one underlying the data) and the proba-
bility the estimator assigns to it. The symbol
attenuation of the estimator for a length-n
sequence is the nth root of its sequence atten-
uation, namely, the ratio between the highest
per-symbol probability assigned to the se-
quence by any distribution, and that assigned
by the estimator. Finally, the (asymptotic,
symbol) attenuation of the estimator is the
highest symbol attenuation maximized over
all sequences of increasing length.

This measure is similar to one used to
evaluate estimators of distributions when
the alphabet, the set of possible elements, is
small and known (16, 17). Such a measure
is used in a variety of fields, including
universal compression [e.g., (18 –20)], fi-
nance [e.g., (21)], online algorithms, and
learning [e.g., (22–24 )]. To extend it to
unknown, potentially large, even infinite
“alphabets,” we abstract the actual symbols
that appear in the sequence and consider
only their pattern, the order in which they
appear. This allows us to enumerate se-
quences over infinite alphabets and to cal-
culate their best probability assignment.

Every estimator corresponds to a proba-
bility distribution over sequences of any
given length. Hence, the attenuation of any
estimator is always at least 1. Because the
number of distinct symbols in a sequence can
be as large as its length, the sequence atten-
uation of an estimator on a length-n sequence
can be superexponential; hence, its attenua-
tion can be infinite.

The attenuation of a constant c � 1 im-
plies that the estimator assigns to each n-
symbol sequence a probability that is at most
a factor of cn lower than its best probability.
An attenuation of 1, which we call diminish-
ing attenuation, implies that the estimator
assigns to each sequence a probability that is
at most subexponentially smaller than the
best possible, hence the per-symbol probabil-
ity assigned by the estimator is asymptotical-
ly the best possible.

Our objective is to evaluate the perfor-
mance of existing estimators and to construct
diminishing-attenuation estimators. We show

that add-constant estimators have infinite at-
tenuation and that the Good-Turing estimator
performs well in the sense that its attenuation
is low; however, for some sequences it as-
signs a probability that is exponentially
smaller than the best possible, hence its at-
tenuation is strictly �1. We then derive two
diminishing-attenuation estimators. The first
is computationally more efficient and re-
quires only a constant number of operations
per symbol. The second is more complex, but
its attenuation approaches 1 more quickly. To
determine the estimators’ attenuations, we
use potential functions and results of Hardy
and Ramanujan (25) on the number of parti-
tions of an integer.

To better understand diminishing-
attenuation estimators, we study the probabil-
ity that the low-complexity estimator assigns
to some simple sequences. For some se-
quences (e.g., those where the symbols are all
the same or all different), its estimate agrees
with intuition. Yet for other sequences, such
as where every symbol appears twice, its
estimate differs from what we would intu-
itively expect.

To formally characterize the various
concepts, we need some definitions. A sam-
ple is a sequence of elements. An estimator
associates with every sample a probability
distribution over the set of elements in the
sample, plus “new.” For example, after ob-
serving the sample

giraffe, zebra, giraffe, elephant, elephant, giraffe,

an estimator postulates a distribution over the
set {giraffe, zebra, elephant, “new”}, reflecting
the probability that a randomly chosen element
is any one of these animals, or “new,” which
encompasses all unseen elements.

Because we assume no prior knowledge
of the elements in the sample, a giraffe is no
different to us from an elephant; hence, we
replace the name of each animal by the order
in which it appears. The sequence above can
thus be expressed as 121331, which we call
the pattern of the original sequence. The pat-
tern of a sequence x̄ � x1 x2 . . . xn is denoted
by �(x̄).

A string of positive integers is the pattern
of some sequence if and only if the first
appearance of any i � 1 precedes that of i �
1. For example, the empty string � and the
strings 1, 12, and 121 are patterns (of the
empty string and, say, “a,” “ad,” and “ada,”
respectively), whereas 2, 21, and 132 are not.

Let �n denote the set of length-n patterns.
For example, �0 � {�}, �1 � {1}, �2 � {11,
12}, and �3 � {111, 112, 121, 122, 123}. It
can be shown that every length-n pattern corre-
sponds to a partition of a set of cardinality n,
hence  �n is the nth Bell number.

Let �n denote the set of n-element se-
quences over an alphabet �. For example, {a,

b}2 � {aa, ab, ba, bb}. If p is a probability
distribution over an alphabet �, then for ev-
ery n � �� � {1, 2, ...}, p induces a
probability distribution p� over �n, where

p��	
–



def
�p �x̄ � �n:��x̄
 � 	

–
� (1)

denotes the probability that a sequence of
elements, each selected according to p, will
form the pattern 	

–
� �n. For example, for

any probability p over an alphabet �,
p�(1) � p(�) � 1, indicating that the first
element of any pattern is 1 (“new”). If p is a
distribution over {a, b} where p(a) � p and
p(b) � 1 – p

def
� p–, then p�(11) � p{aa, bb} �

p2 � p– 2, the probability that two elements
will be identical, and p�(12) � p{ab, ba} �
2p p–, the probability that the two elements
will be distinct.

Continuous (i.e., nonatomic) distribu-
tions induce probabilities over patterns as
well. For example, if p is any continuous
distribution, then for all n, p�(1 2 . . . n) �
p{x1 . . . xn : xi 
 xj} � 1, indicating that,
with probability 1, a finite number of ele-
ments selected according to a continuous
distribution are all distinct. It follows that
for continuous distributions, every 	

–
� �n

– {1 2 . . . n}—that is, every pattern with
repetitions— has p�(	–) � 0.

Our goal is to derive an estimator that,
though unaware of the underlying probability
p, assigns to every pattern 	

– a probability that
is not much smaller than the induced proba-
bility p�(	–). Because we do not know the
underlying distribution, we consider the one
that assigns to 	

– the highest probability. The
maximum probability of a pattern 	

– is

p̂	�	
–



def
�

p
max p	�	

–

 (2)

the highest probability assigned to the pattern
by any distribution. For example, because
any distribution p has p�(1) � 1, we have p̂�

(1) � 1. Because any distribution p concen-
trated on a single element has p�(1 . . . 1) �
1 for any number of 1’s, we obtain p̂� (1 . . .
1) � 1, and, because any continuous distri-
bution p has p�(1 2 . . . n) � 1, we derive p̂�

(1 2 . . . n) � 1. In general, however, it is
difficult to determine the maximum probabil-
ity of a pattern. For example, some work (26 )
is needed to show that p̂� (112) � 1⁄2.

Let m
def
�m(	1

n)
def
�  {	1 . . . 	n} be the

number of distinct symbols appearing in a
pattern 	1

n � 	1 . . . 	n � �n. An estimator
is a mapping q that associates with every
pattern 	1

n a probability distribution
q(	n�1 	1

n) over [m � 1] � {1, . . . , m � 1},
representing the probability that the estimator
assigns to the possible values of 	n�1, after
seeing 	1

n. For example, q(	1)
def
�q(	1 �) is a

distribution over {1}, namely, q(1 �) � 1,
whereas q(	3 12) and q(	4 121) are distri-
butions over {1, 2, 3}.
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For a simple example, consider the add-
one estimator mentioned earlier and hence-
forth denoted q�1. After observing the pat-
tern 	1

n, it assigns to any 	n�1 � [m � 1] a
probability proportional to one more than the
number of times 	n�1 appeared in 	1

n. For
instance, after observing the pattern 1, it es-
timates q�1(1 1) � (1 � 1)/3 � 2/3 and
q�1(2 1) � (0 � 1)/3 � 1/3.

For each n � ��, an estimator q induces
a probability distribution over �n given by

q�	1
n
 � �

i � 0

n � 1

q�	i�1 	l
i ) (3)

For example, the probability that the add-one
estimator ascribes to the pattern 1213 is

q�1(1213)

�q�1(1 �) �q�1(2 1) �q�1(1 12) �q�1(3 121)

�
1

1
�

1

3
�

2

5
�

1

6
�

1

45
(4)

Although for mathematical convenience we
define the estimators and present the results
in terms of patterns, they apply to the actual
underlying sequences. For example, for the
sequence g, z, g, e, the add-one estimator
associates the probability

q�1(new) � q�1(new g) � q�1(g g,z)

� q�1(new g,z,g)

�
1

1
�
1

3
�
2

5
�
1

6
�

1

45
(5)

—the same probability it associates with its
pattern 1213.

We would like to derive estimators that
assign to every pattern a probability that is
not much lower than the highest probability
assigned to it by any distribution. We there-
fore define the sequence attenuation of an
estimator q for a pattern 	1

n to be

R�q,	1
n


def
�

p̂�(	1
n)

q(	1
n)

(6)

the ratio between the highest probability as-
signed to 	1

n by any distribution and the
probability assigned to it by q. The worst-
case sequence attenuation of q for length-n
patterns is

Rn�q

def
� max

	1
n
��n

R(q,	1
n) (7)

the largest sequence attenuation of q for
any length-n pattern. Note that [Rn(q)]1/n is
the worst-case symbol attenuation of q for
length-n patterns, namely, the largest
possible ratio between the per-symbol
probability assigned by any distribution to
symbols of length-n patterns and the corre-
sponding probability assigned by q. Final-
ly, the (asymptotic, worst-case, symbol) at-
tenuation of q is

R*�q

def
� lim sup

n 3 �
�Rn�q
�1/n (8)

the largest possible ratio between the per-
symbol probability assigned to any asymptot-
ically long pattern by any distribution, and
the corresponding probability assigned by q.

As mentioned earlier, R*(q) � 1 for every
estimator q. If R*(q) � 1, then q assigns to
some length-n pattern a probability that is
smaller than its highest possible probability
by a factor of [R*(q)]n, and if R*(q) � 1, then
the probability that q assigns to every
length-n pattern is at most subexponentially
smaller than the highest possible.

A few notes on the attenuation measure
and the distribution assumptions are in order.
Attenuation is a useful measure when under-
estimation of a probability entails a loss. De-
cisions based on low-attenuation estimations
are then guaranteed to perform almost as well
as those made with knowledge of the under-
lying probability.

Note, however, that because any estimator
corresponds to a probability distribution, the
overestimation of some event probabilities is
inevitable. Low sequence attenuation is only
weakly linked to low overestimation. Hence,
if overestimation is a major issue, different
estimators, optimizing another performance
measure, should be sought.

Even when restricted to attenuation, differ-
ent measures can be considered. The one ad-
dressed here requires the attenuation of every
sequence to diminish. Alternatively, one could
require the attenuation of all, or most, sequenc-
es, generated by any distribution to diminish at
a rate that may depend on that distribution.
Because the measure we consider is more strin-
gent, the diminishing-attenuation estimators we
present perform well according to these mea-
sures as well. However, estimators designed to
optimize these measures may perform better on
typical sequences or on the average.

Also, we assume that the observations
are sampled (“with replacement”) from an
underlying distribution. The observed ele-
ments are therefore independent and iden-
tically distributed. Extensions to sequences
drawn from distributions with memory are
clearly warranted.

We evaluate the attenuation of several
common estimators. Add-constant estimators
have unbounded attenuation. Consider, for
example, the add-one estimator q�1. To the
pattern 1, 2, 3, . . . , n it assigns probability

q�1(123 . . . n)

�
1

1
�

1

3
� . . . �

1

2n�1

�
2n�n!

�2n�1)!
(9)

Because, as we saw,
p̂�(12 . . . n) � 1 (10)

we obtain that q�1 has symbol attenuation

[Rn(q�1)]
1/n �

�2n�1)!

2n � n!
�

2n

e
(11)

hence

Theorem 1: R*(q�1) � �.

By applying the add-one estimator in two
steps, we obtain a modified add-one estima-
tor q�1� whose attenuation is between 1.69
and 2.85. The estimator uses the add-one rule
to estimate the probability of the next symbol
being new or repeated, and for repeated sym-
bols it assigns a probability proportional to
the number of occurrences of the symbol.

Recall that m is the number of distinct
symbols appearing in the pattern 	1

n. The
multiplicity �	 of 	 � �� in 	1

n is the
number of times 	 appears in 	1

n. Then q�1�

assigns to each 1 � 	n�1 � m � 1 the
probability

q�1�(	n�1 	1
n)

def
� �

m�1

n�2
	n�1 � m � 1

n � m�1

n�2
�
�	n�1

n
1 � 	n�1 � m

(12)

It can be shown that for sequences where the
number of distinct symbols is a vanishing
fraction of the sequence length, namely, m �
o(n), the modified add-one estimator has sub-
exponential sequence attenuation, hence di-
minishing symbol attenuation. However, se-
quences with more symbols may have an
exponential sequence attenuation. For exam-
ple, to the pattern

	
– def

�12 . . .
n

2
12 . . .

n

2
(13)

q�1� assigns probability � 0.58nn�n/2, whereas
the uniform distribution over an alphabet of size
0.628n assigns probability 0.98nn�n/2. There-
fore, R*(q�1�) � 1.69. The attenuation of q�1�

is at most 2.85 (27), hence

Theorem 2: 1.69 � R*(q�1�) � 2.85.

We show that the attenuation of the Good-
Turing estimator is a constant between 1.39
and 2. The prevalence �� �

def ��(	1
n) of � �

�� is the number of symbols appearing �
times in 	1

n. Given 	1
n�1, let r�

def �	n�1
(	1

n)
be the number of times 	n�1 has appeared
in 	1

n. The Good-Turing estimator (7 ) is
then defined by

q(	n�1 	1
n) � �

��1
n

r � 0

r�1

n

��r�1

��r
r � 1

(14)

where ��� is a smoothed value of ��. Smooth-
ing is needed for a variety of reasons (7 ). One
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of them is that if ���1 � 0, then without
smoothing the estimator would assign
q(	n�1 	1

n) � 0 for the symbols appearing �
times in 	1

n.
Many smoothing methods have been pro-

posed; some seem too difficult to analyze.
We considered three, all of which had atten-
uation of �1. Perhaps the simplest smoothed
Good-Turing estimator, qGT�, is defined by

��� � max(��, 1) (15)

which ensures nonzero probabilities for all
symbols in {1, m(	1

n) � 1}. The sequence
attenuation of qGT� is always at most 2n,
hence its attenuation is at most 2 [see
potential-function proof in (27 )]. Yet to the
pattern

	
– def

�12(132)n/3 def
�12132132 . . . 132 (16)

qGT� assigns probability �(72�n/3), whereas
the maximum probability of 	

– can be shown
to be �(3�n). Hence,

Theorem 3: 1.39 � R*(qGT�) � 2.

The other two variants of Good-Turing es-
timators we considered were the “simple
Good Turing” estimator developed by Gale
(28), and an estimator that uses Good-
Turing to predict the probability of infre-
quent symbols and empirical frequency for
frequent symbols. These two estimators
seem too complex to analyze mathematical-
ly, but simulation shows that although they
perform well in general, for some sequenc-
es their attenuation does not approach 1 as
sequence length increases.

We construct two diminishing-attenuation
estimators. The first, q

2/3, has sequence at-
tenuation of at most 2O(n2/3) (i.e., exponential
in at most a constant multiple of n2/3), hence
its symbol attenuation diminishes to 1 at a
rate of at least 2O(n�1/3). It uses a constant
number of operations per symbol; hence, it
has linear complexity for the whole sequence.

Recall that �	 is the multiplicity of 	 in
	1

n, that �� is the prevalence of � in 	1
n, and

that r � �	n�1
. For n � ��, let

ƒn��

def
� max(�,  n1/3 ) (17)

where the  n1/3 term is chosen to balance
two contributions to the attenuation appear-
ing in the proof. The estimator q2/3 assigns

q2/3(1) � 1 (18)

and for all n � 1 and 	1
n � �n it assigns the

conditional probability

q2/3(	n�1 	1
n)

�
1

Sn�1(	1
n)

� �
ƒn�1(�1�1) r � 0

(r�1)
ƒn�1(�r�1�1)

ƒn�1(�r)
r � 0

(19)
where Sn�1(	1

n) is the normalization factor.
Potential functions can be used to calculate

an upper bound on the estimator’s attenua-
tion (27 ).

Theorem 4: Rn(q2/3) � 2O(n2/3),

where the implied constant is at most 10. It
can be shown that the estimator requires only
a constant number of calculations per sym-
bol, hence has linear complexity for the
whole sequence.

Building on an equivalence between set
partitions and patterns, we derive another
estimator, q1/2, achieving a sequence attenu-
ation of 2O(n1/2), hence a symbol attenuation
that diminishes to 1 at a rate of at least
2O(n�1/2). However, the estimator has super-
polynomial, albeit subexponential, complexity.

For a pattern 	1
n, let

z(	1
n)

def
�

���1
n

�!����!

n!
(20)

and define the distribution over p̃ over �n by

p̃(	1
n) �

z(	1
n)

�y� ��
nz�y–


(21)

and let

�tn(	1
n)

def
�{y1

tn � �tn:y1
n � 	1

n} (22)
be the set of patterns of length tn with prefix 	1

n,
where tn

def
�2 log n�1 is the smallest power of 2

that is larger than n. Then q1/2 is defined by

q1/2(1) � 1 (23)

and for all n � 1 and 	1
n � �n,

q1/2(	n�1 	1
n) �

�y���
tn(	1

n � 	n�1) p̃(y� )

�y���
tn�	1

n

 p̃� y� 
 (24)

To calculate an upper bound for the atten-
uation of q1/2, we relate it to the number of
ower of 2 that is larger than n. Then q1/2 is
partitions of an integer. A partition of an
integer n is a sum a1� . . . � ak � n, where
a1 � a2 � . . . � ak are positive integers.
For example, 4, 3 � 1, 2 � 2, 2 � 1 � 1,
and 1 � 1 � 1 � 1 are the five possible
partitions of 4.

In what is considered by some to be “one
of the jewels of 20th century mathematics”
(29), Hardy and Ramanujan (25) gave an
expression for the exact number of partitions
of any positive integer n, and showed that it
grows as exp{�(2/3)1/2n1/2[1 � o(1)]}. We
use this result (27 ) to show

Theorem 5: For all n,

Rn(q1/2) � exp� 4�

�3�2 � �2

�n� .

The theorem shows that the sequence atten-
uation of some estimators is always
2O(n1/2). Yet sequence attenuation cannot
be made arbitrarily small. The sequence
attenuation of any estimator grows at least
exponentially in the cube root of the se-
quence length [see (27 ) for a proof that

combines universal-coding techniques (30 –
32) with results from analysis (33)].

Theorem 6: For every estimator q,

Rn�q
 � exp�3

2
n1/3[1 � o(1)]� .

To better understand the behavior of the
diminishing-attenuation estimators, we con-
sider the conditional probabilities that the
low-complexity estimator q2/3 assigns to
some simple sequences and compare it to
what one would intuitively expect.

Upon observing the sequence aaa. . .
where the same symbol always repeats, one
would guess that the next symbol would be
“a” as well. Indeed, after n elements, the
estimator assigns probability 1 – �(1/n) for
the next symbol being “a” and probability
�(1/n) to a new symbol. For the alternating
sequence abab. . ., one would predict proba-
bility 1⁄2 for the next symbol being each of
“a” and “b”. Correspondingly, the estimator
assigns probability �(1/n) to a new symbol
and splits the remaining probability evenly
between “a” and “b.”

Of course, we are more interested in the
behavior of the estimator when the number of
symbols appearing is large. In the extreme
case where all symbols are different, for ex-
ample, after observing the sequence
abcde. . ., we would expect the next symbol
to be new. Indeed, the estimator assigns prob-
ability 1 – �[1/(n2/3)] that the next symbol
will be new.

But for large-alphabet sequences where
the probability of new does not approach 1,
intuition may not serve well. Consider the
simplest such case, the sequence aabbcc. . .
After observing an even number n of sym-
bols (e.g., aabbcc), the estimator assigns
probability 1⁄4 to the next symbol being new
and 3/(2n) to each of the preceding sym-
bols, and after observing an odd number n
of symbols (e.g., aabbc), the estimator as-
signs probability approaching 1 to the next
symbol being the same as the last one (e.g.,
“c” in this example).

These estimations may be at odds with the
intuitive presumption that, because every oth-
er element so far was new, the next symbol
will be new with probability 1⁄2. One possible
explanation for the lower probability of
“new” assigned by the estimator is that it can
be shown (26 ) that after seeing n symbols of
the sequence, the most likely alphabet is of
size 0.62n; hence, roughly speaking, the
probability of seeing a new symbol is about
(0.12n)/(0.62n) � 0.2.
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Radar Evidence for Liquid
Surfaces on Titan

Donald B. Campbell,1* Gregory J. Black,2 Lynn M. Carter,3

Steven J. Ostro4

Arecibo radar observations of Titan at 13-centimeter wavelength indicate that
most of the echo power is in a diffusely scattered component but that a small
specular component is present for about 75% of the subearth locations ob-
served. These specular echoes have properties consistent with those expected
for areas of liquid hydrocarbons. Knowledge of the areal extent and depth of
any deposits of liquid hydrocarbons could strongly constrain the history of
Titan’s atmosphere and surface.

As the largest satellite of Saturn and the only
one in the solar system with a substantial
atmosphere, Titan is of considerable interest,
an interest heightened by the Cassini mis-
sion’s rendezvous with the Saturn system in
2004. Photochemically produced haze lay-
ers in Titan’s upper atmosphere have made
it difficult to investigate its lower atmo-
sphere and surface at optical wavelengths.
However, it is possible to observe the sur-
face with Earth- and spacecraft-based radar
systems, because the atmosphere is trans-
parent at radio wavelengths. The strength
and variability of the radar backscatter
cross sections measured at 3.5-cm wave-
length (1) indicated that Titan’s surface is
not homogeneous and cast doubt on models

for Titan’s atmosphere and surface that
suggested the presence of a deep hydrocar-
bon ocean (2). Observations in the near
infrared (IR) with the Hubble Space Tele-
scope and ground-based telescopes using
speckle imaging and adaptive optics tech-
niques (3, 4, 5) have provided coarse sur-
face maps of Titan. Especially notable is a
bright, high-albedo region centered near
110° longitude and extending over �90° in
longitude. Near-IR spectroscopic observa-
tions (6, 7 ) of the bright region suggest that
its composition is primarily that of water
ice. Here we report on observations with
the recently upgraded Arecibo 13-cm-
wavelength radar system.

We observed Titan on 16 nights in No-
vember and December 2001 and on 9 nights
in November and December 2002, trans-
mitting at 13-cm wavelength with the
305-m Arecibo telescope and receiving the
echo with Arecibo. Titan’s rotational and
orbital periods are 15.9 days, and our 2001
observations were obtained at a uniform
22.6° (�800 km) interval in longitude. The
9 observations in 2002 did not provide
uniform coverage. The latitude of the sub-
earth track was 25.9°S in 2001 and 26.2°S
in 2002, its farthest southern excursion.

The round-trip light time to the Saturn sys-
tem during the observations was 2 hours 15
min, and the limited tracking time of the
Arecibo telescope meant that signal recep-
tion was restricted to �30 min per day,
corresponding to 0.5° of Titan rotation (20
km of motion of the subearth point). On
one night in 2001 and for most of the 2002
observations (as well as others when we
were attempting ranging measurements to
Titan), the 100-m Green Bank Telescope
(GBT) was also used to receive the echo for
the full round-trip time. These data have
lower signal-to-noise ratios than those ob-
tained with Arecibo receiving the echo, but
the longer receive time corresponding to
2.1° of Titan rotation allowed more sub-
earth locations to be studied.

For each observation, a circularly polar-
ized monochromatic signal was transmit-
ted, and the echo power was measured as a
function of Titan’s rotational Doppler shift.
Echo power spectra were obtained in both
senses of received circular polarization: the
opposite circular (OC) sense to that trans-
mitted and the same circular (SC) sense.
For a mirrorlike specular reflection, all of
the echo power would be in the OC sense,
whereas power in the SC sense arises from
scattering from wavelength-size surface
and/or subsurface structure. For surfaces
other than ones composed of low-tempera-
ture water ice, the ratio of the SC to OC
echo powers (the circular polarization ra-
tio) is frequently used as an indicator of the
degree of wavelength scale surface and/or
near subsurface roughness. Radar observa-
tions of the icy Galilean satellites of Jupiter
(8, 9) showed that the transparency of low-
temperature water ice at radio wavelengths
can result in high-backscatter cross sections
and a polarization ratio greater than unity.

For the Titan spectra, 75 to 100% of the
echo power is in a broad diffuse compo-
nent. However, a small central specular
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