10. Kalman Filtering for Interval Systems

If some system parameters such as certain elements of the system
matrix are not precisely known or gradually change with time,
then the Kalman filtering algorithm cannot be directly applied.
In this case, robust Kalman filtering that has the ability of han-
dling uncertainty is needed. In this chapter we introduce one of
such robust Kalman filtering algorithms.

Consider the nominal system

{Xk+1 = Apxx + Tk, , (10.1)

Vi = CpXx + 1, ,

where Ay, T'y and Cj are known n x n, n x p and ¢ x n matrices,
respectively, with 1 < p, ¢ <n, and where

E(,) =0, E(§k§) = Qrlke
E(Qk) = Ov E(Qkﬂz—) = Rk(skl,

E(§kﬂ()=0: E(Xoék)=0, E(Xoﬂk)ZO,

for all k,¢ = 0,1,---, with Qx and Ry being positive definite and
symmetric matrices.

If all the constant matrices, Ax, Tk, and Cy, are known, then
the Kalman filter can be applied to the nominal system (10.1),
which yields optimal estimates {X;} of the unknown state vec-
tors {x;} using the measurement data {vi} in a recursive scheme.
However, if some of the elements of these system matrices are
unknown or uncertain, modification of the entire setting for fil-
tering is necessary. Suppose that the uncertain parameters are
only known to be bounded. Then we can write

Al = Ap + AAg Z'[Ak — |AAg|, Ak + ]AAk” ,
I'f =Tk + ATk = [Tk — |ATk|, Tk + |AT%|]
Cf = Ci + ACk, = [Ck, — |ACK|, Ck + |ACK]]
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k=0,1,---, where |AAy|, |ATk|, and |ACk| are constant bounds for
the unknowns. The corresponding system

Xi+1 = Afxi +T1E,
{ TR K2k (10.2)

vi = Cixy +1n,,

k=0,1,---, is then called an interval system.

Under this framework, how is the original Kalman filtering
algorithm modified and applied to the interval system (10.2)?
This question is to be addressed in this chapter.

10.1 Interval Mathematics

In this section, we first provide some preliminary results on inter-
val arithmetic and interval analysis that are needed throughout
the chapter.

10.1.1 Intervals and Their Properties

A closed and bounded subset [z,7] in R = (—o0,00) is referred to
as an interval. In particular, a single point z € R is considered as
a degenerate interval with z =7 = z.

Some useful concepts and properties of intervals are:

(a) Equality: Two intervals, [z;,7:] and [z,,Z2], are said to be
equal, and denoted by

[z, 1] = [z2, T3],

if and only if z; = z, and 7, = 7.
(b) Intersection: The intersection of two intervals, [z;,7;] and
[z5,T2], is defined to be

[leil] n [§27E2] = [ma‘r{§17§2}’min{§1a§2}] .

Furthermore, these two intervals are said to be disjoint, and
denoted by
[z,,%1] N (20,72 = ¢,
if and only if z; > 7, or z, > 7.
(c¢) Union: The union of two non-disjoint intervals, [z,,7;] and
[z,,T2], is defined to be

[lefl] U [§27§2] = [min{glaiz}vmax{flaf2}] .
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Note that the union is defined only if the two intervals are
not disjoint, i.e.,

[z, Z1) N[22, 2] # ¢

otherwise, it is undefined since the result is not an interval.
(d) Inequality: The interval [z,,71] is said to be less than (resp.,
greater than) the interval [z,,7,], denoted by

[51751] < @2772] (resp., [QI’TI] > [§2’§2])

if and only if ; < z, (resp., z; > 7,); otherwise, they cannot
be compared. Note that the relations < and > are not defined
for intervals.
(e) Inclusion: The interval [z,,71] is said to be included in [z,,Z,],
denoted
[lefl] < [22752]

if and only if z, < z; and 7; < Z2; namely, if and only if [z,,7;]
is a subset (subinterval) of [z,,Z.].

For example, for three given intervals, X; = [-1,0], X; = [-1,2],
and X; = [2,10], we have

X, NX; =[~1,00n[-1,2] = [1,0],
XiNX;=[-1,01n[2,10] = ¢,
XaNXs=[-1,2]n[2,10] = [2,2] = 2,
X, UX,=[-1,00U[-1,2] =[-1,2],

X1 UX3=[-1,01U[2,10] is undefined,
XU X3 =[-1,2]U[2,10] = [-1,10],

X; = [~1,0] < [2,10] = X35,

X1 =[-1,0] Cc [-1,10] = X».

10.1.2 Interval Arithmetic

Let [z,7], [z;,71], and [z,,7:] be intervals. The basic arithmetic
operations of intervals are defined as follows:

(a) Addition:

[_@1,51] + [.-7_32,52] = [£1 + Iy, T +Tz] .
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(b) Subtraction:
[21,%1] = (22, 2] = [21 — T2, B0 — 23] -
(¢) Reciprocal operation:
If 0¢[z,T] then [z,%]|7'=[1/7,1/z];
If 0€[z,7] then [z,%]|™' is undefined.
(d) Multiplication:

[2y,Z1] - [23, 2] = [y, 7]
where
y =min {z125, 2,72, T2y, T1 T2}
7 = maz {z,Z;, £,T2, T1Z3, T1T2} -
(e) Division:
[-x—l?fl] / [£2752] = [Ql’jl] : [£27§2]_1 )

provided that 0 ¢ [z,,72]; otherwise, it is undefined.

For three intervals, X = [z,7], Y = [y,7], and Z = [z,Z], consider
the interval operations of addition (+), subtraction (-), multipli-
cation (), and division (/), namely,

Z=X*Y, xe{+,—,/}.

It is clear that X =Y is also an interval. In other words, the
family of intervals under the four operations {+,—, -, /} is alge-
braically closed. It is also clear that the real numbers z,y, 2, --
are isomorphic to degenerate intervals [z,z], [y,4], [2,2], - -, SO we
will simply denote the point-interval operation [z,z]*Y as z* Y.
Moreover, the multiplication symbol “.” will often be dropped
for notational convenience.

Similar to conventional arithmetic, the interval arithmetic
has the following basic algebraic properties (cf. Exercise 10.1):

X+Y=Y+X,
Z+(X+Y)=(Z+X)+Y,
XY =YX,
Z(XY) = (ZX)Y,
X+0=0+X=X and X0=0X =0, where 0=10,0],
XI=1IX =X, where I =[1,1],
Z(X+Y)CZX +ZY, where = holds only if either
(a) Z = [2,4],
) X=Y =0, or
(c)zy>0 forallze X andyeY.
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In addition, the following is an important property of interval
operations, called the monotonic inclusion property.

Theorem 10.1. Let X;, X,, Y1, and Y, be intervals, with
Xi1CYhh and XCY,.
Then for any operation x € {+,—, -, /}, it follows that
X1*xXo CY1+Ys.

This property is an immediate consequence of the relations
X1 CY; and X, C Yz, namely,

Xl*X2={.’I)1 *.’132[.’131 €X1,$2 EXQ}

C{yr*y2|y1 € V1,92 € Yo}
ZYI*E

Corollary 10.1. Let X andY be intervals and let t € X and y €Y.
Then,
zxyCXx*Y, forall xe{+,—,-,/}.

What is seemingly counter-intuitive in the above theorem and
corollary is that some operations such as reciprocal, subtraction,
and division do not seem to satisfy such a monotonic inclusion
property. However, despite the above proof, let us consider a
simple example of two intervals, X = [0.2,0.4] and Y = [0.1,0.5].
Clearly, X Y. We first show that I/X C I1/Y, where I = [1.0,1.0].
Indeed,

I [1.0,1.0]

= =[2.5,5.0] and

I [1.0,1.0]
£ _B00 = =[2.0,10.0].
X~ [0.2,04] [2:0,10.0]

Y ~ [0.1,0.5]
We also observe that I — X C I —-Y, by noting that
I— X =[1.0,1.0] — [0.2,0.4] = [0.6,0.8]

and
I-Y =[1.0,1.0] - [0.1,0.5] = [0.5,0.9].

Moreover, as a composition of these two operations, we again

I I o
have L € %, since

I I
%= [5/4,5/3] and -y~ [10/9,2].
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We next extend the notion of intervals and interval arithmetic
to include interval vectors and interval matrices. Interval vectors
and interval matrices are similarly defined. For example,

1 |12,3] [0,1] r_ | [0,10]
Sl IoE I | I o'
are an interval matrix and an interval vector, respectively.

Let A’ = [af;] and B’ = [b];] be n x m interval matrices. Then,
AT and B! are said to be equa] if of; =bf; foralli=1,---,n and
j=1,---,m; Al is said to be contained in B’ , denoted Af ¢ BY, if

al; C b’ for alli=1,---,n and j =1,---,m, where, in particular, if

Al = A is an ordlnary constant matrlx we write A € BI.
Fundamental operations of interval matrices include:
(a) Addition and Subtraction:

AT+ B" = [a]; £b];] .

(b) Multiplication: For two n x r and r x m interval matrices A’

and BY,
T'
>l |
k=1

(c) Inversion: For an n x n interval matrix A7 with det [A’] # 0,

A'BT =

-1 adjlA!
AT = Gt
For instance, if A7 = H?:g{ o 3H then
[ 2,3] —[o, 1]]
[A,]_l _adj[AT]) | -[L,2]  [2,3]

T det[AT] T [2,3][2,3] - [0,1][1,2]

:[[2/9,3/21 {—1/2,01]
-1,-1/9] [2/9,3/2)]

Interval matrices (including vectors) obey many algebraic op-
erational rules that are similar to those for intervals (cf. Exercise
10.2).
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10.1.3 Rational Interval Functions

Let S; and S, be intervals in R and f : S; — S; be an ordinary
one-variable real-valued (i.e., point-to-point) function. Denote by
Ts, and g, families of all subintervals of $; and S, respectively.
The interval-to-interval function, f!: Xs, — Eg,, defined by

FX)={f@es: seX, Xexg)}

is called the united extension of the point-to-point function f on
S;. Obviously, its range is

ffeao=U {r@)},

zeX

which is the union of all the subintervals of S, that contain the
single point f(z) for some z € X.

The following property of the united extension f’: g, — g,
follows immediately from definition, namely,

X,Ye%s, and XCY = fI(X)C (V).

In general, an interval-to-interval function F of n-variables,
X1,---, Xn, is said to have the monotonic inclusion property, if

Xigy'ia Vi:ly"'vn g F(Xl,"‘,Xn)gF(Y—],"',Yn).

Note that not all interval-to-interval functions have this property.

However, all united extensions have the monotonic inclusion
property. Since interval arithmetic functions are united exten-
sions of the real arithmetic functions: addition, subtraction, mul-
tiplication and division (+,-, -, /), interval arithmetic has the
monotonic inclusion property, as previously discussed (cf. Theo-
rem 10.1 and Corollary 10.1).

An interval-to-interval function will be called an interval
function for simplicity. Interval vectors and interval matrices are
similarly defined. An interval function is said to be rational, and
so is called a rational interval function, if its values are defined
by a finite sequence of interval arithmetic operations. Examples
of rational interval functions include X + Y2+ Z2 and (X2 +Y?)/Z,
etc., for intervals X, Y and Z, provided that 0 ¢ Z for the latter.

It follows from the transitivity of the partially ordered rela-
tion C that all the rational interval functions have the monotonic
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inclusion property. This can be verified by mathematical induc-
tion.

Next, let f = f(x1,---,z,) be an ordinary n-variable real-
valued function, and X,,---, X,, be intervals. An interval function,
F =F(X,, -, Xy), is said to be an interval extension of f if

F(-'I:l:“‘)xn)=f(-7"1;"'7-'1"n)a V .’Eie.Xi, Z=1,,TL

Note also that not all the interval extensions have the monotonic
inclusion property.
The following result can be established (cf. Exercise 10.3):

Theorem 10.2. If F is an interval extension of f with the mono-
tonic inclusion property, then the united extension f! of f satisfies

fI(le"'aX'n) g F(Xla"'vXn)'

Since rational interval functions have the monotonic inclusion
property, we have the following

Corollary 10.2. If F is a rational interval function and is an in-
terval extension of f, then

fI(Xl)"'aXn) g F(X1a7Xn)

This corollary provides a means of finite evaluation of up-
per and lower bounds on the value-range of an ordinary rational
function over an n-dimensional rectangular domain in R".

As an example of the monotonic inclusion property of rational
interval functions, consider calculating the function
AX
I —
f (X7 A) - I—X
for two cases: X; = [2,3] with 4; = [0,2], and X, = [2,4] with
A, = [0,3], respectively. Here, X; ¢ X, and A; c A,. A direct
calculation yields

[Ov 2] : [27 3]

flI(leAl):m

= [-6,0]

and
_ [0’3] i [274] _

- [171] - [2a4] B
Here, we do have ff(X1,A;) C fi(X2, Az), as expected.

Xy, Ag) [-12,0].



10.1 Interval Mathematics 151

We finally note that based on Corollary 10.2, when we have
interval division of the type X7/X' where X! does not contain
zero, we can first examine its corresponding ordinary function
and operation to obtain z/z = 1, and then return to the interval
setting for the final answer. Thus, symbolically, we may write
X1/Xx! =1 for an interval X! not containing zero. This is indeed
a convention in interval calculations.

10.1.4 Interval Expectation and Variance

Let f(z) be an ordinary function defined on an interval X. If f
satisfies the ordinary Lipschitz condition

|f(z) - f(¥)I < Llz -yl

for some positive constant L which is independent of z,y € X,
then the united extension f! of f is said to be a Lipschitz interval
extension of f over X.

Let B(X) be a class of functions defined on X that are most
commonly used in numerical computation, such as the four arith-
metic functions (+,—, -, /) and the elementary type of functions
like e®), In(-), v/~, etc. We will only use some of these commonly
used functions throughout this chapter, so B(X) is introduced
only for notational convenience.

Let N be a positive integer. Subdivide an interval [a,b] € X
into N subintervals, X; = [X;,X1],---,Xn = [Xy, Xn], such that

a=X1<71=§2<f2=---:£N<YN=b.

Moreover, for any f € B(X), let F be a Lipschitz interval extension
of f defined on all X;, i =1,---,N. Assume that F satisfies the
monotonic inclusion property. Using the notation

b—a N
Sn(F;fa,b) = — ZF(Xi),

we have
b oo
/ ft)dt = (1) Sn(F;[a,b]) = lim Sy(F;[a,b]).
a N=1

Note that if we recursively define

Yl=5’17
Yk+1=Sk+lek7 k=172a"'7
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where Sy, = S(F;[a,b]), then {Yi} is a nested sequence of intervals
that converges to the exact value of the integral f: f(t)dt.

Note also that a Lipschitz interval extension F used here has
the property that F(z) is a real number for any real number z € R.
However, for other interval functions that have the monotonic
inclusion property but are not Lipschitz, the corresponding func-
tion F(z) may have interval coefficients even if z is a real number.

Next, based on the interval mathematics introduced above,
we introduce the following important concept.

Let X be an interval of real-valued random variables of inter-
est, and let

. - 2

be an ordinary Gaussian density function with known u, and
0. > 0. Then f(x) has a Lipschitz interval extension, so that the
interval expectation

E(X)= /_00 zf(z)dx

oo _ _ 2
= / \/Zi e:cp{ (-T202llm) }d:l,', z € X, (10.3)
—00 O T

and the interval variance
Var(X) = E([X - E(X)]?)

- [ @ mr s

* (z— ,ux)2 —(z - /"w)z
= erp dz, ze€X, (104)
oo V2moy 202

are both well defined. This can be easily verified based on the
definite integral defined above, with a - —c0 and b — co. Also,
with respect to another real interval Y of real-valued random
variables, the conditional interval expectation

oo

E(X|yeY) = / 2 f(zly)da

—00

I s (CA)
= /_w )

0o T —(.’I,' _ l"‘:l:y)z }
= emp{——— dz, z € X, (10.5)
/—oo V2104 202,




10.1 Interval Mathematics 153

and the conditional variance

Var(X|yeY)
= E((x - pa)?| y€Y)

- / " e~ B(a] v € V)] flaly)dz

B —s: . Zf(zyy) T
B /_oo[ Hlely € )] i) ¢
- B 2 —(z — )2
- E E(le:;Y)] exp{ @B }dm, zeX, (106)

are both well defined. This can be verified based on the same
reasoning and the well-defined interval division operation (note
that zero is not contained in the denominator for a Gaussian
density interval function). In the above,

F=pet ol -m)/e}  and & = 02— o20%/o2,

with

02, =02, = E(XY) - E(X)E(Y) = E(zy) — E(z)E(y), z€X.

ry

Moreover, it can be verified (cf. Exercise 10.4) that
E(X|yeY) :E(m)-{-aﬁy[y—E(y)]/a;, re X, (10.7)
and

Var(X|yeY) =Var(z) - O'iyU;I/O'Z, zeX. (10.8)

Finally, we note that all these quantities are well-defined ra-
tional interval functions, so that Corollary 10.2 can be applied to
them.



154 10. Kalman Filtering for Interval Systems
10.2 Interval Kalman Filtering

Now, return to the interval system (10.2). Observe that this sys-
tem has an upper boundary system defined by all upper bounds
of elements of its interval matrices:

{ Xp+1 = [Ax + |AAg| Jxk + [Tk + |AT | ]gk , (10.9)

vi = [Ck + |ACK] |xk + 1,

and a lower boundary system using all lower bounds of the ele-
ments of its interval matrices:

{Xk+1 = [Ag — [AA|]xk + [Tk — |ATk| ¢, , (10.10)
Vi = [Ck - lACkl ]Xk +_7zk .
We first point out that by performing the standard Kalman fil-
tering algorithm for these two boundary systems, the resulting
two filtering trajectories do not encompass all possible optimal
solutions of the interval system (10.2) (cf. Exercise 10.5). As
a matter of fact, there is no specific relation between these two
boundary trajectories and the entire family of optimal filtering
solutions: the two boundary trajectories and their neighboring
ones are generally intercrossing each other due to the noise per-
turbations. Therefore, a new filtering algorithm that can provide
all-inclusive estimates for the interval system is needed. The in-
terval Kalman filtering scheme derived below serves this purpose.

10.2.1 The Interval Kalman Filtering Scheme

Recall the derivation of the standard Kalman filtering algorithm
given in Chapter 3, in which only matrix algebraic operations (ad-
ditions, subtractions, multiplications, and inversions) and (con-
ditional) expectations and variances are used. Since all these
operations are well defined for interval matrices and rational in-
terval functions, as discussed in the last section, the same deriva-
tion can be carried out for interval systems in exactly the same
way to yield a Kalman filtering algorithm for the interval sys-
tem (10.2). This interval Kalman filtering algorithm is simply
summarized as follows:
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The Interval Kalman Filtering Scheme

The main-process:

§(I) = E(Xé) ’
%l = AL &L, +GL|vl - clal %],
k=1,2,---. (10.11)

The co-process:
P = Var(xd)
Mj_, = A£—1PI{—1[A£—1]T + B{_1Qk—1 [B£—1]T,
6t =ML, [cf)T[[ehMi ol + R

Pl =[1-cichMi_ [T - GLch] + [GLRe[GE] T,
k=1,2,- . (10.12)

A comparison of this algorithm with the standard Kalman
filtering scheme (3.25) reveals that they are exactly the same in
form, except that all matrices and vectors in (10.11)—(10.12) are
intervals. As a result, the interval estimate trajectory will diverge
rather quickly. However, this is due to the conservative interval
modeling but not the new filtering algorithm.

It should be noted that from the theory this interval Kalman
filtering algorithm is optimal for the interval system (10.2), in
the same sense as the standard Kalman filtering scheme, since
no approximation is needed in its derivation. The filtering result
produced by the interval Kalman filtering scheme is a sequence
of interval estimates, {X]}, that encompasses all possible opti-
mal estimates {Xx} of the state vectors {x;} which the interval
system may generate. Hence, the filtering result produced by
this interval Kalman filtering scheme is inclusive but generally
conservative in the sense that the range of interval estimates is
often unnecessarily wide in order to include all possible optimal
solutions.

It should also be remarked that just like the random vector
(the measurement data) vy in the ordinary case, the interval data
vector v} shown in the interval Kalman filtering scheme above is
an uncertain interval vector before its realization (i.e., before the
data actually being obtained), but will be an ordinary constant
vector after it has been measured and obtained. This should
avoid possible confusion in implementing the algorithm.
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10.2.2 Suboptimal Interval Kalman Filter

To improve the computational efficiency, appropriate approxima-
tions of the interval Kalman filtering algorithm (10.11)—(10.12)
may be applied. In this subsection, we suggest a suboptimal in-
terval Kalman filtering scheme, by replacing its interval matrix
inversion with its worst-case inversion, while keeping everything
else unchanged.

To do so, let

C{ = C + ACy and  Mj{_, =M1+ AMj_,,

where Cj is the center point of ¢} and M;_; is center point of
M{_, (i.e., the nominal values of the interval matrices). Write

(fomiyfeh) +r ™
- [[Ck + ACK] [Mi—1 + AMg_1] [Ci + ACK] T + R’“]—l

- [ckMk_lc,I +ARk]-1,

where

ARy = CpMj_1[ACK]T + Ci[AMy_1] Cf + Cx[AM_1] [ACK]T
+ [ACK|Mk_1Cf + [ACK| My _1[ACK]T + [ACK] [AMy_1]CY
+ [ACK] [AMy_1] [ACK])T + Ry

Then, in the algorithm (10.11)—(10.12), replace ARy, by its upper
bound matrix, |ARk|, which consists of all the upper bounds of
the interval elements of ARy = [[-7rk(4,4), rk(i,5)]], namely,

|ARk| = [ry], rk(i,7) 2 0. (10.13)

We should note that this |ARy,| is an ordinary (non-interval)
matrix, so that when the ordinary inverse matrix [CpMi_1C\ +
|ARk|]™" is used to replace the interval matrix inverse [[C}]M/_,
ChT + Rk]'l, the matrix inversion becomes much easier. More
importantly, when the perturbation matrix ACx = 0 in (10.13),
meaning that the measurement equation in system (10.2) is as
accurate as the nominal system model (10.1), we have |ARk| = Ry.

Thus, by replacing ARy with |ARk|, we obtain the following
suboptimal interval Kalman filtering scheme.
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A Suboptimal Interval Kalman Filtering Scheme
The main-process:

XS = E(xg)
Rp = Af_1%b_, +G£[ — CLAL_ %f_ 1]
k=1,2,---. (10.14)

The co-process:

Pl = Var(w(l,)

Mj_y = A1 Pi_y AL 1] +B£—1Qk—1[Bl€—1]T;
-1

Gl =Ml [c]] [ckMk_lc,I +|ARk|] ,

Pl =[1-GLiciIML_,[T-GLcl]" + [GL]Ri[GE]"
el (10.15)

Finally, we remark that the worst-case matrix |AR;| given
in (10.13) contains the largest possible perturbations and is in
some sense the “best” matrix that yields a numerically stable
inverse. Another possible approximation is, if ACy is small, to
simply use |ARi| ~ Ri. For some specific systems such as the
radar tracking system to be discussed in the next subsection,
special techniques are also possible to improve the speed and/or
accuracy in performing suboptimal interval filtering.

10.2.3 An Example of Target Tracking

In this subsection, we show a computer simulation by com-
paring the interval Kalman filtering with the standard one, for

a simplified version of the radar tracking system (3.26), see also
(4.22), (5.22), and (6.43),

I

1 h
Xk+1=[0 l]xk+§k, (10.16)

v = [1 0]zk + mk,

where basic assumptions are the same as those stated for the
system (10.2). Here, the system has uncertainty in an interval
entry:

h! = [h — Ah,h + Ah] = [0.01 — 0.001,0.01 + 0.001] = [0.009,0.011],
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in which the modeling error Ah was taken to be 10% of the nominal
value of h = 0.01. Suppose that the other given data are:

_|zar| _ |1 _|Poo Por| _ |05 0.0
El(x()) - [xOZ] - [1] y VaT'(-’L'O) - [PIO Pll] - l:oo 05:| )
g 0] _Jo1 00 o
Qr = [0 q] = [0.0 0.1] , Ry =r=0.1.

For this model, using the interval Kalman filtering algorithm
(10.11)—(10.12), we have

W[2PL,(1,0) + MBL (L] PL,(0,1) +MPL (1Y)
M, = [ +P{_1(0,0)+¢ :|
PIf—l(LO)*‘hIPkI—l(lvl) Pé_1(1,1)+q
_ [ Mi_1(0,0)  M;_,(0,1)
o [Mé_l(l,o) Mlg—l(lvl)]

Gl = [1—7"/(Méo+r)] — [Gi,l]

My /(Mg +7) | Gia
W"GL1 7"G’£,2
Pl = g+ [Py (L D[P, (0,0) + g +7]
7Gla  —IPLL(O, D] /(ML (0,0) +7)
_ [Bi(0,0 P(0,1)
- Ao Pk’(u)]'

In the above, the matrices M{_, and P{ are both symmetrical.
Hence, M{_,(0,1) = M{_,(1,0) and Pf_,(0,1) = P{_,(1,0). It follows
from the filtering algorithm that

[?fi,l] _ [ [r(@k-1,0 + W Bh12) + Mii_1(0,0)ux] /M_1(0,0)

N A I N 1Al
Tk,2 Tp_12 T Gk,l(yk — B, — T ,)

The simulation results for z ; of this interval Kalman filtering
versus the standard Kalman filtering, where the latter used the
nominal value of h, are shown and compared in both Figures
10.1 and 10.2. From these two figures we can see that the new
scheme (10.11)—(10.12) produces the upper and lower boundaries
of the single estimated curve obtained by the standard Kalman
filtering algorithm (3.25), and these two boundaries encompass
all possible optimal estimates of the interval system (10.2).



10.2 Interval Kalman Filtering 159

-
o

-

-

N W e N ©

0 1 1 1 1 1 ! 1 L 1

0O 100 200 300 400 500 600 700 800 900
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10.3 Weighted-Average Interval Kalman Filtering

As can be seen from Figures 10.1 and 10.2, the interval Kalman
filtering scheme produces the upper and lower boundaries for
all possible optimal trajectories obtained by using the standard
Kalman filtering algorithm. It can also be seen that as the it-
erations continue, the two boundaries are expanding. Here, it
should be emphasized once again that this seemingly divergent
result is not caused by the filtering algorithm, but rather, by the
iterations of the interval system model. That is, the upper and
lower trajectory boundaries of the interval system keeps expand-
ing by themselves even if there is no noise in the model and no
filtering is performed. Hence, this phenomenon is inherent with
interval systems, although it is a natural and convenient way for
modeling uncertainties in dynamical systems.

To avoid this divergence while using interval system models,
a practical approach is to use a weighted average of all possible
optimal estimate trajectories encompassed by the two bound-
aries. An even more convenient way is to simply use a weighted
average of the two boundary estimates. For instance, taking a
certain weighted average of the two interval filtering trajectories
in Figures 10.1 and 10.2 gives the the results shown in Figures
10.3 and 10.4, respectively.

Finally, it is very important to remark that this averaging is
by nature different from the averaging of two standard Kalman
filtering trajectories produced by using the two (upper and lower)
boundary systems (10.9) and (10.10), respectively. The main rea-
son is that the two boundaries of the filtering trajectories here,
as shown in Figures 10.1 and 10.2, encompass all possible op-
timal estimates, but the standard Kalman filtering trajectories
obtained from the two boundary systems do not cover all solu-
tions (as pointed out above, cf. Exercise 10.5).
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10. Kalman Filtering for Interval Systems

Exercises

10.1.

10.2.

10.3.
10.4.
10.5.

For three intervals X, Y, and Z, verify that

X+Y=Y+X,
Z+(X+Y)=(2Z+X)+Y,
XY =YX,
Z(XY)=(ZX)Y,
X+0=04+X=X and X0=0X =0, where 0=[0,0],
XI=IX =X, where I =][1,1],
Z(X+Y)C ZX + ZY , where = holds only if
(a) Z = [2,2];
b X=Y=0;
(c)zy>0 forallze X andyeY.

Let A, B, C be ordinary constant matrices and A!, B!, ¢! be
interval matrices, respectively, of appropriate dimensions.
Show that

(a) Al+B!={A+B|Ae Al,Be BT},

(b) A/B={AB|A€ A'};

(¢c) A+ BI=BI+A%

(d) A+ B'+chy=(A'+B)+ 0l
(e) Al+0=0+ A= A4l;
(f) Alr=1A"= A%,
(g) Subdistributive law:
(g.1) (AT +BhHC! c Alc! + BIoT;
(g.2) cH(AT + By c cTAT + CTBY;
(h) (A +B!)C = AlC + BIC;

i) c(A'+B')=CA! +CB/;

j)  Associative and Subassociative laws:

] A(BC) C (A'B)C;

j (ABH)ct c A(BIch) if ¢! = -Cf;
(j.3) A(Bc)=(ABY)c;

(j.4) Al(B'ct)=(A'BY)c!, if BT = -BT and ¢! = -C'.
Prove Theorem 10.2.

Verify formulas (10.7) and (10.8).

Carry out a simple one-dimensional computer simulation to
show that by performing the standard Kalman filtering al-
gorithm for the two boundary systems (10.9)—(10.10) of the
interval system (10.2), the two resulting filtering trajectories

(
(
(
(

(R S
W N =
—— — —

—
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do not encompass all possible optimal estimation solutions
for the interval system.

Consider the target tracking problem of tracking an uncer-
tain incoming ballistic missile. This physical problem is
described by the following simplified interval model:

I I I
Xpy1 = ApxXg + &,
I I I
vi = Cpxy, + 1,

where x! =[] ... 2l]T,
App =Ap=A3=1, A44=—%9$7Z2:m2,
A45=A54=*%9@, A46=A64=-%9%§§,
A47=—%gx4z, A55=*%9I7Z21—xg,
A56:A65:_%g@’ A57=—%9$52,
Aeez—%9$7Z2:zg, A67=—%9$6Z,

I I
A =—-K'zy, Ampm=-Kuxs,

with all other 4;; = 0, where K7 is an uncertain system
parameter, g is the gravety constant, z = \/z3 + 22 + 22, and
1 0 0 0 0 0 O

cC=101 0 0 0 0 O
0 01 0 0 0 O

Both the dynamical and measurement noise sequences are
zero-mean Gaussian, mutually independent, with covari-
ances {Qy} and {Ry}, respectively. Perform interval Kalman
filtering on this model, using the following data set:

g =0.981,

K'=[23x107%35x%x107°%],

x§ = [3.2 x 10°,3.2 x 10°,2.1 x 10%, -1.5 x 10*, =1.5 x 10%,
~81x10%,5x1071°] ",

Pl = diag{lOG, 108,106, 106,108, 1.286 x 10_13e:vp{—23.616}} ,

1
Qr=—— diag{0,0,0, 100, 100, 100, 2.0 x 10‘18},
k+1
1

R. —
P k1

diag{lSO, 150, 150} .
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