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Satisfaction of a Quantified WFF

In case my explanation in lecture of the definition of satisfaction for a quantified wff wasn'’t clear,

here it is at greater length (for a finite case, which may make it easier to understand, and can be

done "wolog”, i.e. "without loss of generality”).

Suppose our domaiml, contains the following items:

Suppose our language has these variables:

X1,. .., X100

The definition of satisfaction for a universally quantified wff is:
O,ukE=Ya iff O = a for all | that differ fromp at most onv.

E.g., suppose is the variablexsg
anda is the wif; "xgp2 = X50 * X50”

Consider the set of all variable$xy, ..., Xso, ..., X100}

Consider what set of members@fwe get by applying a variable assignmerto all the members
of this set:

{u(x1), ..., H(Xs0), - - -, M(X100)} €D
Let’s say that this set £d, ..., dso, .. .,d100}-

Now consider all{ that differ fromp at most orxsg. Suppose they ang, . . ., Uzoo.

(It may be thatusoy, .. ., H1000 differ from p on other variables, too, so we don’t consider these
at all')

Note that ouru above is one of these 3Q0 (because all th@l differ at most on x5p, meaning
that they might not differ omsg at all). For convenience, let's say that quabove iq;.



So consider what all theg€ do to the set of all variables; they map them into sets of elements of
D as follows:

Moo {ma(x1),...,He(Xs0),- - -, Ha(X100) }

Msoo © {Hsoo(X1);---,H300(Xs50), - - - » H300(X100) }
Note, in particular, thaty gives us:{ds,...,dsp,...,d100}. What about the others? Well, each
differs fromp (or py) at most on what it does t;,, So we get the following:
M {d1,...,ds9,d50,0s53,...,d100}
Mz : {di,...,ds9,d1,ds53,...,0100}

Msoo : {di,...,ds9,d77,ds51,...,d100}

l.e., they are all alike on the first 49 variables and on the last 50 variables, but they can vary wildly
on good oldxsp.

Now, according to the definition, if all of theg# satisfy "X50° = X50* X50”, then our originalp
will satisfy "VX50[X502 = X50* X50]"

But to decide if a given satisfies ¥50° = Xs0* X5¢”, We can ignore what it does to everything
exceptxso.

(We can do this for 2 reasons: First, thegn't differ on the other variables. Second, our wif
only contains that one variable, so that’s the only one we care about.)

Onxsg, eachy differs. Does each one satisfysh? = xs0* X50"? Sure! Here’s the proof:

dso? = dso* dsg
di2 =dy*dy

d77% = dy7x 7y

So: all they! that differ from mu at most onsg satisfy X502 = Xs0 * Xs¢”, SO M satisfies
"VX50[X50% = X50* X50,”-

And similarly, "mutatis mutandis” (as mathematicians say; i.e., changing what needs to be
changed), for the existential quantifier.
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