DRAFT HANDOUT 6.5.2
Transitivity and its consequences.
NB: Soon we will translate all of these sentences and deductive texts into a first-order symbolic language. Keep this in mind as you read.

Given any three numbers, if the first divides the second and the second divides the third, then the first divides the third.
Given any three numbers, if the first precedes the second and the second precedes the third, then the first precedes the third.

Given any three propositions, if the first implies the second and the second implies the third, then the first implies the third.

Some but not every relation is transitive.

It is not the case that given any three propositions, if the first implies the second and the second contradicts the third, then the first contradicts the third. “0 = 1” contradicts “~ 0 = 1”, which contradicts “1 = 0”. But “0 = 1” not only does not contradict “1 = 0”, but is logically equivalent to it. Thus, “0 = 1” is a counterexample.
There are several ways of expressing relational propositions. In fact there are different kinds of relational concepts and correspondingly different categories of relational words.
The most convenient in many contexts are the relational verbs: equals, precedes, exceeds, divides; admires, helps, loves; follows (from), implies, contradicts, excludes. In other contexts relational adjectives are handy: equal (to), commensurable, congruent; equivalent, contradictory, consistent, inconsistent. Relational nouns are quite common: factor, divisor; (an) equal (of), side, diagonal, implicant, implication, consequence.
The So-called Oblique Syllogism.

One of the oldest, easiest, and most useful forms of relational deduction involves “applying” a relation to the subject and predicate of an affirmative categorical proposition.

Every square is a rectangle.

? Every diagonal of a square is a diagonal of a rectangle.

Every square is an animal.

? Every leg of a dog is a leg of an animal.

Every super-implication [of a given proposition] is an implication [of the given proposition].

? Every consequence of a super-implication [of a given proposition] is a consequence of an implication [of the given proposition].

Every super-implication is an implication.

? Every consequence of a super-implication is a consequence of an implication.

This is found in Aristotle’s Organon, in Jungius, in De Morgan, in Cohen-Nagel (1993, 74) and in Quine. If anyone has the references handy, please send them. Do Church or Tarski mention anything like this?
Exercise.
(Some * No) square is a rectangle.

(V * I)? (Some * No) diagonal of a square is a diagonal of a rectangle.

(Every * Some * Not every * No) square is a rectangle.

V? (Every * Some * Not every * No) diagonal of a square is a diagonal of a rectangle.

Existentialization.

This also comes in many forms. My guess is that this was first mentioned by Peirce, but De Morgan should have done it. 
Deduction 1.
1. 1 precedes 2

2. 2 precedes 3

? 1 precedes a number that precedes 3
3. 1 precedes 2, which precedes 3

4. 1 precedes a number that precedes 3

QED

The sentence ‘1 precedes a number that precedes 3’ expresses exactly the same proposition as ‘1 precedes some number that precedes 3’, which expresses a proposition logically equivalent to “some number is such that 1 precedes it and it precedes 3” or “there exists a number [which is] such that 1 precedes it and it precedes 3”, or “there exists a number x such that 1 precedes x and x precedes 3”. 
Transitivity.
Relation nouns.
Every consequence of a consequence [of a given proposition] is a consequence [of the given proposition].
This is logically equivalent to: the consequence relation is transitive.

Every factor of a factor [of a given number] is a factor [of the given number].

This is logically equivalent to: the factor relation is transitive.

Every ancestor of an ancestor [of a given person] is an ancestor [of the given person].

This is logically equivalent to: the ancestor relation is transitive.

Relation verbs.

Initial.
Every number precedes every number preceded by a number it precedes.

This is logically equivalent to: the precedes-relation is transitive.

Every proposition implies every proposition implied by a proposition it implies. 

Any given proposition implies every proposition implied by a proposition the given proposition implies. 

This is logically equivalent to: the implies-relation is transitive.

Every number factors every number factored by a number it factors.
This is logically equivalent to: the factors-relation is transitive.

Every person predeceases every person predeceased by a person they predecease.
This is logically equivalent to: the predeceases-relation is transitive.

Final.
Every number preceding some number (preceding * that precedes) a given number precedes the given number.

This is logically equivalent to: the precedes-relation is transitive.

Every proposition is implied by every proposition implying a proposition implying it. 

Any given proposition is implied by every proposition implying a proposition implying the given proposition.

This is logically equivalent to: the implies-relation is transitive.

Any given number is factored by every number factoring a number it is factored by.
This is logically equivalent to: the factors relation is transitive.

Every given person is predeceased by every person predeceasing a person they are predeceased by.
This is logically equivalent to: the predeceases-relation is transitive.

Exercise.

Every proposition is implied by every proposition implying a proposition (implying it * that it is implied by).
Any given proposition (implies *is implied by) every proposition (implied by *implying) a proposition the given proposition (implies * is implied by). 

Active-mediative.

Every number preceding a given number precedes every number the given number precedes.

Given any number, every number preceding the given number precedes every number the given number precedes.

This is logically equivalent to: the precedes-relation is transitive.

Every proposition implying a given proposition implies every proposition the given proposition implies. 

This is logically equivalent to: the implies-relation is transitive.

Every number factoring a given number factors every number the given number factors. 

This is logically equivalent to: the factors relation is transitive.

Every person predeceasing a given person predeceases every person the given person predeceases. 

This is logically equivalent to: the predeceases-relation is transitive.

Passive-mediative.

Every number preceded by a given number is preceded by every number the given number is preceded by.

Given any number, every number preceded by the given number is preceded by every number the given number is preceded by.

This is logically equivalent to: the precedes-relation is transitive.

Every number preceded by a given number is preceded by every number preceding the given number.

Given any number, every number preceded by the given number is preceded by every number preceding the given number.

.

This is logically equivalent to: the precedes-relation is transitive.

Deduction F.
1. Every number that precedes some number that precedes a given number precedes the given number.

2. 1 precedes 2

3. 2 precedes 3

? 1 precedes 3

4. Every number preceding some number that precedes 3 precedes 3.
1

5. 1 precedes some number that precedes 3




2,3

6. 1 precedes 3

QED

Deduction AM.

1. Every number preceding a given number precedes every number the given number precedes.

2. 1 precedes 2

3. 2 precedes 3

? 1 precedes 3

4. Every number preceding 2
precedes every number 2 precedes.

1

5. 1 precedes every number 2 precedes.




2, 4
6. 1 precedes 3








3, 5
QED

Deduction PM.

1. Every number preceded by a given number is preceded by every number the given number is preceded by.

2. 1 precedes 2

3. 2 precedes 3

? 1 precedes 3

4. Every number preceded by 2 is preceded by every number 2 is preceded by
1

5. 3 is preceded by 2








3

6. 3 is preceded by every number 2 is preceded by.




5, 4

7. 2 is preceded by 1.








2
8. 3 is preceded by 1.








7, 6

9. 1 precedes 3









8

QED

Deduction I.

1. Every number precedes every number preceded by a number it precedes.
2. 1 precedes 2

3. 2 precedes 3

? 1 precedes 3

4. 1 precedes every number preceded by a number 1 precedes.

1

5. 2 is a number 1 precedes.






2
6. 1 precedes every number preceded by 2




5, 4
7. 3 is a number preceded by 2





3

8. 1 precedes 3.

QED

Retransitivity.
Every consequence of a consequence of a consequence [of a given proposition] is a consequence [of the given proposition].

This is logically equivalent to: the consequence relation is retransitive.

Applying Logical Methodology.

Does transitivity imply retransitivity? Yes.
1. Every consequence of a consequence [of a given proposition] is a consequence [of the given proposition].

? Every consequence of a consequence of a consequence [of a given proposition] is a consequence [of the given proposition].

2. Every consequence of a consequence of a consequence [of a given proposition] is a consequence of a consequence [of the given proposition].










1 applying consequence 

3. Every consequence of a consequence [of a given proposition] is a consequence [of the given proposition].




1 repetition

4. Every consequence of a consequence of a consequence [of a given proposition] is a consequence [of the given proposition].

2, 3 like Barbara

QED

Does retransitivity imply transitivity?

In order for one proposition to be an opposite [sc. contradictory opposite] of a second it is necessary and sufficient for the first to be logically equivalent to the negation of the second.  “0 = 1” is an opposite of “1 ≠ 0”, which is an opposite of “1 = 0”, which is an opposite of “0 ≠1”.  Every opposite of an opposite is an equivalent [sc. logical equivalent].  Every opposite of an equivalent is an opposite. No opposite is an equivalent.
Exercise.

Every opposite of an opposite is an equivalent 
Every opposite of an equivalent is an opposite. 
(V * I)? Every opposite of an opposite of an opposite is an opposite.
Every opposite of an opposite is an equivalent.

No opposite is an equivalent.

(V * I)? No opposite of an opposite is an opposite.

Every opposite of an opposite of an opposite is an opposite. 
(V * I)? Every opposite of an opposite is an opposite.

Every consequence of a consequence of a consequence is a consequence. 
(V * I)? Every consequence of a consequence is a consequence.

Retransitivity (implies * does not imply) transitivity.
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