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A bstract

It is known [BH Z87] that if every language in coN P has a constant-round interactive proof system ,
then the polynomial hierarchy collapses. On the other hand, Lund et al. [LFK N 92] have shown that
#SAT,the #P-com plete function that outputs the num ber of satisfying assignm ents of a Boolean for-

mula, can be computed by a linear-round interactive protocol. A s aconsequence, the coN P-com plete set

SAT has a proof system w ith linear rounds of interaction.

W e show that if every set in coN P has a polylogarithmic-round interactive protocol then the expo-
nential hierarchy collapses to the third level. In order to prove this, we obtain an exponential version
of Yap's result [Yap83], and im prove upon an exponential version of the K arp-Lipton theorem [K L80],

obtained rst by Buhrman and Homer [BH92].

ntroduction

=

B abai [B abh85] and B abai and M oran [B M 88] introduced Arthur-M erlin G ames to study the power
of randomization in interaction. Soon afterward, G oldw asser and Sipser [G S89] showed that these
classes are equivalent in power to Interactive Proof System s, introduced by G oldw asser et al. [GM R85].
Study of interactive proof systems and A rthur-M erlin classes has been exceedingly successful [ZH 86,
BHZ87,ZF87,LFKN92,Sha92], eventually leading to the discovery of Probabilistically Checkable Proofs
[BOGKW88,LFKN92,Sha92,BFL81,BFLSQI,FGL+91,A892,ALM+92]A

Interactive proof system s are successfully placed relative to traditional com plexity classes. In particular,
itis known that for any constant k, IP[k] u. : I:2)[BM 88], and IP[pOIy] = PSPACE[ShaQZ]A How ever, the
relationship betw een coN P and interactive proof system s is not entirely clear. On the one hand, Boppana,
H astad and Zachos [BH Z87] proved that if every setin coN P has aconstant-round interactive proof system ,
then the polynomial-tim e hierarchy collapses below the second level. On the other hand, the bestinteractive
protocol for any language in coNP comes from the result of Lund et al. [LFK N92], who show Ihat#SAT,
a problem hard for the entire polynomial-time hierarchy [Tod91], is accepted by an interactive proof system

w ith O(n)rounds of interaction on an inputof length N. can every setin coN P be accepted by an interactive
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proof system with more that constant but sublinear num ber of rounds? A nswering this question has been
the m otivation for this paper.

W e show in this paper that coN P cannot have a polylogarithmic-round interactive proof system unless
the exponential hierarchy collapses to the third level, i.e., NE)(P§g = C(:”\IE)(P§g Three principal steps
lead to the proof of our m ain result, and these results are of independentinterest. N ote that although w e use
A rthur-M erlin protocols to obtain our results, our m ain theorem holds for interactive proof system s as w ell
due to the result of Goldw asser and Sipser [G S89], who show ed that an interactive proof system w ith m

rounds can be simulated by an 2m+ 4m ove Arthur-M erlin protocol.

2 A n Arthur-M erlin protocol with M moves where both A rthur and M erlin exchange at m ost I(n) bits
at every move can be simulated by a two-move A M protocol w here A rthur moves rst and uses
mj 1
O(I(n) ! )random bits (T heorem 3.1).
olylo
2 I f L is accepted by atwo-move AM protocol w here Arthur uses 2]3 Y109 random bits, then Lbelongs

to the advice class NP:2pOIyIOg (Lem ma 3.3).

2 If coN P u NP=2pOIyIOg (equivalently NP l‘l coN P=2p0|y|0g) then

NEXPS2 = CONEXPS2 = S¥P 4PV (1 orem 41

In addition to these results, we improve upon a result of Buhrman and Homer [BH92], showing that if NP
has ZpOIyIOg-sizefamily of circuits, then NEXPNP: CONEXPNP: %XP.

W e note that Goldreich and H astad [GH 98] and Goldreich, Vadhan, and W igderson [GV W 01] have
studied A rthur-M erlin gam es and interactive proof system s w ith bounded m essage com plexity. Theirresults
are incom parable to our Theorem 3.1. In particular, our simulation of an M-move A rthur-M erlin protocol
by a 2-move Arthur-M erlin protocol assum es that I, the number of message bits used in every move, is
polynomial in the length of the input, and we obtain that the number of random bits used by A rthur in the

2-move protocol isnotexponential in |I. This is crucial in order to get Theorem 4.1.

2 Prelim inaries

For de nitions of standard com plexity classes, we refer the reader to Homer and Selman [H S01]. The

exponential hierarchy is de ned as follow s:
EXP = §5%;NEXP = §7®;NEXPNP = §5*;

0

and in general, for k,

§99° = NEXPSK:

For every k> 0 —
P =fL L28§. g

S K
We de ne pOIylog = k>ologkn and 2p0|ylog = k>02|09 I"I. Let Cbe a com plexity class. A set
L2@meylogiflhereisafunction S:ln 7' §n,someconslanlk> O.andasetAZCsuchthat

. . k
1. For every n jS(ln)j - 2|Og n,and

2. Forall X, X 2 L y (X, S(lJXJ)) 2 A Here Ais called the witness language.



It is easy to see that D l,l C:2p0|y|09 if and only if C(D l‘l C(XD:ZPOIyIOg

B abai [B ab85] introduced Arthur-M erlin protocol, a com binatorial gam e that is played by A rthur, a
probabilistic polynomial-time machine, and M erlin, a com putationally unbounded Turing machine. A rthur
can use random bits, but these bits are public, i.e., M erlin can see them and move accordingly.

G iven an input string X,Mevlinlriesto convinceArthurlhatXbelongslo som e language L.The gam e
consists of a predeterm ined nite number of moves with Arthur and M erlin moving alternately. In each
move Arthur (or M erlin) prints a nite string on a read-w rite com munication tape. Arthur's moves depend

on hisrandom bits. A fter the last move, Arthur either accepts or does not accept X.

o
o
=

ition 2.1 ([Ba4abh85,B M 88]) For any m > O a language L is in AM[m](respectively MA[m]) if for

every string Xof length n

2 The game consists of Mmoves

2 Arthur (resp., M erlin) moves rst

2 A fter the last move, Arthur behaves deterministically to either accept or not acceptthe input string

2 1t X 2 L then there exists a sequence of moves by M erlin thatleads to the acceptance of X by Arthur
with probability is at least %

2

1
it X 2Lthen for all possible moves of M erlin, the probability that Arthur accepts Xis less than Z

B abai and M oran [BM 88] show ed thatAM[k].where k> 1is som e constant, is the sam e as AM[2]= AM
N ote that MA[Z]: MA,AM[:L]: BPP,and MA[:I.]: M = NP B abai [B ab85] proved that MA IJ AM

N ow weneed to extend modestly the notion of A rthur-M erlin protocols. In the follow ing limited manner,
w e consider the possibility that A rthur is a probabilisitic Turing m achine, but not necessarily polynomial-
tim e-bounded. Letf . N 7' N be some function. Then we de ne the class AM(f) to be the class of
languages accepted by protocols in w hich there are only two moves, A rthur moves rst, and A rthur can use
at mostf(n)random bits on an input of length Nn. in particular, we will have occasion to considerf to be
quasipolynomial; that is, we will consider the class AM(ZIOgcn),where Cisap05|l|ve constant.

W e note the follow ing standard proposition.

3
Proposition 2.2 Let E be an event that occurs with probability at least Z Then, for any polynomial p(@

def
such that p(l"l) N n there is a constant Csuch that within t = C£ p(n) independent trials, E occurs for

more than %lim es with probability (1] ZP(L”))

X
W e de ne $ pas the exponential version of the Szoperator de ned by Russell and Sundaram [R S98]

X .
and Canetti [Can96]. A set L isin % piCif there is som e k> Oand A 2 Csuch that for every X 2 fO,lgn

X2L ) 9y 8z (X;¥;2) 2 A; and
XZzL =) 9z 8y (x;y;2) Z A;

w here JyJ,JZJ - 2nk

Similar to S';dzef Szip the class $XpiCcan be thought of as a gam e betw een two provers and a
veri er.LelLZiXpiCOn anyinputherngth n,the Yes-prover attem pts to show IhatXZL,andthe
N o-prover attem pts to show thatng. B oth the proofs are at m ost exponentially long in JXJ IfX2 L
then there must be a proof by the yes-prover (called a yes-proof) that convinces the veri erthatxz Lno
m atter w hat the proof provided by the no-prover (called a no-proof) is; symmetrically,ifsz,then there

m ust exist some no-proof such that the veri er rejects X irrespective of the yes-proof. For every input X



there is a yes-prover and a no-prover such that exactly one of them is correct. The veri er has the ability of

the class C for example, if C= P,then the veri er is a determ inistic polynomial-time Turing machine, and
— pNP

ifC— P , then the veri er is a polynomial-time oracle Turing machine with SAT as the oracle. It is also

Xp
easy to see that if Cis closed under com plem ent, then $ iCis also closed under com plem ent.

def X X
W e concentrate on the classes SEXP = $ pipand g piPNP. The proofs of Russell and Sundaram

can be easily modi ed to show the follow ing.

Proposition 2.3

1 S5XP u NEXPNP\ coNEXPNP.
.. NEXPNP [ coNEXPNP 1 S +PNP || NEXP 82 \ cONEXPS?.

X NP
Proof W e give a shortproof of the second inclusion of item (2). N ote that since $ pip isclosed under

P
complement, it suf ces to show that %XpiPNP is a subset of NEXP§2 L et L 2 ixpiPNP; therefore,
9k> 0,L02 PNP such that

x2L =) 9y8z(xy;z)2 L% ang
x2L =) 9z8y(xy;z)2L%

P iy ik
w here JyJ,JZJ ZJXJ . Wede ne the language

'X’k _
A=f(xy;07") 9z(xy;2) 2L%:

Ais in §g W e de ne a NEX P machine N that decides L w ith Aas an oracle. On input X, N guesses

iik
Ll ivik L. X ]
y,JyJ . ZJXJ , and accepts X if and only if (X, y,02 ) 2 A 1t X 2 L, then for the correctly guessed y,
;y;z) 2 LO : N X 2L :
X,y,Z for every Z; therefore, accepts X. on the other hand, if X ,then there is a Zsuch that

ik
IX]
for every y, (X, y,Z) 2 LO, and therefore, (X, y,02 )2 Aand N rejects X. Thiscom pletes the proof.

3 Arthur-M erlin G am es with Polylogarithmic M oves

In this section, we show thatlanguages accepted by an A rthur-M erlin protocol w ith M moves where A rthur
and M erlin exchange atmostl(n)bitsin every move (on an input of length n)can be accepted by a tw o-
) o(l mj 1 ) o .
move A rthur-M erlin protocol w here A rthur moves rst and uses n random bits. Thisim plies that
if coNP has a polylogarithmic-move A rthur-M erlin protocol, then coN P can be accepted by a two-move

uses 2p0|ylog

A rthur-M erlin protocol w here A rthur random bits. As a consequence, using Lem ma 3.3, we

olylo
obtain that coN P can be solved by nondeterm inistic polynomial-time machines w ith 2p Y g-length advice.

Theorem 3.1 Let M > 2 and let L 2 AM[m]where on an inputoflength n, Arthur and M erlin exchange
messages of length atmostl(n)in everymove.Thenthereisaconstantkm suchthatLZAM(ka(n)mil).

Proof W e show this by induction on M. wWe assume that in any move during the interaction, A rthur and
M erlin exchange at m ost |(n) bits. W e will show the follow ing stronger result. For m > 2, there is som e

constant km such that

1. AM [m] ¥ AM (kml(n)mi 1)



.. MA[M] 1 AM (KmI(n)™i 1)
Our proof is reminiscent of the proof of MA p. AM In order to help the reader understand the proof of
Theorem 3.1, we digress to recall that proof. L et L 2 MA There is L02 Pso that for any W2f0,1gn
3

; and

w2L =) v Prwiv;2)2 L9,

[ = B

4;

w here JVJ,JZJ . I(n) By Proposition 2.2 there exists some constant c> Osuch that if A rthur repeats its

w2L =) 8vPrwv;2)2 LY -

com putation Cl(n)tim es and takes the m ajority vote, then it will get an error probability of at m ost W

Therefore,

1 -
72|(ﬂ)+3 , and
l .
21(n)+3 ’

w2L =) 9vPr((w;v;z)2 L9, 1
w2L =) 8vPr(w;v;2) 2 LY -

w here JZJ . Cl(n)2 N ow we want to switch quanti ers, i.e., Arthur should move rst. W hen Wis in L
there is at least one Vfor which 1| Wfraction of Zresultin (W,V,Z) 2 LO Therefore, for 1[ W
fraction of Z, the sam e Vw ill resultin acceptance of W. On the other hand, the maximum number of strings
V,JVJ . I(n), provided by M erlin is 2I(n)+l. Therefore, w hen WgL, the fraction of Zfor w hich there exists
some Vwhere (W;V;Z)ZLoisatmOSIWE 2I(n)+1 * %.Hence,wehavethefollowing:

1 3

—; and

w2l =) Priovwiviz)2L9, 1i gaym. g

w2l =) Pr[ov(w;v;2z) 2 L9 - i—L‘r;

w here JZJ . Cl(n)z. Therefore, MA u AM O bserve that the total num ber of random bits required by

A rthur is at m ost Cl(n)2
N ow we prove the base cases, i.e., m = 3 Let L 2 AMA Then there is L02 MA such that for every X

of length n

; and

x2L =) Pri(xy)2 L9,

= hlw

XZL =) Pricy) 2L

Al

w here JyJ " I(n) W e reduce the error probability to %by increasing the length of yto kl(n) w here kis
som e constant. By the above proofofMAIJ.AM,weknow that LOZAMforarandom Zoflength at m ost
CI(n)Z.Therefore,(here is a set B 2 Psuch that

; and

w2L% o) Priov (w;v;z) 2 B],

R S )

wzLo =) Priov (w;v;2) 2 B] -

1 2
A gain, we reduce the error probability to g by increasing the length of Z to k£ Cl(n) . This implies the

follow ing:

, and

x2L =) I?/r Pzr[9v (x;y;v;2) 2 B],

Bl AW

xXZL =) I?/r Pzr[9v (x;y;v;2) 2 B] -



. . . . 2
w here Jy] " kl(n), andJZJ " kC|(I”I) . This bound works since for both yand Z the error probability is
at m ost g,andlherefore,when considered as one move (i.e. (y;Z)isArthur's random bit string) the error

1 1 1
probability is at m ost 5+ g Z Therefore, the total num ber of random bits required by A rthur is at m ost

kl(n) + kcl(n)2
Similarly.letl_zMAM.Thereis L02 AM such that
x2L =) 9y (xy)2L% ana
x2L =) 8y(xy)2LS

i . 1
whereJyJ' I(n).WeampIify the success probability of the A M protocol for Loto 1| W;so,Arthur

2 ®
requires at m ost Cl(n) random bits, and there is an NP setL such that the follow ing holds:

x2L =) 9y Pzr[(x;y;z)ZLGﬂ, 1j 72|(:;+3;and
1
xZL =) 8y F;r[(x;y;z)ZLGﬁ- CTOR
Herejyj' I(n)andej' CI(n)Z.Again,weswitchthe qguanti ers as we have done before for the proof of
MA u AM.Fj'he criticalcounting isthatthe fraction of Zfor w hich there is someysuchthat(x;y;Z)Z LGJ
is atmost W Z.Therefore,wehave

y2§- I(n)

1

x2L =) Prl9y(xy;2) 2 LY, 1 S 4

xZL =) Ploy(cyi)2L9- g

w ith JZJ - Cl(n)2 N ote that since L(D2 NP this show s that L isin AM . Take k3 = 2kC we have shown
that MAM l‘l AM(ksI(n)z)and AMA u AM(k3|(n)2) as well. Therefore, our base case is proved.

N ow, let m > 3 and L 2 AM[m] i.e., Arthur moves rst. Then, similar to the case of m = 3 w e have
that there is a constant kand L02 MA[ml 1]such that
;and

x2L =) F)’/r[(x; y)2 L

9.
9.

I~ MW

XZL =) F;r[(x;y)ZL 7

. 1
w here JyJ " |(I’]) W e reduce the error probability of this protocol to g by increasing the length of yto

k|(l’l) Since L02 MA[m| l] IJ. AM(ka ]_£ I(n)mi 2), there is a set B 2 Psuch that for every X of

length n

; and

x2L =) Izr Pzr[9v (x;y;v;z) 2 B],

N N OV)

xZzL =) F;r Pzr[9v (x;y;v;z) 2 B] -

w here Jyj " kl(n)and JZJ ) kkml 1|(n)mi 2. N ote that Zis also increased k-fold so thatthe error probability
ot LOs reauced 1o 5. Tnererore, we nave L 2 AM(KI(N) + KKm; 21(n)™i 2).

0 .
On the other hand, let us assum e that M erlin moves rst. Then, there isasetL in AM[m| 1], and
mj 2
therefore, in AM(km|1|(l’]) | ),suchthatfor every string Xoflength n,

x2L =) 9y (xy)2L% .na
x2L =) 8y(xy) 2LS



w here JyJ . I(n) U sing the sam e technique described above to show that MA u AM we need to am plify
the success probability of the A rthur-M erlin protocol for Loto l| W Therefore, there is a set LCDZ NP

and som e C> Osuch that A rthur has to repeat the protocol Cl(n)tim es to obtain the follow ing:

1
21(n)+3

1 0

21(n)+3 "’

x2L =) 9y Pzr[(x;y;z)ZLQﬂ, 1i *and
xZL =) 8y F;r[(x;y;z)ZLa}-

w here JZJ ) Cl(n)£ kmi ]_I(n)mi 2 = kmi ]_Cl(n)mi 1. Sw itching quanti ers as before, we obtain

1 3

x2L =) POy (y;2) 2L, Li ggm . g

1 1

x2zL =) F;r[9y(x,y,z)2L“ﬂ- SO
y2§- 1(n)

N ote that A rthur now needs at m ost Cl(n) £ kmi 1I(n)m| 2 = kmi ]_CI(n)mi 1 random bits. Also observe
that L(DZ NP therefore, the above equations de ne an A rthur-M erlin protocol. By taking km = kkmi 1C,

w e prove the induction step:

AM[m] it AM (km I(n)™ 1);

and

MA[M] u AM (km I(n)™i 1):

This completes the proof. 2

Corollary 3.2 For any k> O,there isa C> Osuch that
AM[logk n] B AM (2/°9°"):

Proof A ssume that A rthur and M erlin exchange at m ost I(n) bits during every move of com munication.

K e
From Theorem 3.1, we obtain that there is a constant kosuch that AM[Ingn] u. A,\/I(kq(n)log nl 1).

log® n logk nj 1
Taking an appropriate Csuch!hat209 5 kq(n)Og ! ,WwWeobtain the result.

2

Lem ma 3.3 AM (2p0|y|09) “‘ NP:2D0|y|Og:

log n
Proof LetL 2 AM(Z 9 ) Consider any inpulXof length N. Thereisaconstant kand apolynomial-time

predicate R such that:

x2L =) F;r[9z R(x;y;2)] .

NP MW

x2L =) F;r[9z R(XY;2)] -

P lo kn
w here JyJ,JZJ 2 9 . Note that by repeating the above protocoIC]_ntimesfor someconstanlC]_,wecan

1 - 14N
reduce the probability of error to 2n—+1— Therefore, for every X 2 fO,lg , Weget

1

x2L =) F)’/r[92 R(x;y;2)], 1i ol

xzL =) F;/r[92 R(x;y;2)] - ol



where jVj - €N £ 2Iogkn — 2logk n+logci+logn . olog®n

n

for some appropriate C> k.There are atmostz

. S 1 :

m any strings of length n, and for every ythe error probability is at m ost 2n—+1— Therefore any random yw ill
. n 1

be correct on every input string with probability atleaslll (2 £2n—+1)> 0 H ence there must be som e

- iV log®n
9,]9] . 2 9 such that the following holds for every Xof length n:

x2L =) 9z R(x; ¥ 2)
XxXZL =) 8z R(X;¥;2)

This showslhatLZNP:2IOgcn: 2

Corollary 3.4 For any constant k> O,there is a constantc> Osuch that

cone B AM[log“n] =) con e p NP=209°M:

Proof This follow s directly from Corollary 3.2 and Lem m a 3.3. 2
4 Q uasipolynomial advice for N P

olylo
In this section, we study the consequences of the existence of quasipolynomial length (i.e., 2p y g-Iength)

advice for NP. This question w as rst studied by Buhrm an and Homer [BH92]. They show ed thatif NP has

2polylog

-size family of circuits, then the exponential hierarchy collapses to the second level (i.e. NEXPNP =
CONEXPNP).In Theorem 4.4, we improve thiscollapse to SEXP.In Theorem 4.1 we obtain an exponential
version of Yap's theorem [Yap83]. W e prove that if NP is contained in coN P=2p0|ylog,lhenlhe exponential
hierarchy collapses to gxpiPNp. W e use this theorem to obtain the m ain result of this paper, which is

Theorem 4.2.

W e note that Cai et al. [CCHOO03] improved Yap's theorem . They use self-reducibility of a language
in NPA (for any setA) to show that NP u coN P:poly :) PH = &iPNP. Theorem 4.1 is som ew hat
similar in form to the result of Cai et al. However, we use a completely different technique from theirs.
Furtherm ore,in Theorem 4.5 below, we will use our technique to give an independent (and hopefully easier)

proof of their result.
Theorem a1 NP [ con p=2POW00 =) NEXPS82 = cONEXPS2 = S2¥P 4+ pNP.

Xp NP
Proof Since Sg iP is closed under com plement, it suf ces to show wunder the hypothesis that

P P
NE)(P§2 = $XpiPNP. Let L 2 NE)(P§2 via som e exponential-time nondeterm inistic oracle m achine N

k
that has som e §2Ianguage Aas an oracle. For any input X 2 fO,lgn M runs in 2” time. Therefore, any

query that N m akes to Ais also of length 2nk, and the num ber of queries is also bounded by 2nk.

The yes-proof consists of an accepting com putation P of N on X, w ith queries and their answ ers. N ote
that for any query q q 2 A 5 qu Aq;yq 2 SAT W hen Jq] = 2nk, let JAq,qu be denoted by m (som e
exponential in n). By our assum ption, SAT is in Cd\IP:2p0|ylog let us assum e that the advice for strings
of length mis W w here JWJ = 2po|ylog(m) = 2nC for some constant C and let B 2 CONP be the witness
language.

For every query chat is answ ered “Yes” on the path P the yes-prover also provides yand Aq;yq- N ote
that the total length of the yes-proof is bounded by some exponential in n a Iso, since the veri er is a P P

m achine, it can nd out (m aking one oracle query) w hether Aq;yq 2 SAT O bviously, if som e Aq;yq provided



w ith an “Y es” query is satis able, the veri errejects X. In the follow ing, therefore, we show how the veri er
can verify w hether “No” queries are answ ered correctly on the path P
The no-proof consists of the advice Wior strings in SAT of length M. N ote that there is a set C 2 coN P

such that for any query q

q2A , 8ygAgy, 2 SAT

) 8yq (Aq;yq;W) 2B
, (gw)2C

w here C = f(q,W) 8yq (Aﬁqyyq,W) 2 Bg Therefore, if q 2 A, and Wis the correct advice string, the
veri er can make a query to the NP oracle and determine w hether (q,W) 2 C If this happens for every
query qansw ered “No” on P where Wis supplied by the no-prover, the veri er accepts X. This does not
exp

autom atically im ply that W is the correct advice string; how ever, by the de nition of the SZ operator, w e
can alw ays assum e thatone of the proversiscorrect, and therefore, w hen they agree(inthiscase,thatxz L)
the consensus decision must be correct.

O therw ise, there must be som e qsuch that (q,W) 2(: This may result from the fact that the query is
answ ered incorrectly on P, or it may happen that the advice string is wrong. (A s outlined before, the case
w hen both the proofs are wrong need notbe considered.) In this case, by making pre x search using the NP

oracle, the veri er can constructyqand from that, it can obtain Aq;yq. The veri er accepts Xif and only if its

N P oracle says that Aq;yq 2 SAT

I f qu itmust hold that for every yq, Aq;yq 2 SAT Therefore, in particular, for the yqthal is obtained
by the pre x search, Aq;yq 2 SAT as well. On the other hand, if Wis the correct advice string, and q2 A
then the pre x search will produce the correct yqfor w hich Aq;yq 2SAT therefore, the yes-prover is lying,

andle_.Thiscompletestheproof. 2

N ow we prove our main theorem .
P P
Theorem 4.2 For every constant k if coN P u AM[Ing n] then NEXP§2 = CONEXP§2 = $XpiPNP.

k
Proof If every language in coN P has an A rthur-M erlin proof system w ith |Og Nmoves for any k> O,then
—olog®n
by Corollary 3.4, we obtain that coN P u. NP—2 9 for som e constant C> O This is equivalent to saying

c P P
that NP u coN P:2|0g n. From Theorem 4.1, we get the consequence that NEXP§2 = Cd\IEXP§2 =
X
gpiPNP.This com pletes the proof. 2

loglogn
W e can prove a version of Theorem 4.2 for (|Ogn) glog -round interactive proof for SAT LetNEEXP be
n*
the set of languages that can be decided by a nondeterm inistic Turing m achine that takes at m ost 2 tim e

on an input of length I”I, and let CONEEXP = fL EZ NEEXPg

Theorem 4.5 11 SAT 2 AM[(logn)'©9'an] .. NEEXP 82 = coNEEXPS?.

Proof The proof is similar to the proof of Theorem 4.2. W e rst observe that SATZAM[(IOgn)IOgIOgn]
== (Iog n)O(Iog log n) 8 P § P
implies that SATZ NP:Z . As aconsequence, we obtain NEEXP 2 = CONEEXP 2 The

k c
n O (log log m) n
crucial point to noteisthatifm:22 , then 2(|Ogm) :22 forsomeC> k 2

In the follow ing theorem , we improve the result of Buhrman and Homer [BH92, Theorem 1], w ho show ed

under the sam e hypothesis that NEXPNP = Cd\IEXPNP

T heorem 4.4 |If NP has 2p0|y|09-size family of circuits, then NEXPNP = CONEXPNP = %XP_



Proof Since SEXP u NEXPNP\ Cd\lEXPNP(Proposition 2.3),itsuf cesto show that NEXPNP = SEXP.

Let L 2 NEXPNP be accepted by a nondeterm inistic m achine N w ith SAT as an oracle. There is som e
k> Osuch that N runs in tim e an on any input of length n. Therefore, the formulas queried by N on any
input of length nare of size m : 2nk, and therefore, have circuit size 2p0|yl09(m) = 2ncfor som e C

On an input X,JXJ = n. the yes-proof consists of the follow ing:

2 A ccepting path P of N on X including the queries m ade on that path and their answ ers

2

O ne satisfying assignm ent for every query Athat is answ ered “yes”

The veri er can verify w hether the assignm ents provided w ith each query thatis answ ered “yes” is satisfy -
ing, and wiIIrejectXifany of them is not satisfying. Therefore, in the following, we consider the queries
that are answ ered “no” on P

W e can assum e that any circuit for SAT outputs notonly 1 or O indicating w hether the input formula is
satis able or not, but also outputs a satisfying assignm entw hen itclaim s thatthe inputformula is satis able.
This can be done by a polynomial blow -up in the size of the circuit, and therefore, the circuit still rem ains

2polylog

of the size The no-proof is suchacircuileor SAT atlength m.

G iven C the veri er inputs each query Athat is answ ered “no” on P I f C outputs 0 on all these
formulas, indicating that they are unsatis able, then the veri er accepts X. Oon the other hand, if Coutputs
a satisfying assignment for som e Athat is answ ered “no” on P, then the veri er rejects X.

e X 2 L then there must be an accepting path of N on X, and the yes-prover can provide this path w ith
the queries and their correct answers. N o circuit (correct or otherw ise) can output a satisfying assignm ent
on any formula thatis answ ered “no” correctly on this path. On the other hand, if X 2L the path provided
by the yes-prover must be wrong. There are two possible scenarios in this case. First, some query that is
answ ered “yes” on this path isunsatis able and is notsatis ed by the assignm entthatis provided by the yes-
prover, in w hich case the veri er rejects X. O therwise, some formula that is answ ered “no” is unsatis able,
and acorrectcircuitfor SAT (provided by the no-prover) can outputa satisfying assignm entfor thatformula.

In this case, the veri er rejects X as well. Thiscom pletes the proof. 2

N ow we improve Yap's theorem .
T heorem 4.5 |If Npu co N Pzpoly,then PH= SZiPNP.

Proof Since SZiPNP is closed under com plem ent, it suf ces to show under the hypothesis that NP§§ =
SziPNP. Let L 2 NP§§ via som e polynomial-time nondeterm inistic oracle m achine N that has som e §g
language Aas an oracle. For any inputx 2 fO,lgn M runs in nktim e. Therefore, any query that N m akes
to Ais also of length nk,and the num ber of queries is also bounded by nk

The yes-proof consists of an accepting com putation P of N on X w ith queries and their answ ers. N ote
that for any query q q 2 A y qu Aq;yq 2 SAT W hen Jql = nk let JAq’qu be denoted by m (som e
polynomial in n), By our assum ption, SAT is in coN P=p0|y; let us assum e that the advice for strings of
length mis W,where JWJ = ncfor som e constant C,and let B 2 CONP be the witness language.

For every query qthat is answ ered “Yes” on the path P the yes-prover also provides y and Aq;yq-
A lso, since the veri er is a PNP m achine, it can nd out (making one oracle query) w hether Aq;yq 2 SAT
Obviously, if some Aq;yq provided with an “Y es” query is satis able, the veri er rejects X. In the follow ing,
therefore, we show how the veri er can verify w hether “N o” queries are answ ered correctly on the path P

The no-proof consists of the advice Wforstringsin SAToerngth M. N ote thalthereisasetCZcoNP

such that for any query q,
qZA , 8yqAqy, 2 SAT

., 8yq(Agy; W) 2B
, (gw)2C

10



w here C = f(q,W) 8yq (I&q,yq,W) 2 Bg Therefore, if q 2 A, and Wis the correct advice string, the
veri er can make a query to the NP oracle and determine w hether (q,W) 2 C If this happens for every
query qansw ered “No” on P where Wiis supplied by the no-prover, the veri er accepts X. This does not
autom atically im pIythalWisthe correct advice string; how ever, by the de nition of the SZoperator,wecan
alw ays assum e that one of the provers is correct, and therefore, w hen they agree (in this case, that X 2 L)
the consensus decision must be correct.

O therw ise, there must be som e qsuch that (q,W) 2(: This may result from the fact that the query is
answ ered incorrectly on P, or it may happen that the advice string is wrong. (A s outlined before, the case
w hen both the proofs are wrong need notbe considered.) In this case, by making pre x search using the NP
oracle, the veri er can constructyqand from that, it can obtain Aq;yq. The veri er acceptinf and only if its
N P oracle says that Aq;yq 2 SAT

Ifqu,itmusth'oldthatforevery yq, Aq;yqzsAT.Therefore,in particular, for the yqthatis obtained
by the pre x search, Aq;yq 2 SAT as well. On the other hand, if Wis the correct advice string, and q2 A

then the pre x search will produce the correct yqfor w hich Aq;yq 2SAT therefore, the yes-prover is lying,

andle_. 2

4.1 Interactive Proof System s

Let IP[g(n)] denote an interactive proof system with g(n) rounds in the Goldw asser, M icali and R ackoff
[GM R85] form alization. G oldw asser and Sipser [G S89] proved that IP[g(n)] p, AM[Zg(n) + 4]as long
as g(n)as bounded by a polynomial. Thus, if L 2 IP[Iogkn].men L2A|\/|[|ngJrl I"I]. So the following

corollary follow s im m ediately from Theorem 4.2.

P
Corollary 4.6 |If every setin coNP has a polylogarithmic-round interactive proof system , then NEXP§2 =

CONEXPS2 = SXP + pNP.

5 Conclusions

W e have shown that if coN P has polylogarithmic-round interactive proofs then the exponential hierarchy
collapsesto the third level. Similarly,the double exponential hierarchy collapsesifSAThasa(Iogn)IOgmgn-
round interactive protocol. An obvious extension would be to obtain consequences of SAT having nz-round
interactive proofsystemsforsomez< 1

One longstanding open problem in this area is to show that if SAT has polynomial-sized circuits, then
PH collapses to AM . Since coN P |J AMimpliesthatPH collapses to A M , it suf ces to show under this
hypothesis that coN P is included in AM . M oreover, Arvind et al. [A K SS95] have shown that if SAT has a
polynomial-size family of circuits, then MA = AM Since MA u SE this would improve the best-know n
version of K arp-Lipton theorem [K L 80] (by Sengupta, reported in Cai [Cai01l]).

Itis not known whether AM is properly included in AM[pOIyIOg] but Aiello, Goldw asser and H astad

[AGHO90] have shown that AM is properly included in A M [p0|y|Og] in arelativized world.
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