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Problem 1 - Summations

[50/50 points]

Simplify each of the following equations, f;(n). Your final result should be a sum-free equation in
terms of n. You may use any of the rules discussed in-class (see the summary below). Show
your work as a sequence of steps. For each step, indicate the specific rule that relates the
equation to the previous one. All logarithms are base-2.
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Reference Material

Closed form summation equivalences

The following works for any functions f, g (even constants). ¢ is any constant relative to
i,j,k, € Z. Any sum sumi?:jf(i) is always 0 if k < j.

S1. Y c=(k—j+ 1)

s2. Y (cf (D) = ¢ Ti; (D)

$3. T (F() + () = (T, () + Tk, ()

4. T, (F0) = (T, (F@) = (ZZL(F@))* torany 2 < )

S5. Y f() =f() +fG+ D+ ... +fk = 1) +f(k)

$6. X f(i) = f() + ... +f(¢ = D+ (T, (D) (foranyj < £ < k)

S7. Y5 () = (L, f®) +fC + D) + ... + f(K) (forany j < £ < k)

k. k(k+1)
S8. Zl:l I = 2

s9. Y 2 =201

Closed form logarithm equivalences
L1. log(n*) = alog(n)

L2. log(an) = log(a) + log(n)

L3. log(%) = log(n) — log(a)

log, (n)
log, (b)

L4. log,(n) =

L5. log(2") = 2!°¢™ =y



Example

The derivation to find the closed form for Y Z;zo 20 is as follows:

apply S1 withj =0,k =i,c = 20

n—-2 i

ZZzo: niz(i—0+ 1)20 = nz_i(i+ 1)20
j i=0

i=0 j=0 i=0
apply S6 withj = 0,7 =1, k=n—2

n—2 n—2

=1-20+ ) (i+1)20 =20+ ) (i+1)20
i=1 =1

apply S2withc = 20,f()) =(i+1),j=1,k=n—-2
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apply S3 with f(i) = i,g(i))=1,j =1, k=n—-2
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apply S8 with k = n — 2
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apply Stwithc=1,j=1,k=n—-2
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